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I SUMMARY

1.1 SUMMARY OF ACCOMPLISHMENTS OF 1964 - 1965 WORK

1. 1.1 Moment of Inertia

I. i.i.i The "Period Decay Rate" concept was developed to a practical tech-

nique which enabled moments of inertia to be determined experimentally to an

accuracy of +0. I%.

I.I. 1.2 A detailed analysis of analytical curve fitting techniques was made

for use in conjunction with the above concept.

I. I. 1.3 Specific procedures were established for the experiments performed

in the laboratory.

i. I. 1.4 The effects of dead weight, air bearing pressure, and external air

drag on the damping constant of the system were determined experimentally.

I. I. 1.5 The effect of environmental temperature on the accuracy of the

moment of inertia measurement system was determined experimentally.

i. i. 1.6 The effects of errors in moment of inertia standards and test para-

meters on system accuracy were determined analytically.

I. I. 1.7 A prototype system for measurement of moment of inertia using a

capacitive transducer for motion detection was designed, fabricated, and

tested.

i. i. 1.8 A prototype system was developed for measurement of moment of

inertia using an analog computer for real time calculation of the result.

i. 1.2 Product of Inertia

I.I.2. I A prototype machine for measurement of products of inertia was

designed, fabricated, and tested. The prototype utilized an instrumented

rotating tilt table and an analog computer to solve for the desired results.

i.i. 3 Principal Axis

i. I. 3.1 A computer program for calculating the location of principal axis

from measured moment and products of inertia was tested and proven.



I. 1.4 Mass Properties of Liquids

1. 1.4. 1 A test program to experimentally determine the moment of inertia

of a partially filled liquid tank oscillating about its yaw-pitch axis was per-

formed.

I. 1.4.2 Progress was made on the derivation of a mathematical expression

for the moment of inertia of the above system, although the solution obtained

was a poor approximation of the experimental results.

I. I. 5 Center of Gravity

I. 1.5. 1 A precision optical system for center of gravity location was pro-

cured, modified, and tested.

I. 1.5.2 The government furnished moment detection center of gravity loca-

tion system was improved and evaluated.

1. 1.5.3 The spherical segment air bearing system was refined to a signifi-

cantly greater accuracy capability than was originally possible.

1. 1.6 General Laboratory Improvements

I. 1.6. I A capacitive transducer motion measurement system was designed,

fabricated, and evaluated.

1. 1.6.2 Numerous improvements to the laboratory capabilities were made

by the design and construction of equipment and accessories.

1.2 OBJECTIVES OF 1965 - 1966 WORK

1.2. i Moment of Inertia

1.2. 1. 1 The objective of this project is to obtain an exact mathematical

expression for the torsional air bearing table system. With this exact ex-

pression, only the system experimental errors will have to be considered

in order to improve the system accuracy.

l.Z. 1.2 Improve the accuracy of period and amplitude measurements as

required to fulfull the accuracy requirements of the automatic system.

1.2. 1.3 The objective of this project is to obtain sufficient information

from the material investigation that will allow the best material for use as

torsion rods to be selected. The foremost characteristic of the rod is that

it must have a very linear stress-strain relationship and have very little

mechanical hysteresis.
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1.2. 1.4 The objective of this project is to analyze the results of various tests

and to determine how different factors affect the system. Factors such as

load, surface area, temperature, air pressure, and others will be considered.

1.2.2 Product of Inertia

1.2. Z. I Improve the accuracy of the prototype as much as possible, and

make modifications as required to improve the overall performance of the

system.

1.2.2. Z The object of this project is to perform a thorough analysis of the

system for determining products of inertia.

I.Z.Z.3 The object of this project is to have a computer program that will

take the moments and products of inertia about a given point from the pre-

sent laboratory equipment and calculate the principal axes about that point.

1.2.3 Mass Properties of Liquids

1.2.3. I The objective of this project is to perform tests to determine the

moment of inertia of a liquid filled cylindrical tank about its roll and yaw-

pitch axis. Also, some testing to determine the effects of baffles on deter-

mining the moment of inertia of a filled tank will be performed.

1.2.3.2 The objective of this program is to derive a mathematical expres-

sion either theoretical or empirical that will accurately give the moment of

inertia of a liquid filled tank. The model will be relatively simple, so that

it can be used in general applications,

1.2.4 Center of Gravity

1.2.4. 1 To improve the accuracy of the C.G. location equipment by devel-

opment of a working system with a resolution compatible with the optical

equipment.

1.2.4.2 To develop a center of gravity system that has a large range of

capacity and will yield an accuracy of +.001 inch or better.

1.2.5 Mass Measurement

l.g. 5. I Provide a precision weighing system with a I, 000 lb. capability.

The precision should be as high as practical.



I. 3 ACCOMPLISHMENTSOF 1965- 1966

i. 3.1 Momentof Inertia

1. 3.1.1 A precision system has been developed for rapidly determining

mass moments of inertia. This system can handle loads up to 2000 pounds

and is accurate to within 0.03 of one percent.

1. 3.1. 2 Improved period and displacement measuring devices made it

possible to measure the period of oscillation at extremely small amplitudes.

At these small amplitudes the exact equation of motion can be obtained; there-

fore, errors produced by aerodynomic drag, object vibration and bearing

friction, can be neglected.

I. 3.1. 3 Other research was performed; however, it did not produce any

improvement in the system or its accuracy.

1.3.1.4 A paper on the system entitled, "A Precision System for Determining

Mass Moments of Inertia" was presented at the Interdisciplinary Symposium

on Apollo Application Programs by the Society of Engineering Science in

January, 1966.

I. 3. 2 Product of Inertia

1. 3. 2.1 A literature survey was conducted to learn methods of measuring

products of inertia and of determining principal axes. The results of this

survey are given in Appendix B7.

1.3.2. 2 The tilt table assembly was modified and tested. The modification

involved mounting the load cell with mono-flexures to eleminate bending

moments.

1.3.2. 3 Based on the tests mentioned above, the tilt table stability was

improved by sacrificing the angular adjustable tilt table in favor of a more

rigid one piece table. A stabilizing bar was added to the load cell in an

attempt to overcome centrifugal force effects. A test object hold-down

fixture was also provided.

1.3.2.4 The product of inertia triangular test standards were manufactured.

They were chrome plated and their physical measurements were obtained.



1. 3.2. 5 A computer program was developed and used with the physical data

to compute the center of gravity, products of inertia, moments of inertia,

and principal axes of the test standards.

1. 3. 2. 6 A counterweight was provided for counteracting the centrifugal

force acting on the load cell. This replaced the stabilizing bar previously

tried. Dynamic tests using the test standards showed that the counterweight
was effective.

1.3.2.7 A mathematical model for the product of inertia machine was devel-

oped.

1.3.2.8 The real time product of inertia computation method, which used

the analog computer, was abandoned in favor of the more accurate digital

method. This method permits the use of the rate table's speed calibrator

which is more accurate than the tachometer method previously used.

1. 3. 3 Mass Properties of Liquids

1. 3. 3.1 A set of equations have been derived and experimentally verified

that will determine the moment of inertia of a liquid filled cylindrical container

as it oscillates about various axes. These axes are: roll and yaw-pitch

about the center of mass and displaced roll and yaw-pitch.

I.3. 3.2 An equation for determining the moment of inertia of a liquid filledtank

with various sized ring baffles oscillating about a yaw-pitch axis through the

center of mass has been derived and experimentally verified.

1. 3. 3. 3 A paper covering part of this work was presented to the Society of

Aeronautical Weight Engineers in May 1966. The paper was entitled, "The

Moment of Inertia of Liquid Filled Cylindrical Tanks About Various Axes"

I. 3.4 Center of Gravity

1. 3.4.1 The Bytrex moment detection system was modified and evaluated.

The modifications consisted of: (a) Improvements in readout equipment

(b) Mounting the moment detection head on a bearing which allows the rotation

& indexing of the object support surface at 90 ° intervals.

1. 3.4. 2 The spherical segment air bearing table was tested & evaluated as

a center of gravity locating device. An advanced stabilization system was

not fabricated because it was decided that the "Bytrex" system was superior.

1.3.4. 3 An advanced center of gravitylocator was designed.



1.3. 4. 4 Several systems for marking the center of gravity location on an

object were tested & evaluated.

1.3. 5 Laboratory Weighing System

1.3.5.1 A compound beam balance wai designed, manufactured, assembled

and calibrated. The balance provides accurate weights of objects up to

l, 000 pounds.



II TECHNICAL DISCUSSION

2. 1 MOMENT OF INERTIA

Z. I. 1 Math Model

2. I. I. I Literature Search

2. 1. I. I. 1 Introduction

The accurate knowledge of mass characteristics of launch and space

vehicles has been and continues to be a vital factor in the successful perform-

ance and operation of space flight. Because the overall missile performance

depends on the properties and characteristics of each individual component,

the moments of inertia as well as weights, centers of gravity and principal

axis of all vehicle components are critical factors in determining precise

trajectories and maneuvers. The moments of inertia of vehicle components

that have relative motion with respect to the vehicle such as pumps, actu-

ators, controls, gimbals, etc. are vitally important to the vehicle's perform-

ance. These values must be known precisely because of the extreme speed

at which some of them operate. Movements of these parts during flight

could give rise to secondary forces that in turn could effect the overall sta-

bility and response of the vehicle. As a result, careful studies and analysis

must be made on these dynamic components to assure that no harmful inter-

actions develop to cause resonance =,,u =.._=_ .............................

in which the moment of inertia is a critical factor is that of gravity gradient

stablization. Also, other parameters which could critically affect the stabi-

lity of smaller type space vehicles are the moments of inertia of different

human body positions.

The prime objective of the moment of inertia program is to develop a

rapid and accurate method of determining moments of inertia of space vehicle

components. This program is divided into five separate projects which di-

rectly or indirectly add to the prime objective. Each program is further

broken down into components which augment the total program.

This report was the result of the Literature Search portion of the Math

Model Project. The objective of the Math Model Project was to investigate

the theoretical aspect of moment of inertia determining systems presently

being used as well as an investigation of older types of systems. Specifically

the Literature Search portion was designed to provide a complete under-

standing of the background and present status of methods of determining



moments of inertia.

The Literature Search was composed of several types of investigations.

Primarily the literature search of the Redstone Scientific Information Center

yielded the most information. It consisted of a computer search of all reports

in the center that had anything to do with moments of inertia. Next, a card

index search of text books produced some valuable information on classical

moment of inertia theory and oscillation theory. Thirdly, a Defense Documen-

tation Center search of all articles pertaining to moments of inertia provided

some more information. Contacts were also made with personnel of the

National Bureau of Standards and the Atomic Energy Commission at Los

Alamos to obtain any information available on their moment of inertia work.

Professional societies such as the American Institute of Astronautics and

Aeronautics, Instrument Society of America and the Society of Aeronautical

Weight Engineers were contacted to obtain any papers they had published on

moments of inertia determination. In summary, every organization that

might provide information on the field of moment of inertia determination

was contacted.

The report herein has divided into three main sections, classical

moment of inertia theory, oscillation theory and applied reports. The first

two sections were intended to provide information and new ideas on the met-

hod that is presently being used to determine moments of inertia. The class-

ical theory of the torsional pendulum is fairly standard, but the oscillation

theory could provide valuable information on the damped oscillating system

which is presently used. The last section covers all the reports which de-

scribe various methods of determining moments of inertia, both theoretically

and experimentally. The total of all reports will provide an insight into the

problems and solutions, both past and present, which are to be encountered

in determining moments of inertia.

2. 1. 1.1.2 Classical Moment of Inertia Theory

Moment of inertia theory has been covered in numerous test books of

physics and mechanics from high school level to graduate school. An attempt

to include all texts that cover moment of inertia theory would be time con-

suming and fruitless, but a few of the texts which cover the subject are list-

ed in References 1 through 6. References 1 through 4 are very good books
on classical mechanics.



In beginning a discussion of the moment of inertia search it will be best

to define the quantity. First, to relieve frustrated physics students, the quan-

tity of moment inertia is not an idea which college professors dreamed up to

make courses difficult. It is an actual quantity that has a definite use. All

objects possess a property called inertia which is implied in Newton's second

law. This second law states that all objects will remain at rest if at rest or

in motion if in motion, as long as no net force acts on it. The inertia of a

body is that property that makes a body at rest or in motion want to continue

in its original state unless acted on by an outside force. In translational

motion the inertia of an object is called its "mass" and Newton's second law

is expressed in Equation 1 where F is the force, m the mass and a the linear

F = ma (I)

acceleration.

In rotational motion the inertia is called "moment of inertia" a logical

term as it suggests. Newton's second law as applied to rotational motion can

be derived from Equation 1 and is stated in Equation 2, where T is the torque,

T = ICz (2)

I is the moment of inertia andtc is the angular acceleration. From Equation

2 it can be noted that in the motion of rotating systems, the moment of inertia

plays a role analogous to that of the mass in translational systems.

The moment of inertia is defined in more detail by Equation 3, where

IxxiS the moment of inertia about any arbitrary a×iSxx of a body composed of

n particles m s located at a distance r s from the axis of rotation. Unlike

n

Ixx = 2 msrs 2 (3)

s=l

mass, which is constant for a given bodythe moment of inertia depends on

the location and direction of the axis of rotation as well as the way the mass

is distributed. Furthermore, for a solid body whose shape can be expressed

mathematically the moment with respect to an arbitrary set of axis may be

calculated by direct integration as shown in Equation 4, where p is the

density of the body at position (x, y, z).



n

Ixx = _ ms(Ys z + z

s=l

2) = z 2S $$$(yZ + )pdxdydz (4)

Likewise the moment of inertia for the other two axis is

n

lyy = X ms(Xs 2 + Zs 2)
s=l

= $$Z(x 2 + zZ)pdxdydz (5)

n

Izz = i ms(Xs z + ys 2)

s=l

: $$Z(x 2 + yZ)pdxdydz (6)

To completely describe the dynamical property of the body, the center of

gravity must also be known.

The previous paragraph has described a method of determining moments

of inertia theoretically. There are also methods of determining it experimen-

tally. These methods consist of using simple pendulums, compound pendu-

lums, torsional pendulums, filiar pendulums and other types of oscillating

systems. The only factors which limit the use of any oscillating system are:

the equation of motion of the system contains the moment of inertia explicitly,

the equation has a usuable solution and that the pertinent quantities can be

obtained from an experimental system. More information on experimental

methods will be covered in the applied reports section.

2. 1. 1. 1.3 Oscillation Theory

Since the majority of experimental methods for determining moments

of inertia consist of oscillating systems, a major effort will be exerted in

investigating oscillatory theory. In particular, the oscillations of a torsional

pendulum will be investigated in detail since it is the instrument presently

i0



used for determining moments of inertia.

References 7 through 10 discuss the oscillations of the torsional pen-

dulum in a relatively simple manner. That is, the first and most common

assumption is that the system oscillates perfectly and no damping is present.

The equation of motion for this system is shown in Equation 7, where I is the

I0 + Ke = 0 (7)

moment of inertia of the oscillating object, _ is the angular acceleration, K

is the spring constant of the rod and 0 is the angular displacement. The

solution for Equation 7 is easily obtained in terms of I. It is

I = KT2/4_ 2. (8)

As further investigation was made it was realized that the assumption

of a perfect system must be abandoned and that damped oscillation must be

considered. This damping resulted primarily from the aerodynamic drag of

the atmosphere upon the external surface of the object. Other drag forces

are present, but they are assuined to'we m_lgm_l_an_."...... ,_-.- . _1__n=- ±_-"--*_ _,_--_ _i_, v-

lest damping to consider for this type system is that of viscous damping, a

constant damping proportional to the velocity. Equation 9 shows this equation
of motion where

I_ + Ce + Ke = 0 (9)

is the angular velocity and the other terms are the same as in Equation 7.

The solution of Equation 9 in terms of I is

4I 2
(10)

11



where _ is the frequency of the damped oscillations. If C can be determined
then I can be obtained. C/2I can be obtained because it is the slope of the

curve of the natural logarithm of displacement versus total time. If C/2I is

denoted by c_ , then Equation 10 can be written as

i - K (ll)
_2 + c_Z

Therefore, the solution for the moment of inertia of a constantly damped

system is relatively simple. If the damping is very small it can be neglected

and Equation 8 will be valid. If the drag is significant the damping term C

in Equation 10 will cause _ to be smaller than if no drag occurred. Likewise,

if _ is smaller, I would be larger as shown in Equation 11. This is where the

term "additional mass effects" originates, because excess drag causes the

moment of inertia to appear larger. The moment of inertia does not actually

increase, it just appears thay way. This phenomena is true for all pendulum

systems.

These relatively simple systems are the best one to use if possible,

because they can be expressed as linear differential equations. Unfortunately,

they are not the ones which normally occur in actual practice. In the torsional

pendulum system presently used the period of oscillation is not constant; there-

fore, it cannot be a constantly damped system described by Equation 9. In

general the equation can be written as

I_ + f(_, G) + K@ = 0 (IZ)

where the middle term can represent any function of velocity or displacement.

This equation is an example of a non-linear differential equation. The solution

of non-linear differential equations is quite difficult and usually results in some

approximation method. References 11 through Z1 represent a few of the texts

on non-linear differential equations. Since one entire component of the Math

Model Project is devoted to damping theory, further discussion of non-linear

differential equations as applied to the torsional pendulum will be postponed

until the damping report. The objective of this damping study will be to

determine exactly what type damping the torsional pendulum air bearing table

has, then solve the equation which represents this damped system.

12



Z.I.I. 1.4 Applied Reports

This section will cover the contents of all the books and reports per-
taining to the actual methods used in determining moments of inertia for

various objects. The coverage necessarily will have to be in general, but it

will provide enough information that the proper report for a particular use
can be obtained.

The reports are divided into the following categories:

1. Survey
2. Additional Mass Effects

3. Torsional Pendulums

4. Compound Pendulums

5. Filar Pendulums

6. Component Methods

7. Computer Methods

8. Gravity Gradient Stabilization

9. Human Body Mass Characteristics

10. General Moment of Inertia Reports

These divisions describe the main theme of each report.

The survey reports, References Z2 and Z3 _ ..... s different methods of

determining moments of inertia in a general manner. Reference 2Z discusses

the pros and cons of various systems such as static methods, torsional system,

linear spring system, physical pendulum, filar pendulum and variable center

of gravity pendulum. This reference is a very good survey of the different

systems mentioned. Reference 23 is similar to Reference Z2, but not as
detailed.

The next references, 24 through 27, cover aerodynamic drag effects
which influence the determination of moment of inertia. This effect is

called the "additional mass effect" because aerodynamic drag increases the

period of oscillation, thereby effectively increasing the moment of inertia

which is dependent on the period. References 24 and Z5 are significant

contributions to the knowledge of the "additional mass effect". The report

presents a resume of test procedures and results of experimental determi-

nation of the additional mass effects of flat plates. It compares test data

resulting from tests in vacuum and in the atmosphere and also compares its

results to those of previous investigations. The report is useful in studying

13



older methods of testing, but it does not add a great deal to present day tech-

niques. Reference 27 presents formulas for calculating the additional mass

corrections for moments of inertia of airplanes. It too is an older report

which adds little to the present problem.

The next group of references, 28 through 41, includes reports which

cover different methods of determining moments of inertia. References 28

and Z9 discuss the torsional pendulum. Reference 28 gives a simple method

with limited accuracy for determining moments of inertia of aerospace com-

ponents. Reference 29 discusses the torsional pendulum and compound

pendulum as used in determining the moment of inertia of re-entry bodies.

This report gives a very comprehensive coverage of these two methods.

References 30 through 33 are mainly concerned with types of compound

pendulums and spring retained pendulums. Since a compound pendulum

covers anything other than the simple ball and string pendulum, a wide

range of systems fall within this category.

The next group covers filar pendulums, any object suspended by two

or more supporting eler_,enta and allowed to oscillate. It is similar to a tor-

sional pendulum where one rod has been replaced by two or more wires.

References 34 through 37 cover tri-filar pendulums. These reports discuss

the advantages and disadvantages of filar pendulums as compared to other

types. Reference 34 concludes that the tri-filar pendulum is superior in

accuracy to the torsional pendulum, while Reference 35 states that the tor-

sional pendulum is the most accurate. Obviously these are the author's

opinions and we agree with the latter. Reference 37 covers the use of a

bifilar pendulum in determining the moment of inertia of a orbital satellite.

References 38 through 41 include reports of moment of inertia determi-

nation by using component parts. The moment of inertia of the various parts

is calculated, and transfer formulas are then used to calculate the moment

of inertia of the entire body. Relerences 4Z and 43 discuss computer methods

of determining moments of inertia by using components part anaysis. The

computer is a very powerful tool for calculating moments of inertia and other

mass characteristics if the components location and characteristics are known

very accurately.

The next references cover some special used Qf moment of inertia

determination. References 44 and 45 discuss gravity gradient stablization.

This form of stablization depends on the moment of inertia of the satellite

and is based on the principal that any satellite will align its long axis, or

I*



axis of minimum moment of inertia, with the local vertical. Gravity gradient

stabilization offers a means of significantly improving the reliability of long-

life earth satellites and a need for precise moment of inertia determination

to avoid excess weight. References 46 through 48 cover the moment of inertia

determination of the human body. This is a specialized case for determining

moments of inertia but it is very important when precise moment of inertia
values must be known. The various moment of inertia values for the human

body i'n different positions could be of vital importance to precision maneuvers

of small spacecraft.

The last grouping, References 49 through 72, include reports which

pertain to moments of inertia in one form or another. They are not directly

related to the present work being performed but they may have some useful

information. The last reference requires a special skill for comprehension,

since it is written in German. These reports are only a small part of all

reports pertaining to moments of inertia but were selected as the most signi-

ficant to the present work. A search will continue for any old or new reports

that might be helpful.

2. I. I. 1.5 Conclusions

The literature search for the moment of inertia program has produced

much valuable information. In the classical theory section the importance of

the quantity of moment of inertia in the dynamical analysis of any type of rotary

motion was explained. In particular, torques produced by space vehicle com-

ponents are directly dependent on the moment of inertia of the rotating object.

Although in the past the accuracy of the moment of inertia was not a critical

factor that might cause losses of millions of dollars and human lives, today

the space age has created a new importance on the accurate determination of
moments of inertia.

One significant fact learned is that the Mass Metrology Laboratory has
superior methods and accuracies for moment of inertia determination for cer-

tain size objects. Therefore, this laboratory represents the present state of
the art in moment of inertia determination. For this reason the search could

not provide any significant milestone which would greatly aid the present pro-

gram. The search for old and new works that might be useful will continue.
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Z.l.l.2 Aerodynamic Drag Tests

Z. 1. 1. Z. 1 Introduction

The prime objective of the moment of inertia program was to develop

a rapid and accurate method of determining moments of inertia of space ve-

hicle components. This program was divided into five separate projects which

directly or indirectly added to the prime objective. Each project was further

broken down into components which augment the total program. This report

was the result of the Aerodynamic Drag Test portion of the Math Model Project.

The objective of the Math Model Project was to investigate the theoretical as-

pect of the moment of inertia determining system and to develop the exact

mathematical expression for the torsional air bearing table system. With
this exact expression only the system's experimental errors will have to be

considered in order to improve the system's accuracy. Specifically the Aero-

dynamic Drag portion was designed to provide experimental data from which
the theoretical expressions could be derived.

The Aerodynamic drag tests were divided into two categories; quali-

tative and quantitative. The first tests were performed using fivedrag con-

figurations at three different frequencies. The test objects used here had a

large variation in drag, but their physical size limited an accurate determi-

nation of their moment of inertia. Therefore, the result_ of these fifteen

tests were compared to each other to show the effect of object surface area

and oscillating frequency on the damping of the system. ?The later tests were

designed to show the exact effect of damping on the determination of moments

of inertia. In these tests two precision drag objects with different surface
areas but identical masses and moments of inertia were used to show the
exact effect on moment of inertia determination.

Z. 1. 1.2.2 Qualitative Tests

2. 1. 1. Z. Z. 1 Test Procedure

The test equipment used for these tests consisted of the torsional pendulum

air bearing table and the period and displacement measuring devices. The

period measuring device consisted of a photocell and light source with a knife

edge mounted to the table top for breaking the light beam. A Hewlett-Packard

524D frequency counter and 560A digital recorder was used for measuring
periods and giving an automatic printout. The displacements were measured

manually by using a radian scale, light source, and mirror arrangement. A

mild steel torsion rod was used for producing forced oscillations. A special

cylindrical drag adapter with four drag plates was used to provide different

drags. The cylindrical drag adapter or air shield was used to provide a con-

stant table drag independent of the load or drag configuration. The frequency

of oscillation of the table was reduced by placing 100 pound cylindrical weights
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on the table top at a specific location. The dimensions and characteristics of
the drag configurations and the cylindrical weights are shown in Figures 1 and
2 respectively. The moments of inertia of these various arrangements of
weights and drag plates are shown in Figure 3.

The test equipment was arranged as shown in Figure 4. The air bear-

ing table was first leveled on the isolated platform. Next, the air pressure

was regulated to 30 psi then the appropriate test objects were mounted on the

table. Finally, the torsion rod was inserted into the table to avoid any com-

pressive forces from. being placed on the rod. The period timing device and

the displacement, measuring apparatus were aligned to give a zero reading

for zero displacement. The electronic equipment was allowed to warm up

at least 30 minutes before testing began. A ten period average was recorded

automatically every 20th cycle and the corresponding displacement was re-

corded manually.

The tests were performed by displacing the table top to a maximum dis-

placement of 0.05 radians. The table top was then allowed to decay to a max-
imum displacement of 0. 035 radians. The data was recorded between a dis-

placement of 0. 035 and 0. 001 radians. The information obtained from each

test was: test number, date, personnel, temperature, humidity, drag plate,

number of weights, and the 10 period average and displacement every 20th

cycle starting at a maximum displacement of 0. 0035. Each test was repeated

at least three times to provide good repeatable data. The test procedure for
these tests are shown in Appendix A 1.

2. 1.1.2. Z. 2 Test Results and Analysis

The results of these tests are shown in Table 1 and Figures 5 through

14. Table 1 shows the moment of inertia calculations for the various config-

urations. The period was obtained by averaging all the periods between dis-
placement of 0. 002 and 0. 001 radians. The moment of inertia was then cal-

culated by using.

I = KT 2 "

4_ 2

(13)

where K is the rod spring constant. The theoretical moments of inertia were

calculated in Figure 3. The percentage difference in the experimental and

theoretical values is shown in the last column of Table I. The percentage

difference increases for a given weight as the drag plate size increases and

for a given drag plate as the weight increases. This error was caused by the
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FIGURE J.

SPECIAL DRAG ADAPTERS

I

Cylindrical Adapter

r = 11. 62 in.

t : 0. 094 in.

h _ Z6.0Z in_

w - 20.41 !bs.

4---- w ---_

r--1

C-I

h

Drag Plates W h w

A 1.89 Ibs. 26.02 in. 6.0 in.

B 3.79 26.02 12.0

C 5.66 Z6.0Z 18.0

D 7.58 25.02 24.0

FIGURE 2

CYLINDRICAL WEIGHTS

I
{

r = 5.0 in.

h = 4.45 in.

a = 6.5kn.

W = 98.92 ibs.

M = .257 ib-secg/in.
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FIGURE 3

Theoretical Momentof Inertia Values For Various
Drag Configurations

Air Shield,
Weights

Bolts
-4b

I

Plate s

Object

Table Top

Air Shield

Brackets and Bolts

Drag Plate A

Drag Plate B

Drag Plate C

Drag Plate D

Weights

Moment of Inertia

9. 93 in-lb-sec 2

6.43

0.69

2.12

6.32

13.24

23. 75

14.01

Weight

Drag Plate

Combined Moment of Inertias

0 Ibs, 200 Ibs. 400 Ibs.

None 16.36 44.38 72.40

A 19. 17 47.19 75.21

B 23.37 51.39 79.41

C 30.29 58.31 86.33

D 40.80 68.32 96.84
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instability of the drag plates at higher frequencies. This assumption was veri-

fied by mounting braces to the drag plates and rerunning the tests. The per-

centage difference was greatly reduced by stiffening the drag plates.

Figures 5 through 14 graphically show the effect of various drags on the

oscillating system. Figure 5 shows the rate of decay for the air shield with

three different weights. This configuration represents the minimum drag and

the figure shows that the frequency of oscillation, which is inversely related to

the load, has little effect. However, the higher frequencies do dampen out

somewhat faster. The data used in Figure 6 is the same as in Figure 5. This

plot isused because the slope of the curve in this plot is proportional to the

damping constant of the system. This plot readily shows which configuration

has the largest damping. Figures 7 and 8 show the same type data as in Fig-

ures 5 and 6, where drag plate D has been used. Drag plate D represents the

maximum drag configuration. By observing Figures 5 through 8 it is noted

that the damping for drag plate D is much greater than that for no drag plate

and that the drag increases with frequency of oscillation. Figures 9 through

14 show the results of all the tests _n a d_fferent manner. Again these tests

show that the drag increases as the size of the drag plate increases and as

the frequency of oscillation increases. The logarithmic plots verify the above

conclusions and they also proved that the damping for all these systems is rel-
atively small at low amplitudes. The quantitative tests will show these results

in more detail where stiff drag plates have been used to eliminate all mechani-
cal vibration.

2. I. i. 2.3 Quantitative Tests

2.1. 1.2.3" 1 Test Procedure

The quantitative tests also used the air bearing table and the period

measuring device mentioned before. Two displacement measuring devices

were used to cover large and small amplitudes. One device was the one pre-
viously described and the new device is described in Section 2.1.2.2. This new

device was much more precise and has a resolution of 17 microradians. A

mild steel rod was used for the forcing element. The drag plates used in these

tests were precisely made plates with special adapters for mounting the plates

to dumbbell standard C. These plates were designed to have the same mass

and moment of inertia but different surface areas. The plate dimensions are

given in Figure 15. The frequency of oscillation was varied by using different
torsion rods.

The test equipment was arranged as shown in Figure 16 and the set up

was identical to that already described. The output of the displacement meas-

uring device was fed into a Hewlett-Packard 524D frequency counter and a 560A
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FIGURE 15
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digital recorder. This provided an automatic readout of both period and dis-

placement which simplified the test procedure. Single as well as I0 period

averages were used with the displacement being recorded every other cycle.

The starting and stopping displacements were varied depending on the data

required. The test procedure for these tests is shown in Appendix A2.

Z. I. i. 2.3. Z Test Results and Analysis

The tests were composed of the following:

i. Rod 120, Drag Plate C, Dumbbell C

Z. Rod iZ0, Drag Plate D, Dumbbell C

3. Rod 28, Drag Plate C, Dumbbell C

4. Rod 28, Drag Plate D, Dumbbell C

Plots of the results of the tests are shown in Figures 17 through ZZ. The

first obvious conclusions which can be made from these figures is that a

large drag plate and higher frequencies of oscillation cause more damping

as previously shown. This conculsion will be examined in more detail.

The test results will be compared to that of a constantly damped system

which has been used before. The equation of motion of this system is

I_ + Cb t K_ -0 (14)

The solution of this equation gives for the moment of inertia

K

I = 4_2/T2 + C2/412 (15)

where K is the rod constant, T the period of oscillation, C is the damping

constant, and I is the moment of inertia. The term C/ZI is the slope of the

curve of log of maximum displacement plotted against time; therefore, it is

extremely important in determining the damping. Figure 18 is the plot of Lne

versus the number of cycles, which can be converted to time easily by multi-

plying the period by the number of cycles. The slope of the curve decreases

as the amplitude decays and approaches a straight line. The damping constant
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C as determined from the slope of the curve at two different ranges is shown

below:

Displacement Damping Constant - C

Drag Plate C Drag Plate D

0.15 - 0. I0 0.52 0.69

0. 0i3 - 0.0i0 0. 17 0. 18

This result shows that at large amplitudes the damping is larger for the large

drag plate but as the amplitude decays the damping decreases and the values

for both plates approach a constant value. It should be noted that the term

C/2I, or the slope of the curve is approximately 5 x 10 -4 . If this is applied

to ]Equation 15, where 4rrZ/T2 is of the order of magnitude of 20 and C2/4I 2

is approximately 20 x 10-8 we can see that the damping term is insignificant

and Equation 15 becomes

I = KTZ/4 r_2 (16)

This damping relationship in further verified be examining the curve of per-

i_d vcrsus ......... of cycles in _.. ,_,_ _= ......

plate is greater that that of the small plate at large amplitudes, but at smaller

amplitudes the periods approach each other. Therefore, the moment of inertia

value becomes the same, independent of the object surface area.

Now examine the data using the same set-up with a different torsion rod

which produces larger periods. This data is shown in Figures 20 through 22.

The damping constant C for these tests are shown below:

Displacement
Damping Constant - C

Drag Plate C Drag Plate D

0.015 - 0. I0 0.034 0.065

0.013 - 0.010 0.019 0.034
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Again we have the same type results as discussed before except the damping

constants at the low displacements arenot as close. This does not present

any problem because the damping constant is so sma11. This is further veri-

fied by Figure _Z which shows that the period of oscillation remains very con-

stant for these small damping factors: that is, the damping is very constant.

Therefore, the frequency of oscillation does effect the damping as compared

to the other data, but at small amplitudes this effect is small.

Z. 1. 1o 2.4 Conclusions

The results of this experimental program has proven that even though

the frequency of oscillation and the objects surface area does effect the amount

of damping, this damping is negligible at extremely small amplitudes. The

equation of motion for this system at these low amplitudes is that of a con-

stantly damped oscillator where the damping is proportional to the first power

of the velocity. At larger amplitudes the damping term is more complicated

and must be analyzed in more detail to determine the exact equation of motion.

Moments of inertia can be determined precisely by using the results
of this program; that is, I = KT2/4_Z at a displacement range of 0.5 to 0.1

milliradians. Further analysis of the damping at larger amplitudes will be

conducted in the damping theory study project component. The data from

analysis. The results of this analysis will give a better understanding of the

damping for any amplitude.

2. 1. 1.3 Vacuum Chamber Tests

2. 1. 1. 3. 1 Introduction

The effect of drag on an object moving through any medium has always

presented problems. The size of the object, as wellas its velocity and

surrounding medium, have a large effect on the amount of drag produced.

Since the drag is a direct force which tends to decelerate the moving object,
it causes an energy loss in the system.

The energy losses produced by aerodynamic drag directly effects the

experimental determination of moments of inertia because as oscillating

system is always used. Some of these systems are: torsionalpendulum,
filiar pendulum, and compound pendulum. The moment of inertia determin-

ation in each system is directly related to the square of the period of oscil-
lation. Since drag causes the period of oscillation to increase, the effect of

drag in a moment of inertia determining system is normally referred to as

the "additional mass effect". This effect is shown better in Equations 17 and 18.
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I = f(m) theoretically (17)

I = f(T 2) experimentally (18)

These two equations show that the mass and period are directly related;

therefore, a period increase causes an apparent mass increase.

This effective mass increase is detrimental to moment of inertia

measurement because it produces a variable value for the moment of inertia

which is larger than the true value. This value depends on the object's size,

oscillation frequency, amplitude of oscillation, and surrounding medium.

The first three variables have been investigated experimentally. (Reference

Paragraph Z. 1. 1.2). The results showed that an increase in any of these

variables produced an increase in the moment of inertia. However, at ex-

tremely small amplitudes, .001 radians or less, there were no appreciable

losses regardless of object's size or frequency of oscillation. From these

conclusions, it is obvious that a reduction of pressure in the surrounding

medium would not affect the moment of inertia measurements at small amp-

litudes. However, by reducing the pressure a better understanding of aero-

dynamic drag can be obtained.

2. 1. 1.3.2 Experimental Procedure

The ATCOMED facility of the Quality and Reliability Assurance Labor-

atory at Marshall Space Flight Center, shown in Figure 23, was used to pro-

vide the various vacuum levels. The vacuum chamber is a 16 foot long by

12 foot diameter cylindrical capable of operating at 5 x 10 -6 mm Hg (Torr).

The testing in the vacuum chamber can be controlled by either the manual

or automatic test station.

A torsional pendulum system was used for producing the oscillations in

the vacuum chamber. The torsion rod was mounted to a machined plate in

the top of the chamber, and a dumbbell with drag plates as shown in Figure

24, was attached to the other end as shown in Figure 25. The dumbbell has

a pivot bearing plate attached as shown in Figure Z6. The pivot solenoid was

aligned under the dumbbell in such a manner that the pivot point was in line

with the torsion rod axis.

The striker assembly was mounted on the base plate as shown in Figure

27. The striker arm was adjusted so that the distance between the striker

arm and dumbbell was one-half the maximum travel of the striker. The dis-

placement measuring device was mounted as shown in Figure 28, and the

period measuring device as shown in Figure 29.
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FIGURE 24
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The wiring for both devices and the solenoids were connected through

the electrical system of the vacuum chamber into the control room. Inside

the control room the displacement device output was connected to a Hewlett-

Packard 524D counter, then to a 560A digital printer. The output of the

period measuring device was connected to a Beckman preset counter, then

into a Beckman 7360 counter and printer. The power wires for the solenoids

were connected to a relay operated control board in the control room where

they could be operated separately. Figure 30 shows the electronic equipment

in the control room. A closed circuit T.V. was used to monitor the oscil-

lations of the dumbbell.

With this test set up the experiments could be controlled entirely from

the control room. The dumbbell, drag plates, and torsion rod required for

a specific test were mounted in the chamber. The chamber door was closed

and the require vacuum was obtained. From the control panel the pivot sole-

noid was engaged to stabalize the dumbbell. The striker was actuated to

start the dumbbell oscillating. When the proper amplitude was reached,

the period and displacement devices were energized and data was obtained.

This procedure was repeated to obtain the data for each set of variables.

An operating test procedure is shown in Appendix A3.

2. I. 1.3.3 Experimental Results

The results were obtained by using dumbbell C, rod 120, drag plates

C and D at pressures of 760, 1.0, 10 -2 , and 10 -4 torr. The data obtained

was the displacement between 300 and 20 on the counter, (each unit is equal

to 5. 55 x i0 -5 radians) and the period for this displacement range. To save

space, only the plots of these data are presented herein. Each curve repre-

sents the average of at least three tests.

Figure 31 shows the plot of log displacement versus number of cycles.

This curve is used because its slope is directly related to the viscous damping

of the oscillating system. The equation of motion of the system is assumed
to be

+ + Ke : 0. (19)

Its solution is

_ Ct

@ = Ae _-_-" sin(_t + _) (20)
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where _ is the oscillating frequency. Equation 20 can be written as

ln0 = lnA - (C/ZI)t

if maximum amplitudes are considered. Therefore, the slope of the curve of

1,,0 pl_,++,_,q _=g_in_-,._ _ /_+_1 time)--';1' give C/_T,.. This =v_,_Lon_^'....... n=_ been .....u_u

to calculate the damping term for these tests and the results are shown in
Table Z.

From Table Z and Figure 31, it can be seen that the damping does de-

crease as the pressure decreases and as the surface area of the oscillating

object decreases. When the pressure reaches 10-2 to 10 .4 torr, the damp-

ing appears to approach a constant value for each separate drag plate.

The period data for drag plate C is shown in plotted form in Figure 32.

There is no obvious correlation between the period curves and the pressure.

The shift in the period curves is attributed to the temperature variations.

From prior tests, it has been determined that one degree change in tempera-

ture changes the period of oscillation by 0.0001Z seconds, for this specific

set up. The variation in periods in Figure 10 is approximately 0.0004 sec-

onds. However, the temperature variation was at least 10oF during the test-

ing. Therefore, this period variation is well within the expected limits.

The resuits shown in Figure 3Z have been normalized in Figure 33.

That is, the constant periods at the low amplitudes have been set equal to

each othe_r. There is still no correlation between the period and pressure.

Figure 34 shows the data for drag plate D.

2.1. 1.3.4 Conclusions

The results obtained from the vacuum chamber tests did not produce

the necessary data for completely analysing the effect of varying pressures

on the damping rate. Even though the reduction in pressure did reduce the

drag, an appreciable amount of drag was still remaining at very low pres-

sures, This drag was probably caused by the effects of vibrations of the cham-

ber and its surroundings. Also, there could be noticeable nonlinearittes in the
torsion rod which was not expected. This latter effect willbe examined in

the dynamic torsion rod tests.

The results obtained from the period data was very disappointing. It

was hoped that the period decay rate would yield some useful information;
however, the data was so scattered because of the uncontrollable variables

that is was unusable.
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TAB LE Z

DAMPING CONSTANT RESULTS

Pressure Drag Plate C Drag Plate D

760 torr 0.88 in-lb-sec 1.67 in-lb-sec

1.0 0.72 1.58

I0 -Z 0.60 1. 37

10 -4 0.60 i. 34

One interesting effect was encountered which was not completely explained.

There was a definite shift for the large drag plates as the pressure decreased

from 760 to 50 torr. Several tests were performed to try to determine the

cause of this cffect. The conclusions drawn from these tests were that the

natural frequency of the vacuum chamber was close to that of the oscillating

dumbbell. A change in pressure produced a physical change in the chamber;

thereby, causing the frequency of oscillation of the dumbbell to change. This

effect was not noticed with either the small plates or with no plates; therefore,

it was assumed to be a specific characteristic of the large plates. An inves-

tigation of this effect was not pursued in detail, because it would not be helpful

to the total moment of inertia program.

The primary conclusion drawn from the vacuum chamber tests is that

a[l variables must be closely controlled before useful data can he _bt_ined.

The adverse effects caused by random vibrations and temperature changes

completely overshadowed the vacuum effects which were of interest. Further

testing may provide more useful data; however, a better controlled system

must be used.

Z. I. 1.4 Damping Theory Study

Z. I. 1.4. i Introduction

A study to determine the exact equation of motion of the oscillating tor-

sional pendulum has been conducted. The purpose of this study was to obtain

an equation whose solution would g[ve the moment of inertia of the oscillating

object regardless of the amplitude of oscillation. If this were possible, the

equation would account for aerodynamic drag losses, torsion rod non-linearities,

system friction, and any other losses which hinder precision moment of inertia

deter_nination.

Three experimental programs were conducted to help determine the

causes of the system's losses. These tests examined the effects of: (i) aero-

dynamic drag, (Z) external pressure, and (3) torsion rod effects. None of

these tests provided data which could be used to analytically evaluate the sys-

tem; however, some information was gained from these tests and is discussed

in each respective report.

The first assumption for the equation of motion of the system was,
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I_ + f(6) + KO --0 (21)

where the damping was directly related to the velocity. After further tests

and analyses, it was learned that the equation was much more involved. In

general it resembles

I(c_)_+ C(CL) + K(c_) : 0 (22)

where c_ = _, e, e.

This equation shows that the moment of inertia of the object is dependent

upon the angular displacement, velocity, and acceleration of the system.
This is caused by the instability of the object which varies with it's con-

struction. The damping term is also dependent on the same variable because

of the aerodynamic drag and air bearing losses in the system. The non-

linearities in the torsion rod are produced by the same variables. This is

a general equation for the system which indicates that all these factors may

not have to be considered; however, it does show the complexity of the equation.

An attempt was made to simulate the damped equation of motion of the

oscillating pendulum on an analog computor. Mr. Hugh Zeanah of the N.A.S.A.

Computation Laboratory used the best hybrid analog computer available at the

laboratory in trying to simulate the equation. The results were unsatisfactory

because the computer could not be scaled down accurately to simulate the

small displacements and period changes.

A through theoretical analysis was not attempted, because of the time

required to thoroughly investigate the system to find the exact equation of
motion. This decision did not affect the moment of inertia determination

program because an exact equation for a given displacement range is available.
This equation has been used before and it is

I_ + Ce + Ke = 0. (23)

This equation was simulated on the PACE TR-48 analog computer

available in the Mass Metrology Laboratory. This result will be discussed

later. Also the report will discuss Equation 21 in detail and show how it is

applied to the moment of inertia determining system to obtain precise data.
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2.1.1.4.2 Analog Computer Simulation

The classical damped oscillator represented by Equation 23 was

simulated on the PACE TR-48 analog computor so that it could be analyzed.

A brief statement of the problem simulated and the method of programming

the computer demonstrated the usefulness of the computer. The equation

simulated was:

18 + C0 + K0 : 0 (24)

where: I = moment of inertia

G = damping constant

K = rod spring constant

@ = angular displacement

"@ = angular velocity

= angular acceleration

The basic computer diagram is shown in Figure 35. The computer must

now be amplitude scaled so that the actual problem can be simulated without

overloading the computer. Data obtained from the air bearing table tests

were used as a representative example. Table 3 shows the factors used

for amplitude scaling the computer. The computer equation now becomes,

= -C I 50@ I -K [200@]
5o_ i----j 200---'i -

(25)

The problem data is,

I = 60 in-lb- sec Z

K = 3, 000 in-lb/rad

G = .30 in-lb/sec

@o = . 05 rad

The final computer diagram is shown in Figure 36. The results of this

problem simulation is best illustrated in Figures 37 and 38. Figure 37

shows the output of the x - y plotter where angular displacement has been

plotted against elapsed time. This figure depicts the familiar damped

oscillating system. Figure 38 shows the plot of angular acceleration

versus angular velocity for the same problem.
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TABLIE3
COMPUTIERSCALING FACTORS

Problem

Variable

Maximum Maximum Scale Machine

Voltage Problem Factor Variable

Available Variables

@ i0 volts . 05 radians I0/. 05 = 200 [200 @]

i0 volts . 02 radians/sec I0/. 2 : 50 [ 50 @3

i0 volts 8.00 radians/sec 2 10/8 = 1.25 [ I @]

The computer simulation of the damped oscillating torsional pendulum

apFears to be very _.^c_ .... _.^==_ ........ y ..... next step in using the ..... ,t_,- _,,n,,!d he

to substitute a varying damping function for C in Equation 21 that will actually

simulate the motion of the torsional pendulum air bearing table. This sim-

ulation was not possible; therefore the exact mathematical model of the

damped system could not be obtained.

2. h I. 4.3 System Equation and Solution

A discussion of the damping theory was given in the 1964 - 1965 Annual

Report; however, refinement in the equipment has made some changes in that

analysis. The solution to Equation 23 is,

Ct

@ = Ae 2I sin(_t + %0) (26)

where _2 = K/I - C2/412 (27)

p is the frequency of oscillation of the system and it is related to the period

by, P = ZI_/T. Equation 27 can be rewritten as,

I --

K

_Z + _2
(28)

where _ = C/21.

The equation is written in this manner because the value of _ can be

obtained. If only the maximum amplitude of oscillation are considered then

Equation 26 becomes,

Ct

= Ae Zl
(29)

71



which is equivalent to,

in@ = inA - (C/Zl)t. (30

If In @ is plotted against t, then the slope of the straight line which results

will be equal to - C/2L Now Equation 28 can be solved for I.

This approach will be applied to typical data obtained from the air bear-

ing system. This data is shown in plotted form in Figures 39 through 41.

Figure 39 shows the typical decay rate of an oscillating system. Figure 40

shows the log plot of displacement versus number of cycles. This plot is

used to solve Equation 30. Since most log plots are to the base 10, a con-

version of Equation 30,

inQ = 2. 303 loglo @, (31)

must be made. Also, the number of cycles in the figure must be converted

to t. This is done by letting

t = N x T, (3Z)

where N is the number of cycle and T is the average period of oscillation at

small amplitudes. From this dataa or C/ZI can be determined.

The plot of period versus number of cycles is shown in Figure 41. There

the period decays gradually at first then it approaches a constant value. The

period scatter also increases but it remains random which does not affect

the period average. This curve, along with the one in Figure 40, proves that

the system can be expressed by Equation 23 for a range of approximately
0. 001 radians to zero.

The results in this particular test, shown in Figures 39 through 41, will

be used to show how the moment of inertia is calculated. The displacement
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range used is 0. 001 radians down to 0. 0004 radians for a total of 500 cycles.

The average period in this range was 1.22908 sec. The value for the rod
constant was 2662. 873 in-lbs and the moment of inertia of the table top and

dumbbell was 101. 894 in-lb-sec 2. First calculate a and

ln01 - ln02

tI - t 2

2. 303(iogi00.001 - Iogi00.0004),_,_- = O. 00148
I.22908(500)

(33)

: 2rT/T -- 5. 11210 (34)

Now Equation 28 can be solved for I. This gives

2662. 873
I = = I01.894 in-lb-sec 2 (35)

26. 134 + 2. 19 x 10 -6

Here we see that the term for a is extremely small in comparison to that of p

If we solve Equation 28 with and without a we obtain

I_ + (_ --I01.894758 in-lb-sec 2

and

Ip = I01.894767 in-lb-sec 2
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or

I_ - I_ + c_ = 0.000009 in-lb-sec 2

This re_presents an error in moment of inertia determination of approximately

8 x I0-_%. This result proves that for a typical object the moment of inertia

can be determined by measuring the period of oscillation in the range of

0. 001 radians or less and using it in

I = KT2/4r_ 2 (36)

All other losses and errors normally encountered can be neglected.

2.1. I. 4.4 Conclusions

A method of obtaining precise values for the moment of inertia of an

oscillating object has eliminated the need for a thorough damping theory

study. The results of this report proved that for a given range of ampli-

tudes the equation, I = KT2/4_ 2 , will exactly represent the equation of mo-

tion of the system. For the sake of pure analytical research further work

in this area may produce some very interesting results.

Z. 1.2 System Improvements

Z .I. Z. ] I_proved Period Measuring Device

2. I, 2. i.I. General Discussion

The purpose in building an improved period measuring device is

two-lold. First, a higher resolution in period measurements is needed in

order to realize the full potential of the air bearing table as an instrument

for n-,eas_:ring moments of inertia. Secondly, the displacement measuring

device has been in_p:roved to the point where its usefulness is limited b F

the _.-so]ution of the device for measuring period. In order to meet both

of these objectives, a new period measuring device was designed, built and

evaluated.

2. i. 2. I. 2 Design Consid_rations

Since the resolution of the previous displacement measuring system

was 1/300th inch, it was decided that the new period measuring device's

resolution should be 1/600th inch or better. It was felt that this value could

ea sily be achieved using the system concept of the original period measuring
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device if a better optical system was provided and if the wand type of interrup-
ter was replaced with a knife edgetype.

Investigation revealed that the required resolution of 1/600th inch
could beachieved in the optical system alone using readily available compo-
nents. The gain of the amplifier would improve this appreciably.

2.I. 2. I. 3 Optical System Design

2.1. 2.1.3.1 Computations - A No. 1003lamp was chosenfor an exciter be-
cause of its illumination and small filament diameter {I/64th inch). If it
is assumedthat the filament sag is no greater than half the filament diameter,
the required image reduction becomes:

R = S__= 1. 5 (1/64"} = 14 (37)
I 1/600"

where: R = linear reduction

S = source size

I = image size

The tube length was chosen such as to make the lamp to lens dis-

tance 13 inches. Using this value, the maximum distance of the image from

the lens becomes 0.93 inch as follows:

Di = Ds = 13 in. = 0.93 in. (38)

IR 14

where: Di = distance from lens to image

Ds = distance from source to lens

A symmetrical telescopic eyepiece having an equivalent focal length

of 0. 75 inch was chosen as a candidate for the reducing lens because of its

good optical properties and availabil_.ty. Checking to see if its image reduc-

tion is large enough for use in the system:

Di = f Ds = 0.75 in. x13 in. = 0.80 in.

Ds-f 13 in. - 0.75 in.

(39)

where: f = equivalent focal length of the eyepiece

Since the actual Di (0. 80 in. ) is less than the maximum value (0.93

in. ) the image reduction is large enough.

2.1. 2.1.3.2 Construction
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i. Housing - The optical componentsconsist of a reducing lens, an
exciter lamp assemble, a photo-electric detector with mounting, and three
light stops. These componentsare housedin a 19-inch long metal tube as
shownin Figure 42. The inside diameter of this tube is 1I/4-inches to
accomodate the reducing lens. The componentsare held in the housing with
set screws. A section is cut out of the housing between the reducing lens
and photo-electric detector to allow a knife edge to move between them and
interrupt _h,_1_h_ beam. m_,__ _ +_ housing _ painted dull black.

2. Reducing Lens - A symmetrical telescopic eyepiece (I£dmunds
Catalog No. 30, 316)is used for the reducing lens. This eyepiece has coated
lens elements and an equivalent focal length of 0.75 inch.

3. Exciter Lamp Assembly - The exciter lamp is a No. 1003automotive
lamp. Its socket is attached to its mountwith three screws and compression
springs. This arrangement allows for easy alignment of the exciter lamp.
The mount is a cap which slips into one end of the housing. The power cord
leads out through a hole in the center of the mount.

4. Light Stops - Three light stopsare placed between the exciter
lamp and the reducing lens to reducethe amount of scattered light reaching
the lens, thereby improving resolution. They consist of thin diaphragms
having openingsjust large enoughto admit the desired light, and are painted
dull black to minimize light scatter.

5. Photo-electric Detector andMount - The photo-electric detector
is a Texas Instruments No. H-38. It is held in its mount by a set screw
which g:_ipsthe signal cable. The mount slips into one end of the housing
andcan be adjusted in and out.

2.1. 2.1. 3. 3 Mounting Features - Theoptical system is mountedto the air
bearing table on a dove tail cross slide mechanism having micrometer screw
adjustments. This arrangement (seeFigure 43) provides controllable vertical
and lateral adjustments for precise alignment.

2.1. 2.1.4 Test Results

Figures 44, 45, and 46 compare the data obtained with the original and

improved versions of the period measuring device. It was expected that the

scatter {noise) would be reduced, and it was_in some cases, e.g. in Fig-

ure 45. Figures 44 and 46, however, show very little difference either way.

This data was taken at displacements near 0.001 radian, which is not far

from the cut-off point for the original device. The improved model will

detect oscillations at displacements less than 0.0001 radian. This is low

enough to permit readout of the oscillation period as it becomes asymptotic.
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2.1. 2. 2 Improved Displacement Measuring Device

Z. 1. Z. Z. 1 Technical Discussion

In making measurements on any system involving mechanical motion,

it is desirable to be able to accurately measure the magnitude of that motion.
When using the torsional pendulum to determine the moment of inertia, it

is the period of oscillation that is of primary interest, but it is also desir-

able to know the angular displacement of the oscillating mass.

Early efforts at measuring the angular displacement involved reflect-

ing a beam of light from a small plane mirror that was mounted on the

oscillating mass. The reflected light beam would sweep across a radian

sector as the pendulum oscillated, and the angular displacement could be

determined by observation. This method, being somewhat cumbersome,

afforded measurements of peak displacement down only to about one

milliradian. Thus, its use involved the following:

1. Poor resolution.

2. Human interpretation.
3. A darkened test area.

4. Considerable set-up time.

5. Considerable floor space.

In order to improve on this situation, a displacement measuring system
based on the Ronchi ruling was developed.

2. I_ 2. 2. 2 Procedure

2.1. 2. 2.2.1 The System

In the displacement transducer used with this system, a pair of identical

Ronchi rulings is used to modulate a beam of light as the torsional pendulum

oscillates. The light fluctuations are picked up by a photoelectric detector.

Then they are amplified, converted to rectangular pulses, and counted by an

electronic counter as shown in the system block diagram, Figure 47. Each

of these counts represents a definite small angle through which the pendulum

has turned. By accumulating these counts, the counter registers the total

angle through which the pendulum has turned. Another photoelectric unit

(the period measuring device which is discussed elsewhere) detects the

motion of a vane attached to the edge of the pendulum and provides a voltage

gate to the electronic counter to establish its counting period. The period

of the gate is equal to the pendulum's period of oscillation.

The voltage gate thus provides a time base for the counter and allows

it to accuumulate displacement pulses for one oscillation period. The number
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registered by the counter thus represents twice the peak-to-peak angular

displacement of the pendulum. This number is printed on paper tape by

the numerical printer.

2. I. 2.2.2.2 Prototype Transducer

A sketch of the prototype transducer is shown in Figure 48. In this

transducer a pair of one inch square Ronchi rulings are mounted such that

there is a small space between them. One of the rulings is movable, being

mounted on a small bracket which is attached to the edge of the torsional

pendulum. The other is fixed and is mounted on an adjustable support. The

adjustments are for alignment purposes and allow for adjustment of the spacing

between the two rulings as will as for the orientation of the fixed ruling. The

rulings are oriented so that their lines are parallel to their own centerlines

which intersect the rotational axis of the pendulum at right angles. Light

from the exciter lamp mounted a few inches above the rulings passes through

them, illuminating the photoelectric detector mounted beneath. The inter-

ference pattern produced bythe light passing through the two rulings sweeps

across the detector as the pendulum oscillates, causing its output to be
modulated.

The rulings consist of equally spaced opaque lines on one side of a

piece of clear flat glass. The width of the spaces between the lines is the

same as that of the lines. The resolution obtained with the transducer de-

pends on the number of lines per inch. One thousand lines per inch rulings

are presently being used. Since the transducer is located at a 15 inch radius

pendulum can be measured to an accuracy of 17 microradians.

2.1.2. 2.2.3 Signal Conditioner

The fluctuations in the output of the photoelectric detector are amplified

and converted to rectlngular pulses in the signal conditioner. A schematic

diagram of this unit is shown in Figure 49. An input emitter follower provides

a high impedance load for the photoelectric detector, a Texas Instrument

type H-38 photoduodiode. Following this is one stage voltage amplification.

The amplifier drives an emitter follower which provides a low impedance

source for operating the Schmitt trigger following it. The Schmitt trigger

provides rectangular pulses at the output jack of the signal conditioner.

2.1. 2. 2. 2.4 Counter Conversion

In order to use the voltage gate from the period measuring divice to

provide a time base in the electronic counter (a Hewlett-Packard model

524D) a slight modification to the counter was required. In the counter a

dec_de divider (a plug-in unit) is ordinarily used. This unit divides down

the internal clock frequency to provide a lower frequency to be used for the
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time base. In order to convert the counter for measuring displacement,

the decade divider was replaced with another plug-in unit, which uses the

voltage gate mentioned above to provide the time base. A schematic of this

unit, which is a Schmitt trigger, is shown in Figure 50.

2.1. 2. 2.2. 5 The Present Transducer

Based on the experience acquired in using the prototype transducer,

and operational model was designed and built. Although the new transducer

is basically the same as the prototype, several changes were incorporated

into its design. The major drawbacks to the prototype were sensitivity to

vibrations and difficulty of adjustment. These drawbacks have been virtually

eliminated in the new transducer, shown in Figure 51. It is very rigidly

built. The rulings are mounted in cells which can be rotated in their holders

for angular alignment. A table extension is sometimes used on the pendulum.

In order to provide clearance for it the photoelectric detector, rather than

the exciter lamp, is mounted above the rulings and movable ruling's holder

is offset. The spacing between the two rulings is adjusted by raising or

lowering the exciter lamp housing. Two large knurled nuts are provided for

making this adjustment. The lower of these serves as a lock after making

the adjustment. The distance from the exciter lamp to the rulings can be

varied by sliding the lamp holder up or down. This may also be rotated to

orient the lamp's filament with the rulings. The detector can be raised or

lowered in its holder to adjust the detector to ruling distance. All adjustments

are locked by set screws unless other locking means are provided. The

main assembly mount has slotted holes for attaching to the torsional pendulum's

air bearing stater. These allow for radial alignment of the main assembly.

Circular mounting slots in the exciter lamp housing guide allow for an add-

itional angular adjustment of the fixed ruling. All the machined parts are of

black anodized aluminum. The operating radius of the new transducer has
been increased to 15. 5 inches.

2. i.2. 2. 3 Test Results

The accuracy and linearity of the transducer was checked by comp-

arison with a Tuckerman autocollimator. Testing was done in accordance

with the test procedure given in Appendix A3.

The test results are tabulated iri Table 4. It is seen that the angular

values as measured by the displacement transducer are slightly larger
than those obtained with the autocollimator and that the difference in the

values obtained with the two methods is essentially constant. This indi-
cates a zero offset in the autocollimator. This is understandable since

its scale can probably be read no closer than 2%. Thus it appears that the

displacement transducer is both accurate and linear within the experimental

accuracy.
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TABLE 4

PEAK DISPLACEMENT MEASURED

Run

No.

By

Autocollimator Counts

By Displacement Transducer

Angle

0.012 radian 751

0.012 radian 751

0.012 radian 752

0.006 radian 382

0. 006 radian 38Z

0. 006 radian 380

0.01211 radian

0.01211 radian

0.01ZI3 radian

0.00616 radian

0.00616 radian

0.00613 radian
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2.1. Z.2.4 Conclusions
Basedon the tests it can be said that the displacement transducer

accuracy dependson the resolution (lines per inch) of the rulings used with
the reading is accurate within two counts. The peak displacement error
obtained with 1000lines per inch rulings at a 15.5 inch radius is therefore
Well within one count or 16microradians. Imperfections in the rulings are
averaged over the number of lines seen by the detector. The rulings mentioned

above can be used reliably to about 12 milliradians peak displacement. This

limitation is due to loss of contrast caused by reduced parallelism between

the two rulings at the larger angular displacements. However, it is of no

concern at the small angles presently of interest.

An error is introduced by using rulings having parallel lines rather
than radial lines. Within the displacement limitation described above this

error, amounting to only . 0025%, is insignificant. The use of rulings having

radial lines would remove this error source and the displacement limitation.

2.1. Z. 2. 5 Recommendations

In order to improve the resolution of the present displacement trans-

ducer, the use of rulings with more lines per inch would be indicated. It is

believed however, that the presentl000 lines per inch is approaching the

limiting value for a system which requires that the pair of rulings not be in

contact. It is also believed that optical diffraction effects would reduce con-

trast with higher resolution rulings.

Since the system has been developed about as far as practical in its

present form, any substantial improvement would have to come about through
an electronic innovation or some other system.

2.1.2. 3 Air Bearing Table Improvements

The air bearing table improvement section was included to take care of

any modifications which might be necessary to improve the operation of the

system. Fortunately no major changes were necessary. Minor changes such

as tension and bracket modification and air filter rearrangement were accomp-

lished; however, this did not affect the operation of the system.

One adaptation which aided the collection of data was a direct plot of

displacement and period data.

The analog output on the Hewlett-Packard 560 digital recorders was

used for the first time with an X-Y recorder. Experiments were made with

the set-up for direct plotting for moment of inertia tests. Using the equipment

on hand with such an arrangement, it was possible to plot directly the period-

time relationship, log period-time, period displacement, log period-displace-

ment, period-long displacement, displacement-time, and log-displacement-
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time. The voltage appearing at the analog output of the recorder was proport-
ional to any three consecutive digits of the last number printed, making
possible any amount of scale magnification.

Figure 52 is a sample plot with the equipment showing the peak dis-
placement of a damped torsional pendulum with respect to time. The ir-

regularities in the curve are believed to be the result of dirty contacts in

the digital recordcr.

2.1.3 Torsion Rod Investingation

2.1.3.1 Investigate Rod Material

2.1. B. 1.1 Introduction

The rod material investigation portion of the torsion rod project is de-

signed to determine what material and rod design will provide maximum

accuracy for the torsional pendulum moment of inertia determing system.

The selection of the torsional pendulum method of determing moments of

inertia over other pendulum methods is dependent on a very accurate torsion

rod spring constant. The rod constant's accuracy in turn depends on the

linearity of the material used in the rod. For this reason a very linear

material must be obtained. Theoretically, a perfect elastic material would

be ideal for the torsion rod. Since a perfect elastic material does not exist

in nature, a search had to be made that would produce the best elastic

material that could be fabricated into the proper shape. Another factor to

consider is that of the cost of the material and its fabrication, which can

become "rather expensive for some materials.

At the present time there appears to be a limited need for materials

that have nearly perfect elastic characteristics. This was concluded after

a survery of various steel, glass and ceramic manufacturers revealed that

detailed information on stress-strain relations was not available. Therefore,
a material search and test program will have to be conducted by the Mass

Metrology Laboratory to evaluate the elastic properties of various materials
for use as a torsion rod.

2.1. 3.1. 2 Basic Elastic Theory

Elasticity is the property of a material that allows it to be loaded,

which causes a deformation, then when it is unloaded it returns to its original

shape. This property of elasticity is expressed by Hooke's law shown in

Equation 40. Hooke's law states that the modulus of elasticity is equal to

the ration of stress to strain, where stress is the load per unit area and

strain is the elongation per unit length. Another relationship which expresses
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E = B/c (40)

the property of elasticity is Poisson's ratio. This ratio relates the lateral

strain to the longitudinal strain as shown in Equation 41. Both the modulus

u = e y/c x (41)

of elasticity and Poisson's ratio are a measure of the stiffness of a material.

Theoretically, Hooke's law expresses a linear relationship between

stress and strain as shown in Figure 53. In this figure the elongation is

exactly proportional to the load, both upon loading and unloading. In actual

practice no materials exhibit a perfect linear relationship but rather a non-

linear characteristic as shown in Figure 54. This figure shows that as the

material is loaded, the stress-strain relationship is not exactly linear;

likewise, upon unloading the curve is nonlinear again and does not trace the

original curve. The non-linearity of the curve depends upon the material

used and its properties such as stiffness, elastic strength and resilience.

The term elastic resilience is the ability of a material to absorb energy

elastically; that is, as long as the deformation is both elastic and linear, the

energy stored in the material is recoverable in the form of strain energy. An

example of an elastic material which is nonlinear is shown in Figure 54. The

area between the two curves represents the energy lost during the elastic

action. This energy loss is in the form of internal friction and represents a

good example of mechanical hysteresis. The three terms resilience, internal

friction and mechanical hysteresis are all good terms for defining the non-

linearity of an elastic n_aterial. For example a linear material has a high
resilience, low internal friction and a small hysteresis loop.

Another loss which exhibits a nonlinear effect is elastic aftereffect

or delayed elasticity, a transient variation of strain with time. If a rod

of any material is stressed by applying a load, the elongation does not im-

mediately assume its final value. Instead, an instantaneous strain is followed

by a further elongation, which grows slowly and at a disinishing rate until it

c<,.-r_es to rest. The same is true when the load is removed. This phenomenan

is referred to as the aftereffect and does not include plastic deformations,

which do riot recover when the load is removed. These aftereffects include

thermoelastic action, atomic diffusion, magnetoelastic effect, the uncoiling
of long-chain molecules in polymers, heterogenity and others. Most elastic

aftereffects are quite small since the area of a single hysteresis loop is

almost insignificant compared with the total strain energy. When mechanical

vibrations are involved, the energy lost may be larger. Elastic aftereffect

is a form of internal friction. It varies from material to material, and for

a given material it varies depending on frequency, temperature and previous

treatment of the material. For an oscillating system this form of internal

friction acts as a damping agent.
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D

One method of measuring internal friction is 5 _:/_ where A _ is the

energy dissipated per cycle, given by the area within the hysteresis loop, and

is the total strain energy per unit volume. To give an idea of the order of

magnitude of internal friction for some materials, a chart is shown below.

Impurities in metals have a pronounced effect on internal friction and in some

Material Internal Friction 5 _/w

Rubber 0.6

Metal 0.05 - 0.0001

Glass 0, 000002

cases may increase the internal friction by a factor of 1000 or more. From

the theoretical consideration of material properties, it is easy to choose the

properties which will give an exactly linear, elastic effect, but in practice an

actual material with these properties is hard to find.

2. I.3.I. 3 Torsion Rod Design

The next consideration in selecting a rod material is the shape or design

of the material that will best utilize the properties of the material. In using

a torsional pendulum, the basic shape is fairly well defined; that is, some

type of bar or rod must be used. The design of the bar, either circular,

square, rectangular, solid or hollow will have to be such that the optimum

linearity properties in torsion are obtained.

In determing the shape of the rod, one main factor to be considered is

that of the forces applied to the rod. This consideration is greatly simplified

by using the air bearing table. The air bearing table is designed in such a

manner that only shearing forces are produced in the rod. Tensile and com-

pressive load are eliminated by loading the table before the rod is inserted.

Since circular rods exhibit pure shear while in torsion, their use would be the

first and obvious selection, but other shapes must be considered to make the

inves _igation complete.

A solid bar of non-circular cross section will be considered first. As

early as 1853, St. Venant showed that aplane transverse section of a bar of
non-circular cross section before twisting does not remain a plane section after

twisting. The plane becomes a warped surface, and the warping is accompanied

by an increase of shearing stress in some parts of the section and a decrease in

others as compared to stresses that would occur if the section did not warp, as
in a circular cross section. As an example the elliptical rod shown in Figure

55 will be considered. The rod's cross section is ABA'B', and it is twisted
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about its longitudinal axis OO'. At any points A, B,A' or B' the stresses
produced by torsion on the rod are parallel to the surface, whereas at points

C and C', the stresses have components inwards and outwards. Consider a

small volume A v within the rod. The top of the element has an inward stress

while the outside of the element has a downward stress to maintain the shape of

the volume element. Similar action applies to the other sides. It is up and

down vertical forces which cause the planes of any cross section to buckle

when strained. The elliptical rod in Figure 55 has maximum shearing stresses

at points B and B', the minor axis. If the plane section had remained plane so

that the shearing stresses were proportional to the distance from the axis, the

stresses would be minimum at the minor axis. Similarly, for a rectangular

rod the maximum shearing stress is at the points nearest the axis and a zero

stress at the corners. Figure 56 shows the contours for three shapes of rods.

The surfaces C and c are convex and concave respectively, representing the

direction of warping. The arrow shows the direction of twist.

Another factor which affects the torsional stiffness and strength of a bar

of non-circular cross section is the polar moment of inertia. This property is

often referred to as St. Venant's paradox. It states that if two rods of the

same elastic material have non-circular cross sections, the rod with the

smaller polar moment of inertia has the greater torsional stiffness and strength.

provided the areas are everywhere convex.

Since rods of non-circular cross section present so many complications

and nq real advantages, the choice of circular rods is simple. The non-

circular rods could be used, but non-uniform stresses and warping as com-

pared to pure shear of a circular rod would only introduce problems. For

general information the properties of four non-circular rods are given in

Table 5. These rods do have applications where design limitations restrict
the use of circular rods.

Next a circular rod which represents pure shear when in torsion will be

considered. A thin-walled tube is one of the simplest examples of complex

stress distribution; therefore, its use for torsion rod investigations will be
ideal. Also, a solid shaft can be considered as a set of concentric thin-walled

tubes; therefore, its study will just be an extension of the thin-wall case.

To begin the investigation of a thin-walled circular tube consider Figure
57. The force exerted around the circumference of the tube for one cross

section is denoted by Ps. The shearing stress for the cross-sectional area

A is T = Ps/A; likewise, for an element of the cross section T = Ps/A. The

torque about the center of the shaft is /_P xr or T = TrAA, where r is the
radius of the tube. {It is assumed that theSthin-walled means a tube whose

walls are small compared with the tube radius. ) The total torque is

T = F_r Ps = _:Tr A = TrA (42)
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FIGURE 55

Torsion in an Elliptical Cross Section
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FIGURE 56

TorsiOn in Three TY pes of Rods
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FIGURE 57

Torsion In a Thin-Walled Circular Tube
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since all A's are at a constant radius. Likewise,

and

T = T/Ar (43)

T = T/z_rZdr (44)

where dr is the wall thickness.

The distortion produced by the shearing stress is also represented in

Figure 57. The shearing displacement 6 s is the displacement of the top of

the shaft with respect to the fixed bottom. The shearing strain, v , is the

unit shearing displacement, 5

Also, from Figure 57

Y

and

5s/L.

s' divided by the rod length, given in Equation 45.

(45)

= sin _ = 6s/L (46)

sin % = 5s/r. (47)

From Equations 46 and 47

r sin @ = L sin _6 (48)

but for small angles Equation 48 becomes

r_ = L_. (49)

The shearing displacement of one end of this unit length relative to its fixed

end is 6 s = r@, Equation 47, where @ is the angle of the twist per unit length,

From Equation 45

e = _/L. (50)

v = 6s/L = r@/L (51)

for a unit length.
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If the behavior of the material is studied by applying various torques to
the rod, provided they do not exceed the elastic limit, a linear relation will

result that follows Hooke's law,

G = _/v. (5Z)

G is the modulus of rigidity or sometimes called the modulus of elasticity in

shear. The equation for G varies with rod shape, but it can easily be cal-

culated from the equations already given. Since materials that follow Hooke's

law in tension usually do in shear also, an expression that relates E and G

can be derived. This expression is

G = E/2(1 + u) (53)

where u is Poisson's ratio. The derivation of Equation 53 can be obtained in
most mechanics books.

In considering a solid shaft, there are no changes in dimensions radially,

tangentially or axially; therefore, there will be no normal stresses in these

directions. Also, the material at the outer surface will be stressed to the

limit assigned as the working stress and inner material will be stressed in a

decreasing manner from the outside as shown in Figure 58. Figure 59 shows

the action of pure shear in a solid rod. The only significant difference between

a hollow and solid shaft is the weight involved. A hollow shaft can give a much

higher value of strength per pound than a solid shaft.

In further investigating the properties of a circular solid rod Equation

44 for the torque of a hollow rod will be considered.

T = T 2Z r2dr (54)

In Equation 54 replace T with Gv from Equation 52 and substitute r@/L for

from Equation 49. Now Equation 54 becomes

T = (Gr@/L)2nr2dr = 2_G@ r3dr/L.

If Equation 55 is integrated from 0 to R for a solid shaft, it becomes

(55)

@ GR 4
T = 2L (56)
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Maximum Stress

FIGURE 58

Magnitude of Stresses in a Circular Rod

FIGURE 59

Elemental Segment of a Circular Rod Describing Pure Shear

iii_ss_I . II _

107



By definition

J = nR4/2 = nD4/32 (57

where J is called the polar moment of inertia or the torsional moment of

inertia. Now ]Equation 56 becomes

8 GJ

T - L ' (58)

or

T : K8 {59)

where

GJ

K- L' (60)

K is defined as the ratio of the applied torque to the angular displacement

produced. It is called the _noment of torsion of the rod, spring rate, rod

constant and others. The moment of torsion is a constant, for a perfectly

linear elastic material, depending only on the speeimen's shape, whereas the

rigidity modulus depends only on the material used.

The spring rate for a hollow shaft is

K : n (D 4 - d4)G (61)
3ZL

where D is the outside diameter and d the inside diameter. This is similar to

the solid shaft since it is just the difference between K for a solid rod and that

of a void. Table 6 lists the other properties of hollow and solid circular rods.

Another factor which must be considered is the method of fastening the

rod to the table. Previously, circular end plates were precisely mounted at

a 90-degree angle with respect to the rod and silver soldered. The silver

solder has enough strength so that there is no slipage between the end plate and

the rod. The end Flates so that the rod can be aligned vertically to eliminate

any side loads. With this arrangement the rod is in pure torsion between the

two end plates.

The use of silver solder has been very satisfactory for steel rods and

end plates, but it cannot be used for glass and ceramics. Hopefully, one of

the new high strength epoxies can be used in the same manner as the silver

solder; therefore, a search for a suitable epoxy has begun.
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Z.I. 3.1.4 Material Considerations

The most important consideration of selecting a torsion rod is the

material from which it will be made. In Par. 2. I. 3. I. 1 the theoretical prop-

erties of the ideal material were thoroughly outlined. Now the material that

most closely resembles this theoretical model must be selected. Since the

torsional rigidity is of prime importance, the mechanical properties of the

material will be the most important characteristics. Thermal properties

could present some problem, but this is not anticipated.

Fundamentally, the properties of a material depend on the nature of the

particular material alone. To understand the properties of the material in

detail, a thorough understanding of atomic structure must be realized. Since

it is not an objective of this report to study atomic structure, the reader is

referred to texts on the subject. References 3 and 4 in the Bibliography are

good sources for this information. With an understanding of atomic structure,

the initial material selection is made easier. Even when properties can be

derived theoretically, experiments must provide the necessary data for actual

use.

The materials to be considered for use as torsion rods will be broken

down into two classes, metals and ceramics. Other materials could be con-

sidered, but past experience has proven that these two classes more nearly

exhibit the necessary properties.

The study of metals could be endless. Metallurgical knowledge had its

beginning in the stone age and will continue to be explored as long as a

civilization exists. In modern times the progress in the field of metallurgy

has been tremendous; therefore, a study of all new metals as they are

fabricated would be an endless task. In order to limit the investigation of rod

materials, only steels will be considered. Since much more research and

progress has been made with steels in the area of high strength and linear

elastic properties other metals will not be considered.

Alloy steel will be considered primarily because it has superior strength

properties to ordinary carbon steel. By definition an alloy steel is one which

the maximum specified content of elements exceeds one or more of the follow-

ing limits or in which a definite range or a definite minimum quantity of any

Manganese - I. 65%

Silicon - 0.60%

Copper - 0. 600/o

of any of the following elements is specified or required within the limits of

the commercial field of alloy steels: aluminum, chromium up to 3.99%,
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cobalt, columbium, molybdenum, nickel, titanium, tungsten, vanadium,

zirconium, or any other element added to obtain a desired alloying effect. To

further improve the properties of alloy steel, special heat treatment is usually

necessary. Five forms of heat treatment are available:

(1) Quenching and Tempering

(2) Normalizing

(3) Annealing
(4) Spheroidize-Annealing

(5) Stress-Relieving

depending on what properties are needed from the steel.

In general the mechanical properties of an alloy steel will depend on the

alloying elements and the heat treatment method. For this reason many alloy

steels are available; therefore, a list of alloy steels and their mechanical

properties available from all steel companies will be obtained. After these
lists are obtained, a selection of the best linear material will be made, and

samples will be tested to determine their suitability as rods for the air bearing
table.

The other materials to be considered are those classified as ceramics.

This traditional title primarily refers to clay products, cement and silicate

glass, but in recent years new ceramics have gained in importance. One area

of new development is that of pure oxide ceramics. These oxides have been

develdped to a high state of uniformity and exhibit outstanding properties. Some

of the more common oxides are alumina (A1203), beryllia (BeO), forsterite

[_-_'_,..._z_._4j,_ rrLagnesia (MgO), spinel (MgAi2tJ4), thoria (ThO2), and zirconia
(ZrO2). In the area of ceramics, silica glass and ceramic oxides exhibit
the best strength properties; therefore, they will be discussed in more detail.

First, silicon glass will be discussed. The terminology "Fused Quartz"

and "Fused Silica" will be used interchangeably since from a strict terminology

standpoint, they are the same. By common practice "Fused Quartz" has come

to be associated with the transparent variety while "Fused Silica" is associated

with the translucent type. Fused quartz or fused silica is made by heating

high purity, naturally occurring quartz crystals to a sufficiently high temper-

ature to produce an amporphous condition. The clear varieties can have a

purity of 99.97 to 99.98% SiO 2 with alumina A1203 as the major impurity.
Many other types of glasses are available by including different oxides.

Glass in general, like all ceramics, is a brittle material, thus, it does

not plastically deform before failure, and it fractures from tensile stresses.

The stress-strain curve for glass is a straight line up to the breaking point.

For ordinary purposes it can be assummed that glass is perfectly elastic up

to the point of fracture, and it has the lowest known internal friction of any

material. Glass also has a very low coefficient of thermal expansion which

will help eleviate any temperature problem with the rod. In general, the

mechanical properties of fused quartz are:
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Tensile Strength

Modulus of Elasticity

Modulus of Rigidity

Poisson' s Ratio

7,000 psi.

I0 x 10 6 _s i.

4. 5 x i0 °psi.
l

0.18 - 0.22

Dr. J. S. McCartney of the Physical Properties Research Department of

Corning Glass has highly recommended fused quartz as the best material poss-

ible for our use. For best results the fused quartz must be pure with a pre-

cision finish. Other manufacturers of fused quartz have been contacted to

obtain information on their highest quality fused quartz. The following companies

also o_ffer precision fused quartz: Thermal American Fused Quartz, General

Electric and Ruska Instrument Company.

The last materials to be considered are those of ceramic oxides. Since

these materials are in the same class as fused quartz, they exhibit similar

properties. These oxides like fused quartz are brittle, have a linear stress-

strain relationship and a low thermal coefficient of expansion. The actual

physical properties vary for different oxides, and Table 7 shows the strength

properties of greatest interest for the most common oxides. From Table 7

it can be seen that the purer the material the greater the strength and naturally

the cost will be greater. Likewise, as in the case of alloy steels and fused

quartz, manufacturers will have to be contacted to obtain the latest data on

ceramic properties; then test specimens will be ordered and tested. Several

companies contacted to date that offer high grade ceramics are: Coors

Porcelain Co., Saxonburg Ceramics Inc., McDaniel Refractory Porcelain Co.,

Diamonite, Carborundum Co. and Corning Glass Works.

2. I. 3. I. 5 Conclusions

The material investigation project has been qualitative in nature. The

material to be used and rod design have been derived from previous works of

others. Since explicit data is not availalable on torsional properties of all

materials, a test program must be performed by the Mass Metrology Labora-

tory to obtain the best material. The design of the rods will be a solid cir-

cular shaft. A circular rod is best for torsional shear forces and is relatively

easy to fabricate and grind. A hollow shaft would be just as suitable except

for the higher cost. The materials to be tested are alloy steels, ceramics,

and fused quartz. The specific alloys and ceramics will depend on data a-

vailable from manufacturers and their prices. To obtain the optimum prop-

erties, a high purity and smooth finish quartz rod must be used. Again, cost

will be a factor in selecting the fused quartz to be used.

The next step in obtaining the proper material is that of design and

fibrication of a torsion rod testing machine. The air bearing table along with

standard weights and a precision displacement measuring device will be used

as basic instruments for testing the linearity of various materials. After the
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TABLE 7

Mechanical Properties of Some Ceramics

Modulus of Elasticity

Alumina (A1203)

85 % Pure

94 %

96 %

98 %
99 %

99 % Cast

9_9.5 %
99. 9 % (TM Coram)

33 x 106 psi

41

44

49

50

46

52

57.1

Beryllia (BeO)

96 % Pure

98%

99.5 %

44

45

51

Steatite 14

Mullite 10

Silicon Carbide 56

Magnesia (MgO) 30.5

Modulus of Rigidity

13 x 106 psi

17

18

20

21

19

ZZ

17

17

20

Possion's Ratio

0,22

0,21

0. ZI

0,22

0, Z1

0,21

0, ZI

0. 235

0,30

0,30

0,26
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LIST OF SYMBOLS

S YMB OL

E

e-

0J

V

Ps

A

r

dr

T

5s

0

L

G

U

J

K

D

d

DEFINITION

Tensile Modulus of Elasticity or Young's Modulus;

Units - ibs/in 2

Normal Stress; Units - ibs/in Z

Strain; Unitles s

Internal Friction

Volume; Units - in 3

Shearing Stress

Force on Rod Circumference; Units - ibs

Cross Sectional Area; Units - in 2

Rod Radius; Units - inches

Tube Thickness

Torque; Units - in-lbs

Shearing Displacement

Shearing Strain

Longitudinal Angle of Twist of a Rod

Axial Angle of Twist of a Rod

Rod Length

Shearing Modulus of Elasticity or Modulus of Rigidity;

Units - ibs/in 2

Poisson's Ratio; Unitless

Polar Moment of Inertia or Torsional Moment of Inertia;

Units - in 4

Rod Constant or Spring Constant; Units - in-lbs/radian

Outside Rod Diameter

Inside Rod Diameter
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materials to be tested are obtained, they will be fabricated into usable torsion

rods and tested. Finally, a report of the torsion rod tests will be prepared
from which the best torsion rod material will be selected.

Z.l. 3. Z Design Torsion Rod Tester

Several designs based on the classical method of measuring the modulus

of rigidity were considered. Each design contained gas lubricated bearings,

calibrated weights and an optical angular measuring device. Since all the

designs that were considered produced approximately the same degree of

accuracy, the most non-expensive system was selected. This system consisted

of the Z4 inch air bearing table, a small pulley air bearing and the Davidson

Auto-Collimator. All this equipment was available; therefore, only special

collets, brackets and weight pans had to be fabricated. The torsion rods were

ordered in the correct diameter; therefore, no grinding was necessary. Only

the Carpenter RDS steel had to be heat treated to the proper hardness. The

other rods were used as were obtained. The end plates were orginally con-

nected to the torsion rods with Armstrong epoxy. This arrangement worked

for several rods, but in general the alignment between the end plates and

torsion rods was not accurate enough to keep the ceramic rods form breaking.

This epoxy method was replaced with special collets with brass bushing

inserts. This design proved to be suitable for the static as well as dynamic

tests. The operation of this system is discussed in Paragraph Z.I. 3.4.

2.1. 3. 3 Fabricate Torsion Rod Tester

Since the main components of the system were already available, only

a few parts had to be fabricated. The parts were: two special collets, brackets

and weight pans. All parts were fabricated at Spaco. The system was ass-

embled after all parts were available and tests were performed as discussed

in Paragraph 2.1. 3.4, which follows.

Z.I. 3.4 Torsion Rod Test

Z.i. 3.4.1 Introduction

The Torsion Rod Project of the Moment of the Moment of Inertia

Program was designed to produce sufficient information about rod materials

so that the best material could be selected for use as torsion rods. The pro-

ject was divided into two main areas. First a literature search was conducted

to find information on various materials and designs for torsion rods. The

results of this search are covered in Section Z.l. 3.1. This report gives a

theoretical analysis of the rod design and shows that the most ideal rod must

have a very linear stress-strain relationship, low mechanical hysteresis and
small energy losses. Section 2.1.3.1 also discusses the various materials

which were considered for use as torsion rods. The four materials which

were selected as possibilities for torsion rods because of their physical

characteristics as well as their availability and cost were:
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1. Fused Quartz (Glass)

Z. Alumina (99% pure)

3. Mild Steel (B 1113)

4. Carpenter RDS Steel

The second portion of this project which is reported herein is the

testing of the torsion rods and the results that were obtained. Two separate

types of experiments were designed for testing the torsion rods in order to

obtain better results. These tests are designated static and dynamic because

of the method of loading the torsion rods. For the static experiments, a

special system was designed and fabricated as described in Sections 2.1.3.2

and Z. 1.3.3 respectively. The dynamic experiments used the basic air bear-

ing table system with a few minor modifications. The report herein discusses

these experiments and their results. Also a torsion rod calibration proce-
dure is discussed.

2. I.3. 4.2 Static Experiments

The static torsion rod tests werebased on the classical method of

testing. That is, a known torque was applied to the rod and the angular dis-
placement was recorded. The main difference between these tests and the

classical ones is that the equipment was much more sophisticated than the

classical physics laboratory set-up. The test procedure for these tests are

shown in Appendix A4. From Figure 60 it can be seen that the three main

pieces of equipment are the 24 inch air bearing table, a small pulley bearing

which supports the applied load, and an auto-collimator for measuring the

angular displacements. The operation of the 24 inch air bearing table needs
1 .... L_ _ .

uet,,ll.no exp*nn_v*un because it },us been alscusueu" ' in other reports in much ' -""

The pulley air bearing is used to redirect the horizontal force applied for

torquing the torsion rod. The air bearing has very little friction; therefore,

the losses attributed to the bearing can be neglected. Two weight pans are

used for aFplying the loads because a counter weight is needed for obtaining
a true zero load.

The Davidson Auto-Collimator is designed to monitor the reflecting
surface of an external mirror either in a horizontal or a vertical axis, detect

any angular variations with respect of the optical axis, and convert the angu-

lar information into three separate readouts. It has an accuracy of +0.1

seconds of arc for 10 seconds or less, and_+ 1 second of arc for angles ap-

proximately 100 seconds. For more information on its principles of opera-

tions and instructions for operation, the reader is referred to the Operation
and Instruction Manual.

The problem of mounting the ceramic torsion rod to steel brackets

was first solved by using epoxy to attach the steel end plates to the ceramic

rods. The steel rods could be easily attached by using silver solder.
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FIGURE 60

STATIC TORSION ROD TEST SYSTEM
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Several tests were performed using this type bracket arrangement and these

tests will be discussed in the dynamic section. However, problems were

encountered with the epoxy method because a perfect alignment of the rods and

end plate could not be obtained. This error caused the ceramic rods to break

when they were mounted in the table. Therefore, two special collets with brass

bushing insertsweredesigned and fabricated to hold the ceramic rods. These

collets were sufficient for the test program, but a new design would be necessary

if a permanent mount in the air bearing table is required. The epoxy method

may work ifperfect alignment could be obtained; however, this is very expen-
sive.

The static tests were performed by mounting the desired torsion rod

in the special collet in the air bearing table, aligning the optical equipment

and obtaining the displacements for a given load. The test results for the

four rods are given in Tables 8 and 9 and in plotted form in Figures 61 through
64. The conclusions drawn from these tests are; that all four rods have linear

stress-strain characteristics for the range of displacements covered and for

the capability of the experimental system. At low amplitudes, the points are

scattered, but this is caused by the stray vibrations which the sensitive sys-

tem can detect. The static test was not conclusive in determining whether
one rod was better than another.

2.I.3. 4. 3 Dynamic Experiments

Since there was no known method of dynamically determining the lin-
earity of the torsion rods, a method of comparison was used to evaluate their

dynamic characteristics. The four torsions rods were subjected to the same
conditions and a comparison of the --' of .... es w,,,_:- _n u_ .... _=u_rlUIIllJ_r t'y_Jl ___1__- _1_ __ _1_ - __g11-_._j

was made. Since the number of cycles is directly related to the linearity of
the stress-strain curve and the mechanical hysteresis. First a rough pre-

liminary test was performed to test the epoxy end plates and to determine if

there was a difference in the characteristics of the fused silica rod and the

mild steel rod. Figure 65 shows the results of the mild steel rod, number

120. In the chart below the curve the first line shows the displacement range

of the curve where the vertical line represents the beginning of that dis-

placement shown. The second horizontal line shows the average period for

that displacement range and the third and fourth lines show the standard de-

viation of the period and the total number of cycles respectively for the same

displacement range. The last three rows were only completed for a displace-

ment of . 0009 radians and below because the decay rate of the larger ampli-

tudes would make the data meaningless. Figure 66 shows the same type data
for the fused silica rod, numbered 6B.

In comparing the results exhibited in Figures 65 and 66, it is first noted

that the decay rate is greater for the fused silica rod than the steel rod down

to amplitudes of approximately . 0009 radians. This was probably attributed

to the fact that the epoxy holding the end plates was not completely hardened

or that the epoxy was not strong enough for the larger displacements. This
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TABLE 8

TEST RESULTS

Fused Quartz

Mass (Grams)

Displacement (Arc Seconds)

Mass Added Mass Removed

O. 150 0.53 0.73

0.350 1.37 1.47

0.850 3. 90 4.07

I. 850 8. 66 8. 70

5. 850 27.96 28.20

I0.850 I01.76 101. 73

Alumina

Mass (Grams)

Displacement (Arc Seconds)

Mass Added Mass Removed

0.500 1.43 l. O0

1.500 3.83 3.53

3.500 8.97 8.77

5.500 14.17 14.03

10.500 27.30 27.17

20.500 53.50 53.50

40.500 106.43 I06.43
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TABLE 9

TEST RESULTS

Mass (Grams)

Mild Steel

Displacement (Arc Seconds)

Mass Added Mass Removed

0. 300 0.57 0.37

0. 800 i. 40 I. 53

1.800 2.97 Z.97

5. 800 I0.23 i0.37

20. 800 37. 57 37.53

40. 800 74 D,q -,A nl

Mas s

0

(Grams

300

0 8OO

I 800

5 800

I0 800

20 800

40 800

Carpenter RDS Steel

Displacement (Arc Seconds)

Mass Added Mass Removed

0.37 -0. 03

i. 27 0. 90

3.07 2. 73

I0.27 9. 93

19.27 19. 27

37.37 37. 63

73.80 73. 80
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characteristic did not appear at lower amplitudes. The periods were not

identical because the rods had different spring constants.

The periods for the steel rod were constant from . 0007 radians down

through.0001 radians. For the glass rod, the consistency from.0007 to
• 0001 radians was not as good. A maximum deviation of 2 x 10 -5 appeared

down to . 0002 radians and a deviation of 8 x 10 -5 appeared at . 0001. The

standard deviation of both rods was approximately constant at 5 x 10 -6 down

to . 0001 radians. At this point the glass rod showed the largest deviation

again. The glass rod changed by a factor of 100 while the steel rod varied

only b,y a factor of 10. The last category was the only l_lace where the glass
rod was obviouslybetter• The glass rod oscillated more cycles at each dis-

placement than the steel rod.

The only definite conclusions which could be drawn from this result

was that the mechanical hysteresis of the fused silica rod was less than that

of the steel rod because it oscillated longer. Also, it appears from both of

these tests that the period scatter was caused by external mechanical vibra-

tions at.0001 radians. The reason the fused silica rod had greater scatter

than the steel rod was because the larger number of cycles at these low am-

plitudes. Since the period was essentially constant before it reached this

displacement, these adverse effects will not harm the moment of inertia de-

termination of the air bearing table. The next set of tests were more pre-
cise in order to determine the exact difference in the rod's mechanical

characteristics. The special collet had to be used because of the alignment

problem with the fused quartz and alumina rods. This problem had not been

encountered on the previous tests. The tests were l_erformed by using the

air bearing system in its normal method of measuring moments of inertia.

Figure 67 shows the test set-u_ with the two drag adapters used for adjusting

the period of oscillation. These adapters were rigidly mounted to the table

top so that a constant aerodynamic drag would be present during all the tests.

Weights were added to or removed from the cylindrical drag adapters so

that the period of oscillation would be constant for all four rods. The only
variable in the tests was that of the streBs level in each rod because the mod-

ules of rigidity and rod diameter were not equal. However, the stress levels

were veryclose to each other; therefore, they did not 1;roduce any adverse

effect. The tests were performed by displacing the table top and counting the
number of cycles between the maximum displacements of 1000 x 10 -6 and

100 x 10 -6 radians. The specific test procedure is shown in Appendix A5.

The test results are shown in Tables 10 and 11. Each rod was tested at

least eight times and the average number of cycles and average period for
each rod is shown in the Tables. From these results it is obvious that the

fused quartz (glass) rod has the least mechanical losses of the four.
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FIGURE 67

DYNAMIC TORSION ROD TEST SYSTEM

Drag Adapters for

)eriod Adjustments

Period

Device

Torsion

Rod
Displacement

Device
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2. I.3.4.4 Torsion Rod Calibration Procedure

A series of tests were conducted to demonstrate a method of calibration

torsion rods. This particular test series was for a steel rod; however, it is

applicable to any type rod.

Before the tests could be performed a modification had to be made to

the dumbbells and the air bearing table to eliminate unwanted dumbbell motions.

The previous dumbbell arrangement is shown in Figure 68. The one center

bracket for mounting the dumbbell to the air beaiing table, as shown in Figure

68, v4as not rigid enough to keep the dumbbell from oscillating with respect to

the table top. This previous compound oscillating system produced errors in

the moment of inertia determination by causing erroneous period measurements.

These unwanted oscillations were alleviated by mounting the dumbbell to the air

bearing table with two brackets as shown in Figure 69. The design and location

of these brackets is such that the oscillations of the dumbbell with respect to
the table top is negligible.

The weight and moment of inertia of the dumbbells had to be recalculated

because of the modification stated above. The new weight and moment of iner-

tia of each dumbbell is given in Table 12.

The tests were performed in accordance with the test procedure shown
in Appendix A6.

The test procedure is self-explanatory except for possibly the period
measurement range. The period was measured between .002 and .001 radians

as a result of previous experiments and theoretical work. By using the theory
of the period decay rate of an oscillating system, the optimum period for de

termining the moment of inertia is at the minimum amplitudes. This is true

because the damping decreases as the amplitude decreases. The displacement

of . 002 to . 001 radians was used because it was the minimum displacement

that could be obtained with the equipment at that time.

Six separate tests were performed to determine the spring constant by
using four dumbbells. Two tests were performed to determine the moment

of inertia of the table top and bracket combinations.

Table 13 shows the notations used in the calculations. Table 14 shows

which brackets and bolts were used with each dumbbell and the calculated mo-

ment of inertia of each set of bolts with respect to the axis of rotation. The

moment of inertia of the bolts had to be calculated because they could not be
determined experimentally.

The rod spring constant is determined by using Equation 62 where the
appropriate dumbbell, brackets, and bolts are used. The moment of inertia

of the dumbbells and bolts is used as a standard for calculating the rod spring
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Bracket

!
FIGURE 68

OLD DUMBBELL MOUNTING CONFIGURATION

i [ Brackets

FIGURE 69

NEW DUMMBBELL MOUNTING CONFIGURATION
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TABLE 12

MOMENT OF INERTIA DUMBBELL STANDARDS

Dumbbell A B C D E

Weight (lbs) 74.963 112, 856 18Z. 802 19_. 731 290.947

_ ......... of" ....... 27. =_'" 60 ..... 5'' ''" lu8 ......IV/U/IIVII L i£11t7 I LL_ £O. O. UD'_

(in-lb-sec z)

TABLE 13

LIST OF SYMBOLS

BKA = Brackets A

BKB ; Brackets B

BOA = Bolts A

BOC - Bolts B

T - Table Top

DBB = Dumbbell B

DBC -- Dumbbell C

F) t% rl Dun:bbe[! D

DBE _ Dumbbell E

Dumbbell

TABLE 14

BRACKETS AND BOLTS

B rackets Bolts

A B B

B A A

C B C

D A A

E A A

Bolts

• 032 [n-lb-sec 2

. 034 in-lb-sec 2
2

• 037 in-Ib-sec

• 034 in-lb-sec Z

• 034 in-lb-sec 2
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constants.

K = 4rTZ(IDB + IBO) (62)

TZDB + BK + BO + T - TZBK + T

Equation 62 is derived from Equations 63 through 65.

IBK + T = KTZBK + T

4_ z

KTZDB + BK + BO + T

IDB + BK + BO + T = 4_ Z

(63)

(64)

_ K (TZDB
IDB = IBO - 4_ 2 + BK + BO + T

T 2
BK + T)(65)

Table 15 shows the test results along with the standard deviation of the periods

for each tests. The spring constant calculated from four dumbbells is also

given along with the average spring constant and its standard deviation.

The results from these tests are very good. The percentage difference

of the standard deviation of the spring constant value from its mean Value is

approaching the accuracy of . 01% which is the goal for moment of inertia de-
terminations. The standard deviation for each test is also very good. As an

example, the standard deviation for DBC + BKB + BOC +T is .000042 seconds.

This represents an error of . 007% in the moment of inertia of the object, as-

suming the rod constant is a constant value. This percentage error is not

typical of all tests but with further experimentation and research an error less

than . 01% can be maintained.

2.1.3.4.5 Conclusions

This test program has produced enough information to verify that fused

quartz is the best material to use for torsion rod material. This is a general
statement concluded from the results of these tests. For a specific percen-

tage inprovement of fused quartz over other materials, a detailed series of

tests must be completed. The disadvantages in mounting ceramic rods are

much greater than those for steel rods and for general torsion rod applications

the glass rods would not be feasible. Even for use in the air bearing table,

the fused quartz rods present problems in mounting. Since the moment of

inertia of objects can presently be determined to an accuracy of approximately

0.03 percent with steel rods, the need for using fused quartz rods is not im-

perative. However, when greater accuracies are needed the fused quartz tor-
sion rod should be used.

1134



Test Object

TABLE 15

CALCULATED STANDARD DEVIATIONS

BKA + T

BKB + T

DBB + BKA + BOA + T

DBC + BKB + BKC + T

DBD + BKA + BOA + T

DBE + BKA + BOA + T

Average

Period

0.401323 sec.

0.406423 sec.

1,031813 sec.

1.239780 sec.

1.41482.9 sec.

1.7!7203 scc.

Standard

Deviation

0. 000097

0. 000089

0. 000070

0. 000042

0. 000032

0 n r'_'" 75• vvawu

Aw'rage

Standard Deviation

Percentage Difference

Spring

Constant

Z663. 023

2662. 937

2662. 134

2662. 873 in-lb

• 53Z

• 02°70
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The use of the air bearing system as a material tester probably has
great possibilities. A large number of other tests could be performed on the

torsion rods; however, there is not a specific need for this work at present.

2.1. 4 System Analysis

2. 1. 4.1 Evaluation Tests

The evaluation tests section was designed to provide test data in order

to determine the optimum capabilities of the system. The tests were per-

formect and are discussed in the Results Analysis Section.

2.1.4.2 Results Analysis

2. i. 4. 2.1 Introduction

The System Analysis Project of the Moment of Inertia Program was

designed to determine the accuracy to which moments of inertia could be

obtained using the air bearing system. This analysis was performed after

all improvements and modifications had been made on the system. The

results herein give the capabilities of the system and the accuracy which

should normally be obtained from future moment of inertia determinations.

The equation of motion to be used in calculating the moment of inertia

has been discussed in several previous reports and in detail in Par. 2.1. I. 4.

In this report it was shown that for a given amplitude range, the equation

I : KT2/4_ 2 {66)

will accurately represent the moment of inertia of the object. The error

analysis is performed on Equation 66 where the variables are the rod con-

stant I4 and the period of oscillation T. Other related variables such as

temperature, humidity, and table air pressure, were eliminated by performing

the test under the same set of conditions. The effects of the earth's rotation

on the system were investigated and these results are entered in Appendix A7.

This procedure would be applicable to an actual test because the torsion rod

would be calibrated immediately before making a moment of inertia measurement.

2.1.4. 2. 2 Error Analysis

The error analysis used here is the same as that included in last years

annual report. Equation 66 is the basic equation to be used. The variation

in the moment of inertia dI, is determined by examining the variables dK and

dT as shown below.
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bI (_)dTdI : (5-K)dK +

Equation 67 is obtained by taking the total derivative of Equation 66.

I = f(K, T)

_I T 2

_K 4n 2

(67)

Since

(68)

and

(69)

The variable dK is obtained from

K = 4TT2T2/I '

where I' is now a standard value with a given variation dI',

its dimensional accuracy, dK is defined as

(70)

determined from

01' OT
1"71

% i*)

where

9K 4_T2

c_I' T 2
(72)

and

_K 8TT2I '

_)T T 3
(73)
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The variable dI' is determined by exan]ining the variation of the objects
demensionsand weight. For a dumbbell standard, the moment of inertia is

where thenomenclature is shownin Figure 70. The variation, dI' is

dI' = hi' + (_I,)d D + (0I,)d h + (_I')dhc + (OI')dDc + (dI')d R

(-_t)dMt 8D dh _h c bDc bR

(75)

The variables in the parentheses are given in last years annual report and

will not be repeated. The variation dT is obtained from the exEerimental

results in a statistical manner. If Equations 67, 68, 69,71, 72, 73, and 75 are

combined we obtain

dI --
T F4T_2 (%I' -

4----_)L(T--_) t_-_tct M t

+ 0I'dD + 0I__J'dh+ 0I___J'dh c + 6I___J_'dD c + 0I'dR %

OD 0h 0hc ODc OR _J

8rTI' )_ KT+ T(dT + (_nnZ)dr (76)

or

._I' 31' 01' 31' ._l'_-

dI -- (-_-_t)dMt + (-_-_)dD + (-_E-->dh + (-_c)dDc + (-_,oK 4--

KTdT

2_ Z

21'dT

_T
+

(77)
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Equation 77 will yield the variation in the value for the moment of

inertia where the variables are the standard deviations of several measure-

ments. The value of dI can then be used in

dl

T x 100% = % error (78)

to determine the error in the moment of inertia measurement.

2. I. 4. 2.3 Experimental Results

Dumbbell C was used in a series of tests to obtain data for the error

analysis. The dimensions of dumbbell C are shown in Table 16. The weight

of the dumbbell was obtained by personnel at the Army Calibration Laboratory.

A report on the work the Calibration Laboratory performed is included in

Appendix A8. The data for dumbbell C is as follows,

w = 182. 821 M t = 0. 474 dM t = i0.37 x I0 -6.

This data was obtained from Appendix A9 which discusses the computer

program for calculating the dumbbell moments of inertia. This discussion

also includes an error analysis of the misaligment of the dumbbell's center

of moss on the table top. The terms in parenthesis are calculated by using

the equations shown in last years annual report. These equations yield,

bI/bM t = 0.50598

bI/hD = 33.14892

bI/bh = 22.09400

bI/bh c = 0.67539

hI/hD c = 10.76278

hI/bR = 12.69358

The period data was obtained from a series of I00 tests. Each test

was performed in an identical manner as shown in the test procedure in

Appendix Al0. The table top was displaced to 0.001 radians where a I0 period

average was obtained for every 20 cycles up to 500 cycles. Each data point

was then punched on a computer card so the mean and standard deviation

could be obtained for each test. The statistical analysis computer program

was compiled by J. Johnston and is entered in Appendix All. Appendix Al2

shows a sample print out of one test analysis. The only results used were
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TABLE 16

DIMENSIONSOF DUMBBELL C

D h D c h c R

6. 6270

6. 6270

6. 6270

6. 6270

6. 6265

6. 6270

6. 6265

6. 6265

6. 6270

6. 6270

6. 6265

6. 6265

6. 6270

6. 6265

6. 6265

6, 6265

in. I 949 in.

I 949

1 949

I 949

I 948

I 947

i 947

1 949

I 948

1 95O

1 950

I 950

I 95O

I. 949

I. 950

I. 95O

I. 950

I. 949

I. 949

8. 42,2 in.

_. 442

8. 442

8. 442,

b. 442

g, 442

8. 442

8. 442

20.05b in.

20.058

20.057

20.058

14.250 in.

14.250

14.2495

14.250

Mean

D h D c hc R

6.6268 8.4220 1.9491 20.0578 14.2499

S tanda rd

Deviation

dD dh dDc dhc dR

0.0003 0.0001 0.0009 0.0005 0.0002

141



the arithmetic nman and btandard deviation. :_ he other resuits are available

for future analysis. The test results are shown in Table 17. The tests are

grouped because of the temperature variations which could not be controlled

for all tests. It is very obvious from these results that the temperature can

greatly affect the moment of inertia value obtained from the system. How-

ever, the standard deviation for all tests was only 178 x 10 .6 seconds. For

the calculations here the period average and standard deviation for tests

1826 through 1835 will be used because the temperature was very constant

during these tests. The data used was,

mean period = 1. 229836 sec.
standard deviation = 8.18535 x 10 -6 sec.

Using all the previous data, Equation 77 yields

dI = 0.02747

and

dl
-- x loo% _ o. o27%
I

This error represents the approximate accuracy which moments Of inertia

can be determined by using the air bearing system.

2.1. 4. 2.4 Conclusions

The accuracy with which the moment of inertia of an unknown object

weighing between 20 and 2000 pounds can be determined is in the order of

0.03%. This accuracy can be easily obtained for any unknown object as

long as the variables are held constant. Greater accuracies probably could

be obtained if other conditions were required; however, this is not necessary

at this time.

The results of this project have verified that this moment of inertia

system represents the state of the art and that the accuracy is sufficient

for the present need in moment of inertia determination of space vehicle

components.
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Test No.

1826

1827

1828

1829

1830

1831

1832

1833

1834

1835

1836

1837

1838

1839

1840

1841

1842

1843

1844

1 845

1846

1847

1848

1849

1850

1851

1852

1853

1854

1855

Date

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

TABLE 17

TEST RESULTS

Temp

70°F

70OF

70OF

70OF

70OF

70OF

70°F

70OF

70OF

70OF

70OF

70°F

70OF

70°F

69OF

69°F

69°F

69°F

69oF

69°F

69°F

69°F

69OF

69°F

69°F

69°F

69°F

69OF

69°F

69°F

Mean

Period

1.229828 sec.

1.229838

1.229832

1.229854

1.229836

1.229842

1.229836

1.229837

1.229836

1.229832

1.229836

1.229774 sec.

1.229792

I ??_''I

1 229788

I 229789

i 229789

I 229808

1 229806

I 229804

1 229818

1.2297937

1.229766 sec.

1 229775

1 229772

1 229780

1 229778

1 229779

1 229775

1 229765

1 229787

i 229794

I. 229777

Std. Dev.

26 x 10 -6 sec.

41

26

43 x 1076

33

42

24

35

53

8 x 10 .6

31 x 10 -6 sec.

32

38

38

45

38

28

34

25

43

15 x 10 -6

30 x lO -6 sec.

42

4O

27

32

38

38

34

33

Z7

8 x 10 -6
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Test No.

1856
1857
1858
1859
1860
1861
1862
1863
1864
1865

1866
1867
1868
1869
1870
1871
1872
1873
1874
1875
1876
1877
1878

1879

188@

1881

1882

1883

1884

1885

1886

1887

1888

1889

1890

1891

1892

Date

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

3-31

4-4

4-4

4-4

4-4

4-4

4-4

4-4

4-4

4-4

4-5

4-5

4-5

4-5

4-5

4-5

4-5

TAB LE 17

Temp

70°F

70°F

70°F

70°F

70°F

70°F

70°F

70°F

70°F

70OF

70°F

70°F

70°F

70°F

70°F

70°F

71°F

72°F

72°F

72°F

72°F

72°F

7Z°F

72°F

72°F

72°F

73°F

73°F

73°F

73°F

68°F

68°F

68°F

68°F

68°F

69°F

69°F

(CONT'D)

Mean

Period

1.229905 sec.

1.229908

1.229887

1 2298775

1 229884

1 2298633

1 229857

1 229853

1 229831

1 229818

1.22992288

1.230023 sec.

1.230029

1.230021

1.229971

1.229968

1.229957

1.229949

1.2.29952

1.229947

1.229959

1.230139

1.230131

1.230125

l 230115

1 230111

1 230104

l 230097

1 230086

1 230079

1 230067

1.230105

1.229723 sec.

1 229708

1 229682

1 229674

1 229637

I 229617

1 229599

Std. Dev.

36 x 10 -6 sec.

38

23

:38

26

32

34

40

22

24

64 x 10 -6

23 x 10 -6 sec.

39

38

35

23

3O

3O

25

34

29

31

24

20

2O

22

32

25

35

29

26

23 x 10 -6

26 x 10 -6 sec.

21

35

35

22

26

34
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Test No.

1893

1894

1895

1896

1897

1898

1899

1900

1901

1902

1903

1904

1905

1906

1907

1908

1909

1910

1911

1912

1913

1914

1915

1916

1917

1918

1919

1920

1921

1922

1923

1924

i925

Date

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-5

4-6

4-6

4-6

4-6

4-6

4-6

4-6

4-6

4-6

4-6

TABLE 17 (CONT'D)

Temp

70°F

70°F

70°F

70°F

70°F

70°F

70°F

70OF

70°F

70°F

72°F

72°F

72°F

Mean

Period

1.2Z9587

1.229567

1.229557

1.229635

1.230019

1 230011

1 229998

1 229892

1 229836

1 229830

1 229812

1 229794

1 229773

1 229752

1.229872

sec.

sec.

72°F

72°F

"7 ") O L"

73°F

73°F

73°F

73°F

73°F

73°F

73°F

1.229836

1.229830

1.230ii9

1.230119

1.230110

1.230091

1.230077

1.230057

1.230058

1.230035

I.Z30092

sec.

74°F

75°F

74°F

74°F

73oF

73°F

73OF

73OF

73°F

73oF

1.230212 sec.

1.230207

1.2302238

1.230320

1.230237

1.230235

1.230246

1.230244

1.230257

1.230264

1.230234

Std. Dev.

30 x 10 -6 sec.

34

32

59 x lO -6

22 x 10 .6 sec.

35

25

34

23

35

32

29

21

29

59 x 10 .6

25 x 10 -6 sec.

24

24

38

21

21

27

32

25

28

33 x 10 -6

L

27 x I0 "U sec.

42

31

19

37

25

27

19

22

32

19 x 10 -6
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Z. Z PRODUCT OF INERTIA PROGRAM

2.2.1 System Improvements

Z. Z. i. i Improve Tilt Table

2.2. 1, 1, ] Introduction

The product of inertia machine developed by SPACO for MSFC is used

for determining the product of inertia of various flight hardware. This will

then be used with the moment of inertia data to locate the principal axes of

the objects. In use, the machine rotates the test object about its center of

gravity. The unbalanced dynamic force tends to tilt the support plate upon

which the test object is secured. This tilting force, or torque, is measured

by a load cell which restrains the support plate. The load cell output voltage

is amplified and then read by a digital voltmeter. The angular velocity is de-

termined by measuring the period between timing pulses which are generated

photoelectrically by the rotation of the machine. An electronic counter is

used to measure the period. Knowing the torque and angular velocity, the

product of inertia can be computed from the basic equation:

Product of Inertia = Torque

(Angular Ve!ocity) 2

(79)

A precision rate table supplies the rotational motion. The support plate is

arranged so that it can tilt about an axis which is perpendicular to the rota-

tional axis. The load cell is located a fixed distance from the tilt axis so that

its output represents torque.

2.2. i. 1.2 Objective

The purpose of the test was to determine if the inherent accuracy and

repeatability of the tilt table design is adequate for the overall accuracy re-

quirements of the product of inertia measurement system. This was done by

measuring the load cell signal response toknown static loads applied to the

object support surface. Since it is anticipated that this portion will be the

weakest link of the system, the results of this test are vital to the system de-

velopment.

2. 2. I. 1.3 Test Apparatus and Procedure

Figure 71 shows the Inland Controls Model 712 rate table with a Revere

universal load cell mounted under one side of the support plate. The support
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Revere Load Cell
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FIGURE 71

PRODUCT OF INERTIA TABLE
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plate is supported in the center by two mono-flexures which have a rated capa-

city of 3,000 Ibs. each. The Revere load cell is suspended between two mono-

flexures which have a rated capacity of 500 Ibs. each. The flexures were used

on the load cell to help eliminate any side loading which may result when the

surface plate is deflected. The load cell is a precision cell with a rated capa-

city of 25 ibs., and can withstand an overload of 150% of its rated capacity.

The load cell is connected through slip rings in the rate table to an EAI

Model TR-48 analog computer which is used to solve Equation 79 and display

the product of inertia on a digital voltmeter. In this test the computer was

used rnere!y to amplify the load cell output voltage and to supply the regulated

power source for the cell. The computer output was read on a Hewlett-Packard

Model 3460A digital voltmeter. Before the test was started the surface plate

was machined for flatness and roundness to insure static balance, and a 3-inch

grid pattern was engraved on the plate such that various weights could be re-

moved from the surface and relocated each time in exactly the same loctation.

The four different standard weights ranging from 9.69 to 0.48 Ibs. were each

run through three complete cycles. Each cycle consisted of locating a single

weight at each of the approximately 37 to 45 different grid positions and re-

cording the output of the load cell. To minimize misleading data due to slowly

changing test conditions, the order of testing was randomized. Two random

charts were utilized, one to determine the order of the various grid positions

and the other to determine the weight to be cycled. In placing the standard

weights on the surface plate it was noted carefully which weight axis was para-

llel to the center flexure axis, so that each time the weight was relocated on

the plate it had the same orientation relative to the flexure axis (See Figure

72). This helped to minimize any errors resulting from mislocation of the

centers c_f gravity of the weights. The gain of the amplifiers was calibrated

for an output level of 0. I00 volt/in-lb torque. Each time a different standard

weight was used the system was recalibrated using the weight of the standard

multiplied by the known distance from the flexure axis to give a particular

output from the computer• {Example: 9. 69 Ibs. x 9 in. x . I00 volt/in-lb =

8.7ZI volts.) The test procedure is included as Appendix B5.

The test results for each of the cycles were recorded on grid sheets so

that each position reading could be referred to clearly and accurately. The

three readings for each grid position were then averaged and placed on a new

grid sheet. These average readings were plotted on a graph vs calculated

values.

2. Z.I. 1.4 Results

The results indicated that the accuracy of the load measurement was

inferior when the weights were located on the side of the table opposite from

the load cell. The average error on the load cell side was . 186% compared
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D

with .Z88% on the other side. There was also a tendency toward greater per

cent errors nearer the flexure axis, but this is probably a result of the lower

force on the load ceil. No significant correlation between weight and error

could be observed. All of the readings on a particular grid line parallel to

the axis were averaged, and this value was used along with the calculated

value to determine the per cent error. The results are shown in Figures 73

through 80. Along the flexure axis, where per cent error figures cannot be

defined, the error in volts is given.

Z. Z. 1. 1.5 Conclusions and Recommendations

From the test results it is apparent that the best accuracy that can be

expected from the tilt table load measuring system is in the order of 0.2%.

Considering all of the components involved, this is a very respectable accur-

acy, although it is not adequate for the system requirements. Further testing

will be necessary to determine specific causes of the measured inaccuracies.

Typical causes would be: mechanical misalignment, load cell non-linearity

and non-repeatability, amplifier drift, mislocation of the standard weights,

etc. There is test data to substantiate the belief that the object support plate

may have moved on the lower support plate during part of the test. This move-

ment of the surface plate could have been enough to induce some of the error

measured in the system. Before any real sound conclusion can be derived, a

new test must be designed using only one securely fastened plate. The use of

only one plate would eliminate one serious problem and help to narrow the field

of possible sources of error.

Z.2. I. Z Calibrate Standards

2.2.1.2. 1 Manufacturing

2.2. 1.2. I. I Machining

The product of inertia test standards were machined from "Meehanite",

a brand of cast iron selected for its homogeneous crystaline structure. As

originally made the standards were in the form of a right prism having a

right triangular cross section. Trouble was experienced with fracturing of

the acute angular edges, so they were later ground off truncated.

2.2. 1.2. 1.2 Plating

The standards were chrome plated using a two step method. The elec-

trodes were relocated for the second step to avoid the bare spots where the

electrodes were originally attached. The plating process left the surface of

the standards uneven. This was because the second plating did not build up

evenly.
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2.2. 1.2. 1.3 Grinding

One of the test blocks was ground after plating in order to give it a

smooth surface. The plating was penetrated in one area during grinding, so

this standard will have to be kept oiled to prevent rusting.

Based on the experience with this test standard, it was decided to use

the others without the final grinding.

2.2. 1.2. Z Measurements

2.2. 1.2.2. 1 Discussion

The test standards were weighed and their dimensions measured.

Figure 81 is a sample of the data sheets used for recording the dimensions.

Each of the basic dimensions were taken in several places and then averaged

to get the average basic dimensions shown in Figure 82, e.g. dimensions

J, K, and L in Figure 81 were averaged to obtain dimension D in Figure 82.

The following equations and computer programs for center of gravity, pro-

ducts of inertia, and moments of inertia refer to the average dimensions as

indicated in Figure 82.

2.2. 1.2.2.2 Center of Gravity Location

The equation for calculating one coordinate, X, of the center of gra-

vity is given by:

X = A - A3(ZB +C) - 3AZCD + DZ(c - B)(3A - D)

3AZ(B + C) + 3DZ(C - B) - 6ACD

(80)

The location of dimensions A, B, C, and D are given in Figure 83. A, B, C,

a.nd D _.re the average dimensions as discussed above. The other coordinate,

Y, in Figure 83 is found from the same equation by interchanging A and B along
with C and m.

Z.Z. 1.2.Z. 3 Product of Inertia Equation

The product of inertia of the triangular test standards can be computed

from the equation given below. The last three terms of the equation correct

for the missing acute angular edges. The dimensional quantities are those

shown in Figure 82. The product of inertia equation is:

Ixz = XaYaXma/36 - XbaYbaXma+ XbbYbbXmb + XbcYbcXmc (81)
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FIGURE 8t

DIMENSION OF FINISH
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Figure 83. Center of Gravity Location

where: A, B, C, D, and E are linear dimensions.

W = weight

G = acceleration due to gravity

X a = A - D (82)

Ya = B - C (83)

Xma = AaP (84)

Aa = XaYa/Z (85)

P = Xmt/At (86)

Xmt = W/G (87)

At = Aa + Ab + Ac (88)

A b = DYa (89)

A c = AC (90)

Xba = A - X - ZXa/3 (91)

X = A - Xn/X d (92)

X n = A3(ZB + C) - 3AZCD + DZ(C - B)(3A - D) (93)

Xd = 3AZ(B + C) + 3DZ(C - B) - 6ACD (94)

Yba = B - Y - ZYa/3 (95)

Y = B - Yn/Yd (96)

Yn = B3(ZA + D) - 3BZCD+C2(D-A)(3B- C) (97)

Yd = 3B2( A + D) + 3C2(D - A) - 6BCD (98)

Xbb = X - D/2 (99)

Ybb = (B + C)/Z - Y (i00)

Xmb = AbP (i01)

Xbc = A/Z - X (102)

Ybc = Y - C/Z (103)

Xmc = AcP (104)

It is worth noting that the above equation also gives the value of Iy z, since

Iy z is equal to Ixz. Because of the symmetry of the objects about the X-Y

plane, ixy is zero.
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2. 2. 1.2.2.4 Moment of Inertia Equation

The moment of inertia equations for the triangular test standards are

given below. The dimensional quantitites in these equations also refer to

those shown in Figure 82. The moment of inertia equations are:

1×x Mo36a(B+Q)z+ 3EZ] + Mo(B+ 3 y)Z Ms(zQa+BEZ)36

Ms(B +QQ_ _ y)2 _ My (2C 2 + 3E2) _ Mv(Y _C)2 (105)
3 36 3

Iyy = _M° r2(A_ +R)2 + 3EZ] + Mo( A+3R
__-X)Z Ms (2D Z+3E 2) _

36

Ms(X --_D )2 _ 3_(2R2 + 3E z) _ Mv(A +R3 - X)2 (106)

Izz= M° F(A+1---8 R)Z+ (B +Q)Z] +_ M°[ ('B+Q3 y)Z+ (,A+R__7__ X)Z] _

_DZ+Q2 + (x-D 2 Q _ y)Z]
Ms[- 18 -_) + (B+7 My[ R218 C a

+

(A+R _X)a + (y C3 -T )z (1o7)

whe re : A, B, C, D, and E are linear dimensions.

W = weight

G = acceleration due to gravity

Mo = Mt + Ms + Mv (108)

M t = WIG (109)

Ms = MtQD/Div (1 10)

M v = MtCR/Div (111)

R = C(D - A)/(C -B) (112)

Div = AB +AC +BD- CD (113)

Q = D(C - B)/(D -A) (114)

A3(ZB + C) - 3AZcD +DZ(C -B)(3A -D)
X = A (115)

3AZ(B + C) + 3DZ(C - B) - 6ACD
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Y = B - B3(2A + D) - 3BZCD + C2(D - A)(3B - C)

3B2(A + D) + 3C2(D - A) - 6BCD

(I16)

2. 2. 1.2.2. 5 Computer Programs

The computer program for computing the center of mass, products of

inertia, and moments of inertia of the triangular test standards is given in

Appendix BZ. This is in "Fortran If" language.

Appendix B3 is a subroutine program for the program described above.

It is used to compute the principal axes and direction cosines of the triangular

test standards.

The program and subroutine program mentioned above were used to

compute the various inertial properties of the seven triangular test standards.

The printout of this data is given in Appendix B4.

2.2. I. 3 Evaluation Tests

2.2. 1.3. I Technical Discussion

The results obtained in tests with the new load cell arrangement indicated

the need for some additional modifications. It was felt that the stability of the

two-piece table with a single plate. Also, the need for a load cell stabilizing

system tb offset centrifugal force effects was apparent. These modifications

were made and the evaluation tests were run.

2. 2. I. 3.2 Procedure

The revised machine is shown in Figure 84. The Z4 inch diameter sup-

port plate is supported at its center by two mono-flexures having a rated capa-

city of 3,000 ibs. each. These flexures are mounted to a support bar which

is attached to the Inland Controls precision rate table. The support plate has

an engraved three inch grid pattern to provide a reference for placing weights
thereon.

The Revere load cell is mounted between two mono-flexures having a

rated capacity of 500 Ibs. These flexures remove bending moment tendencies

(due to surface plate tilt) from the load cell. The load cell is of the super

precision class and has a rated capacity of 25 Ibs. with a i50% overload tol-

erance. Electrical connections are made to the load cell through slip rings

in the rate table.
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A stabilizing rod is used in the new design to offset the effect of centri-

fugal force on the load cell. This rod ties the load cell body to the support

bar. Two 500 lb. mono-flexures remove bending moment tendencies from this

source. In use, a small amount of compression pre-load is placed in the rod.

The amount of pre-load, 0.22 lb. -in. equivalency, was determined empirically

by dynamic testing.

In order to determine the linearity of the torque readout, static tests

were made. Operational amplifiers on the E.A.I. Model TR-48 analog com-

puter,were used to amplify the load cell output voltage to drive a Hewlett-

Packard Model 3460A digital voltmeter. A gain pot was used so that the out-

put could be standardized. A known weight was used to standardize the out-

put to 0. 1 volt per lb.-in, of torque. The computer's regulated power supply

was used to excite the load cell.

Three standard weights ranging from 0.48 to 9.69 lbs. were used for

the tests. Each weight was run through two complete cycles. The weights

were placed on each of the 45 grid positions and the DVM readings were re-

corded on a grid data sheet. The weights were kept oriented as shown in

Figure 85 throughout the tests. Reference marks on the weights were used to

accurately position the weights on the grid positions. The order of testing was

randomized to compensate for slowly changing test conditions. Two random

charts were used--one to determine the test weight sequence, the other to de-

termine the grid position sequence for each weight.

2. Z. 1.3.3 Test Results

Testing was performed in accordance with the test procedure in Appen-

dix B1. The values obtained for each pair of tests were averaged for each

grid position and the averages were recorded on a new grid sheet. These grid

sheets are given in Figures 86, 87, and 88. The values on this sheet were

then averaged along each line parallel to the tilt axis and these values were

used to calculate the average percent deviation from the best straight line

passing through the origin. These errors are portrayed in graphical form in

Figure 89.

It is noted that the error curves have the same general shape for posi-

tive torque, i.e. when the load cell is in tension. This is also true for the

two lighter weights in the case of negative torque. This indicates that the

load cell response is very linear. The "S" shaped characteristics could be

attributed to errors in the engraved line spacing. The error was generally lar-

ger for negative torque. As would be expected, the largest percent error was

experienced for the 0.48 lb. weight. The amount of this error is 0.83% of

the test weight, but only .016% of the load cell full scale. Although the results

obtained for the two larger weights are somewhat improved over the previous

167



STANDARD WEIGHT

SURFACE PLATE

-X

I/"\I
16._i__

/\/ .

MONO-FLEXURES

3000 Lb. Capacity

\

3"

3"

FLEXURE
_- --:_ _X

AXIS / I

"j_\

L%I..
,/ .t: ra \_ ._

MONO-FLEXURES

500 Lb. Capacity

S TANDAR D

WEIGHT

B

/I
_POSI TION INDICA TO R

B-ALWAYS -L TO

THE FLEXURE AXIS

FIGURE 85

STATIC TEST LOAD TEST ARRANGEMENT

168



!

•,0 _- ,_ t_l 009

0 C_,

CO

p,-

Cr,

I
+

L_ 0
0
0

Or,

¢)

0

0

>
<

0
0
0

0

,.0

cO
,,0
0

,,0

0",
,.0

>

u'_ ,.0

N

L_

,.0

0
0
0

d

<
I/3 m
0 0
0 0
0 0

0
0
0

0
0
0

0
0
0

0

,,0

>

t"- N

p.-

I1"11

0..1

U'l
,.0

0.1

J
>

N O,l

°I

f,l

N

u_

169

i



+

000
cO

00

0

0

0

0

0

J

170



!

[_
,-]

f

N
"4-

0

0

oo_

y
/

,,.0

_>

,_ o
oo_
co _ 'q_

_ o

ao
,,.o

oo

o x
D.-

.{

L_
O0
O0

0
N N
O0 O0

(_

O0
_0

ooo_
oO oO
00 _0

0

oo
0
0

N

0

0
0

0 0
0 0

0

N I m

N

0
oO oO

0

d d

Md ; dM;

O0 oO _ 0 0 _"
D'- O0 0 0 _

0 _ _ 0 N
L_ L_ 0 0 _ 0"_
O0 0 _ 0 O0 0 _
D" O0 ,--_ 0 _ ["

_ o _; ,._

oO

i dd

0

0

I,

t_

m m '_

_ _, a,
o _

_D
!

_0

,,_

171



0

Z

c)

+I. (;

+ .8

+ . 6

+ .4

+ .2

.Z

.4

.6

.8

6

/

i

/ ,

\

t

/

/

/

i

/

-9 - 6 - ; 0 + 3

DISTANCE- LNCI:-'.ES

Figure 89

PERCENT ERROR

+6 +,)

17Z



design, they were not as good for the 0.48 lb. weight. This is believed due to

a considerable amount of amplifier instability experienced during the tests.

This instability would naturally have a larger effect on the lower output levels.

Figure 90 is a plot of the actual torque error for each of the weights.

It can be seen that whereas the percent error was larger for the 0.48 lb.

weight, the torque error is larger for the 9.69 lb. weight. This is due to

the large ratio of the two weights. Except for one reading with the 9.69 lb.

weight, all errors were well within the normal accuracy rating of the load

cell.

2. Z. I. 3.4 Conclusions

It can be concluded that the product of inertia machine should be oper-

ated with the load cell in tension for best results. The static error should be

less than 0.5% for unbalanced loads of more than one-half pound under this

condition. Errors in the grid line engraving will not show up in product of

inertia measurements since test objects will be located on the support plate

in the position that gives a null on the output meter. The center of gravity

is then directly over the flexure axis.

2. 2. I. 3.5 Recommendations

To improve the measurement accuracy it is recommended that high sta-

bility instrumentation be used. Better results could also be obtained with the

test object orientated so as to place the load cell in tension when the machine

is running.

2.2.2 System Analysis

2.2.2. 1 Evaluation Tests

2.2.2. I. 1 Description of Equipment

In order to determine the principal axes of an object, it is necessary to

know the product of inertia of the object. This can be measured with the pro-

duct of inertia machine developed by SPACO, INC. for MSFC. The machine

rotates the test object about its center of gravity. If the product of inertia

about the rotational axis is not zero, a torque will be developed by the unbal-

anced dynamic force. This force will tend to tilt the table upon which the

test object is secured. The tilting force, or torque, is measured by a load

cell which supplies the restraining force. The load cell output is amplified

and measured by a digital voltmeter. The angular velocity is determined by

measuring the rotational period. Timing pulses generated photoelectrically

by the machine's rotation are presented to an electronic counter which
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operates in the period measurement mode. Knowing the torque and angular

velocity, the product of inertia is computed from the classical equation:

Product of Inertia = Torque

(Angular Velocity} g

(117)

Operational amplifiers on the E.A.I. Model TR-48 analog computer

were used to amplify the load cell output voltage and drive a Hewlett-Packard

Model 3460A digital voltmeter. A gain potentiometer was used to standardize

the output. A zeroing potentiometer was also incorporated. The computer's

regulated power supply was used to excite the load cell.

The rate table's rotational speed controls and speed calibrator was

furnished with the rate table. Any speed up to 1500 degress per second (26. 18

radians per second) is available from the unit. The speed calibrator provides

timing pulses to drive an electronic counter. The pulses are derived from a

photo-electric transducer mounted on the rate table. A C.M.C. Model 226A

electronic counter was used to measure the period of the timing pulses. The

period and torque was used in the following modified equation to obtain the

product of inertia:

Product of Inertia =
Torque x Period

4rr 2
(I18)

2.2.2. 1.2 Procedure

When the static tests were run to determine the tilt table accuracy, a

stabilizing rod was used to tie the load cell to the tilt table support bar. It

was expected that this measure would offset the effect of centrifugal force on

the load cell during dynamic tests. Preliminary tests revealed that the sta-

bilizing rod was unsatisfactory, so another method of compensation was tried.

This involves the use of the counterweight as previously described. The

counterweight weighs 1.5 lbs. which is equal to the weight of the load cell.

The position of the counterweight on the rod was adjusted to make the centri-

fugal force acting on it equal to that acting on the load cell. This compensates

for all speeds and removes the centrifugal force influence from all parts of

the load cell except the sensitive element itself, which cannot be compensated

mechanically. The sensitive element has a low mass, however, and does not

appear to be influenced adversely. The effectiveness of the counterweight and

its bearing plate can be seen in Figure 93 which shows the dynamic test results

with the tilt table unloaded. Curve 2, in Figure 93, shows the product of inertia
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measured without the counterweight. Curve 1 shows the effect of attaching a

one-half pound weight to the load cell. This clearly shows the effect of centri-

fugal force. Curve 3 was measured with the counterweight added to the system,

but without the bearing plate. Curve 4 was measured with the bearing plate

added to remove bending moment from the connecting rod. This bending mo-

ment is a result of the g force acting on the counterweight. The slight upturn

in Curve 4 at high speeds could be due to a slight missmatch between the load-

cell and counterweight; or, it could be due to the centrifugal force, which acts

on the sensitive element of the load cell, coming into play. The test procedure

is included as Appendix B5.

2.2.2.1.3 Test Results

Tests were run on four representative triangular standard test blocks.

The results are shown in Figures 94, 95, 96, and 97. The tests were run

first without the load cell counterweight. Then they were repeated with the

counterweight installed. In each figure, the curve legend is as follows:

Curve 1 - Load cell in tension; w/o counterweight.

Curve 2 - Load cell in compression; w/o counterweight.

Curve 3 - Load cell in tension; w/counterweight.

Curve 4 - Load cell in compression; w/counterweight.

Dashed Curve - Computed product of inertia based on weight

and dimensions.

Examination of the curves shows that the uncompensated tests have a

divergent tendency with increasing speed that is more prominent for the test

blocks having the lower product of inertia. This is to be expected since the

load cell centrifugal force would have a greater influence on lower product

of inertia test blocks. In all cases after the counterweight was installed, the

curves have a convergent tendency.

It is interesting to note that all of the curves which extend below 300

degrees per second either turn up or down at very low speeds. In order to

investigate this effect for Curve 3 in Figure 96, a typical curve, the torquing

force was plotted versus w 2 for low speeds. The result is the curve in Fig-

ure 98 which shows a slight zero offset force of 0.008 lbs. When this correc-

tion was applied, Curve 5 in Figure 96 resulted. Although this curve is much

flatter than Curve 3, the flaring tendency is still observed, but at a lower

speed. It is now apparent that this flare effect is due to measurement inac-

curacies at low speeds which is the same as saying we are approaching the

indeterminate form of zero divided by zero.

2.2.2.2 Error Analysis

There are seven (7) possible sources of errors in the product of inertia

machine', they are as follows:
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I. Centrifugal force on load cell

Z. Gyroscopic effects

3. Instrumentation error

4. Load cell tilt

5. Test object tilt

6. Table tilt

7. Aerodynamic effects

These error sources listed above cause the system to depart from the

ideal case which is given by the classical equation:

fTsl (119)
Ixy - _Z

where: I = Product of Inertia

fT = Torquing Force

Sl = Distance between table tilt axis and

upper load cell flexure point.

w = Angular Velocity

We will examine them in the order in which they appear in the list.

Z.Z.Z.Z.l Sources of Error

Z.Z.Z.Z.I. 1 Centrifugal Force

The centrifugal force effect has been discussed previously. It can be

almost completely neutralized with the counterweight arrangement, at least

within the speed capabilities of the present machine.

Z.2.2.2. 1.2 Gyroscopic Effect

The gyroscopic effect, caused by the combination of the machine and

earth rotations, produces a torque on the machine. This torque tends to tilt

the machine towards one of the earth's poles (depending on the direction of

rotation of the machine). The result of this torque is to cause an oscillating

torque on the tilt table whose period is the same as the machine's rotational

period. This results in a small ripple in the load cell output. Although the

amplitude of this ripple increases with speed, so does its frequency. There-

fore, it is easily removed by filtering and presents no problem.

Z.Z.Z.Z. 1.3 Instrumentation Error

The instrumentation error is limited primarily to load cell and amplifier

errors. The R.M.S. error of the load cell is approximately 0.07%. Some
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drift was noticed in the operational amplifiers used in the test set-up. A high
quality loadcell amplifier should make this error source negligible. The high

resolution digital voltmeter used in the tests did not contribute to the instru-

mentation error.

2.2.2.2. 1.4 Load Cell Tilt

When the table tilts from its normal position, the load cell axis is no

longer normal to the tilt table. This means that the load cell output no longer

represents the true torque.

Figure 99 (a) shows the tilt table with the three flexural points. The

structural triangle connecting these flexural points is given along with a force

triangle in Figure 99 (b).

ft

I

(a) (b)

U

Figure 99. (a) Tilt Table, (b) Structural and Force Triangles

Examining the two triangles reveals that fi in the force triangle equals c_ in

the structural triangle. This is true because fp is parallel to s I and fL is

parallel to u. It therefore follows that:

fT = fL sin _ = fLsin c_ (120)

where: fT = the torquing force which is normal to the tilt table

surface and applied through the upper load cell

flexural point.

fL = the axial force acting on the load cell {along u).
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c_ = the angle between the tilt table surface and the

load cell axis (the table surface is parellel to

Sl).

= the angle between fL and fp.

Applying the law of cosines to the structural triangle gives:

COS C_ =

2 - a2 + u2
s I

2SlU
(121)

where: a

u

= the distance between the tilt table flexural axis

and the upper load cell flexural point.

= the distance between the upper and lower load

cell flexural points.

Since the variable u is a function of the axial force on the load cell it can be

replaced with that function. Thus:

u = f(fL) = kl + k2fL (122)

where: k 1 = the unloaded length between the load cell's

flexural points.

k 2 = the load cell's spring rate (rated deflection/

rated load).

fL = the axial force on the load cell'_

Replacing u with f(fL) in Equation 121 we get:

2 2 kzfL)2s I -a +(k I +

cos _ = (123)
2Sl(k I + kzf L)

Substituting ct from Equation 123 into Equation 120 we get:

_By definition the load cell force, fL, is taken as positive when the load cell

is in tension.
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g
Sl

cos -I
fT = fL sin

_ a Z + (kl + k2fL) Z

ZSl(k I + kzfL)

(124)

Equation 124 corrects the load cell force for load cell tilt.

2. Z. 2.2.1.5 Test Object Tilt

The table is shown tilted in Figure i00. This causes the center of gra-

vity, C.G., of the test object to be displaced from the rotational axis thereby

producing a centrifugal force fGl ' The force fl, which is a component of

fc1, will cause a new torque, fls2, which will aid that due to the product of

inertia. Thus, we must subtract this new torque from fTSl in order to neu-

tralize it.
C. C;.

fT

k 3

Figure 100. The effect of centrifugal force due to

test object tilt.

Thus :

fTSl - fls2 (125)
Ixy =

w z

The following derivation is based on these four assumptions:

i. fl _ fCl

2. r I _ the arc through which the test object

C.G. point rotates due to tilt.

3. The angle of tilt is proportional to fT.

4. fT _ fL
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These assumptions are valid because the angle of tilt is very small (approxi-

mately 2 minutes of arc). The centrifugal force acting at the center of gravity

of the test object is given by:

= W---9-rw 2 (126)
fCl g

where: fc1 = the centrifugal force

W o = the test object's weight

g = the acceleration due to gravity

r 1 = the radius of gyration

From Assumption I:

fl _ fCl (127)

Therefore:

Wo r 2
fl _-- g I

(izs)

Since the C.G. point moves through the same angle as the table tilts, and

based on Assumption 2:

r I _ _l k2fL
(129)

where: s 2 = the height of the C. G.
table flexural axis.

Substituting Equation 129 into Equation 128, we get:

point above the tilt

Wo ,s2_,_ ¢ W2

g Sl

(130)
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Multiplying both sides by s2:

fl s2
Wos22k2fL w2

gs I
(131)

Since: '

s 2 = h I + k 3 (132.)

where: h 1

k 3

= the normal distance from the C.G. point to

the tilt table surface.

= the distance between the tilt table surface and

the table's flexural point.

Substituting Equation 132 into the right hand side of Equation 131 and rearranging

we get:

k2(hl + k3)gWofL w2
fls2 _ (133)

gsl

Equation 133 is the torque which must be subtracted from the torque fTSl to

correct for test object tilt.

2.2. g.2. 1.6 Table Tilt

When the table tilts, the centrifugal force acting on the table causes a

torque, f2h2, which tends to prevent the table from tilting.

Figure I01 shows the centrifugal force, fc2' acting on the centroid, C,

of each half of the table. The derivation of the torque fghz is based on the fol-

lowing assumptions :

I. The displacement of the table's center from the

rotational axis is negligible.

Z. r 2 _ s 3

190



Figure I01. The effect of centrifugal force due to
table tilt.

These assumptions are valid because the angle of tilt is very small {approxi-

mately 2 minutes of angle). The centrifugal force acting on each half of the

table is given by:

fG2 = WT/2 r2w2
g (134)

where:
fc2

WT

r Z

= the centrifugal force acting on each half of

the table.

= the weight of the table.

= the radius of gyration.

Since fG2 is one-half the force producing the torque, fzh2:

fzh2 = 2fGzh 2 (135)

where: f2

h 2

= the force tending to prevent the table from

tilting.

= the moment arm of f2 (and fG2)"

Substituting Equation 134 into Equation 135, we get:

f2h2 -- --WTr2w2h2

g
(136)
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From Assumption 4:

r 2 _ s 3 (137)

where: s 3

Therefore:

= the distance from the table's center to the

centroid, C.

fzhz _ W---_-Ts3wZh2 (138)

g

Based on the location of the centroid of a semicircle:

s 3 = 0.4244r T (139)

where: r T = the table's radius

The table's weight is computed as follows:

g
W T = rTr T tTd T (140)

where: tT

dT

= the table thickness.

= the density of the table.

The moment arm is computed as follows:

s3

h 2 _ _-_l kgfL (141)

Substituting Equation 139, Equation 140, and Equation 141 into the right hand

side of Equation 138, we get:

f2h2 _ rTrTZtTdT (0.4244rT)Zw 2kZfL (14Z)

g Sl

192



Equation 142 is the torque which must be added to the torque fTSl to correct
for table tilt.

Z.Z.Z.Z. 1.7 Aerodynamic Drag

The calssical aerodynamic drag equation is given as:

D = CD(P/Z)vZA (143)

where: D = the drag force in pounds.
CD = the drag coefficient.
p = the air density in slugs per cubic feet.
V = the air velocity in feet per second.
A = the projected frontal area in feet2.

The air velocity, V, in Equation 143dependson the distance of the centroid
of the projected frontal area from the table's rotational axis.
is found as follows:

V = wR (144)

where: R = the distance of the centroid of the projected

frontal area from the table's rotational axis.

Substituting Equation 144 into Equation 143, we get:

D = CD(P/Z)(wR)ZA (145)

The drag force moment arm, s4, is found from:

s4 = h 3 + k 3 (146)

where:
s4

h3

= the height of the centroid of the projected

frontal area, A, above the tilt table flexural

axis.

= the height of the centroid of the projected

frontal area, A, above the table surface.
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Multiplying Equation 145by Equation 146we get the torque due to air drag:

Ds4 = CD(P/2)(wR)ZA(h3 + k3) (147)

Equation 147 is the torque which must be added to or, depending on the
test object configuration, subtracted from the torque fTSl to correct for aero-

dynamic drag.

2.2.2.2.2 Mathematical Model

The product of inertia equation which corrects for load cell tilt, test

object tilt, table tilt, and aerodynamic drag will be of the form:

fTSl - fls2 + f2h2 + Ds 3
Ixy _ -- (148)

w2

Substituting Equation 124, Equation 133, Equation 142, and Equation 147

into Equation 148 we obtain the corrected product of inertia equation:

fLs i sin cos -I

Z a 2s 1 - + (k 1 + k2fL )2

2Sl(k I + k2f L)

Ixy
w Z

k2(h I + k3)WofL w2 _rTZtTdT (0.4244rT)gW 2
+

gsl g s I
k2fL

w 2

CD(O/2)(wR)2A(h3 + k 3)

,.4 2
(149)
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Simplifying Equation 149we get:

fLSl -I Sl
Ixy _- sin cosw2

kz(h I + k3)Wof g
+

gs 1

RZA(h3 + k 3)

2 _a 2 + (k I + kzfL)2

2Sl(k I + kzf L)

_rTZtTdT(0. 4244rT) 2

gs 1

kzf L __+ CD(P/2)

(150)

Equation 150 is very close to the exact product of inertia equation.

2.2.2. 3 Conclusions

So that the system equation (equation 150 above) may be applied to a

typical test made with the existing system, the system and test block no. 2

parameters, along with the test conditions, are given as follows:

System Parameters -

a = I0. 788 in.

d T = 0. 098 ibs. /in. 3

k I = 4. 047 in.

k 2 = 0. 00024 in./lb.

k 3 = i. 094 in.

s I = I0. 000 in.

r t = 12.00 in.

t T = 0. 594 in.

Test Block No. 2 Parameters -

A = 17. 367 in. 2

C D = I. 28 in.

h I = I. 7799 in.

h 3 = I. 800 in.
R = 2. 2172 in.

W o = 22. 212 Ibs.
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Test Conditions -

fL

g

w

P

= 3. 4220 ibs.

= 385. 7 in. /sec 2

= 26. 1799 rad./sec.

= 0. i146 x 10 -6 lb. sec. 2/in. 4

Using these parameters, the following values for each term of Equation 150

were computed to be:

Load cell tilt correction:

Test object tilt correction:

Table tilt correction:

Air drag correction:

Total

2
+ .050107 in. lb. sec.

2
.00001359 in. lb. sec.

2
+ .00000036 in. lb. sec.

2
+ .0000181 in. lb. sec.

+ .050112 in. lb. sec. 2

Rounding the total off to five significant figures, we get 0. 050112 in. lb. sec. 2

for the corrected product of inertia. The value obtained by using Equation 119,

the basic equation, is 0.050107 in. lb. sec. 2. Comparing this to the corrected

value we get an error of -0. 0170.

This is negligible when compared to the R.M.S. load cell error which

can amount to 0.0770. Although the load cell force in the above example was

only 3. 4220 ibs. (compared to the rated value of 25 ibs.), it was approaching

the maximum recommended force of 3.5 ibs. The machine becomes unstable

around 3.8 ibs.

Examining the corrections shown above, it can be seen that load cell

tilt can be neglected since the sin cos -I factor is virtually unity. The table

tilt correction is also seen to be negligible. Thus, the test object tilt, aero-

dynamic effects, and load cell error are the only significant factors.

When the corrected product of inertia, as obtained in the example above,

is compared to the calculated value based on the dimensions and weight of the

test block, an error of I. 3970 is obtained. This relatively large error is be-

lieved to be due to a slight amount of slippage of the test block along the tilt

table surface with increasing speed. The hold-down fixture design could con-

ceivably permit this. Some amplifier drift was also experienced.

2.2.2.4 Recommendations

It might prove desirable to replace the present load cell with one having

a lower load rating, say 5 Ibs. This would provide better torque resolution.

The use of a high quality load cell amplifier would also afford an improvement,

An improved counterweight suspension should be provided. The use of flexures,
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for this purpose, should be investigated. Better still would be a tilt system

design that would have the load cell at the rotational axis. Aerodynamic effects

could be eliminated by providing a symmetrical cover for the tilt table. This

cover would enclose the test object and tilt table, being attached to the rate

table proper.

2.2.3 Principal Axis

A general computer program was developed for calculating the principal

axes and direction cosines of an object. This is the same program as was de-

veloped under the 1964-65 phase of the work except that it has been re-written

in Fortran IV language for use with the IBM 360 computer.

With this program, the principal axes and direction cosines of an object

can be determined if the three moments of inertia and three products of inertia

about the same point are known. This program is included in Appendix B6.
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Z.3 MASSPROPERTIESOF LIQUIDS

Z.3. I Test Program

2.3. i. 1 Roll Axis Inertia Tests UsingAir Bearing Table

2.3. !. !. ! Introduction

This project is one of five in the mass properties of liquids program

which was designed to investigate the moments of inertia of liquids in filled

cylindrical tanks. In particular this project was designed to determine exp-

erimentally the moment of inertia of a liquid filled cylindrical tank about its

roll axis. Previous investigations, References 1 through 3, have assumed

that the moment of inertia about the roll axis of a liquid filled cylindrical

tank was zero. This assumption is valid for certain degrees of accuracy

because a cylindrical tank rotating about its roll axis places very little

constraint on the liquid. The only restraining force produced between the

liquid and the tank is that caused by the liquid's viscous friction exerted

on the tank walls, bottom and top. Since most liquids used as fuels have a

relatively low viscosity, the liquid acts as a free body within the tank; there-

by, producing a very small effective moment of inertia.

As advanced space flight requires precise knowledge of vehicle mass

characteristics, a more accurate determination of liquid moments of inertia

must be known.

For this reason this project was undertaken; to experimentally deter-

mine the exact moment of inertia about the roll axis of a cylindrical tank.

2.3. I. 1.2 Test Procedure

The test procedure for determining the moment of inertia of the cylin-

drical tanks was greatly simplified by using the air bearing table. The basic

equipment consisted of the 24-inch air bearing table, the photocell timing

device, the displacement measuring device, the torsion rod and cylindrical

tanks. Associated equipment such as period counters and digital recorders

were used to automate the data collection.

The equipment was arranged as shown.in Figure 102. The air bearing

table was first leveled on the iso-pad; then the appropriate tank was placed

on the table and the air pressure was regulated for the given tank. Lastly,

torsion rod number 120 was inserted into the table to avoid any compressive

forces from being placed on the rod. The period timing device and the dis-

placement measuring apparatus were aligned to give a zero reading for zero

displacement. The periods were recorded automatically and the displace-

ments were determined manually.

The testing consisted of displacing the table top to a given displacement

and recording the data as the oscillations decayed. The displacement used

was obtained from previous experiments. Initially, the table top was
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displaced until the maximum displacement was . 006 radians. From here it

was released. When the maximum displacement reaced .004 radians, the

time was recorded until the maximum amplitude decayed to . 003 radians.

This displacement was used because aerodynamic drag can be ignored at

these amplitudes for the accuracies needed. Also, a preliminary test was

performed to be sure that the moment of inertia was not dependent on the

amplitude of oscillation. The average period was then obtained by dividing

the total time by the number of cycles. This average period was then used

in Equation 151 .

KT 2
I -

4r_ 2
(151)

to calculate the moment of inertia of the table with the unknown object.

Each test was repeated at least five times to be sure repeatable data was

obtained. A sample test procedure is shown in Appendix CI.

The five circular cylindrical tanks have the properties shown in Table

18. Each tank was tested empty and full so that any aerodynamic drag or

other losses would cancel out, and the moment of inertia of the liquid only

remains. This procedure eliminated calculating the moment of inertia of

the empty tanks which could have produced additional errors.

2.3. I.i.3 Test Results

The results of the tests shown in Table 19 prove that the moment of

inertia about the roll axis of a filled cylindrical tank is quite small but

not zero. The ratio of the moment of inertia of the water to the moment

of inertia of water in a solid state is approximately 0.5% for all aspect

ratios. Figure 103 shows a plot of the aspect ratio versus the water to solid

ratio, where a straight line has been projected along the mean of the four

values.

An error analysis has been performed on the air bearing table system

to determine its accuracy. Under present conditions it can obtain accuracies

of .05a/0 where calibrated dumbbells have been used. Therefore, accuracies

of at least 0. i% can easily be assumed for the tank tests being performed.

This lesser accuracy is used because of the rough tank dimensions which

introduce some errors in aligning the tanks on the center axis of the table.

Figure 104 shows another plot of the test results. The moment of inertia

of each tank is plotted against the aspect ratio. A straight line with a slope

of minus 0.326 has been projected through the data points. Limited data

has resulted in a straight line assumption because it represents the most
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Tank

A

B

C

D

Water
in Tank

A

B

C

D

W e

30.27 Ibs.

36.23

72.77

103.00

Ww

97.73 ibs.

194.77

308.23

581.00

TABLE 18

PHYSICAL CHARACTERISTICS OF

Wf h

128.0 ibs. 6.5 in.

231.0 12.5

381.0 20.0

684.0 36.75

.253

.505

.799

1.506

mw

Ib- sec2/in

CYLINDRICAL TANKS

d t

24.25 in. .25 in.

24.25 .25

24.50 .375

24.50 .375

hw dw hw/d w

6.0 in. 23.75 in. .253 17.84

12.0 23.75 .505 35.61

19.25 23.75 .811 56.34

36.0 23.75 1.515 106.18

It

in-lb-sec 2
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logical approach, considering the linear relationship of the tank size and

moment of inertia. One experimental point resulting from tank C is removed

from the straight line, but this can be attributed to experimental error. The

other three points fall very near the straight line. The lines on Figure 104

represent the range that . I% error will cover for each tank results.

In hopes of finding some physical relationship of the tank and its

moment of inertia, the pressure exerted by the water on the bottom of each

tank was calculated and is shown in Table 20. Figure 105 is a plot of the

moment of inertia versus the pressure. A straight line is obtained with a

slope of 0.385. Tank C again exhibits the maximum deviation from the

straight line which is attributed to experimental error.

2.3.1. 1.4 Conclusions

The assumption that the moment of inertia about the roll axis of a

cylindrical filled tank is zero for accuracies of 0.5% or less, has been

proven to be valid. For accuracies better than 0.5% it appears from the

results of Figure I04 and 105 that the moment of inertia of a cylindrical

tank about its roll axis is proportional to the aspect ratio and the pressure

exerted on the bottom of the tank. The aspect ratio and the pressure are

related to each other in the physical size of the tank. But the pressure is

also dependent on the liquid density and the acceleration forces placed on the

liquid. This latter force can be extremely large during launch and re-entry

of space vehicles. The data from this test program gives accurate data for

determining the roll moment of inertia of a cylindrical tank filled with water

in a gravity field of one"g". This emperical data is applicable to any cylin-

drical tank containing water or a similar liquid in a one "g" field. It would

also yield very good results for a partially filled tank because the top sur-

face friction of a filled tank adds very little to the moment of inertia.

Another factor which affects the moment of inertia of a liquid is its

viscosity. The viscosity of a liquid will introduce friction between the liq-

uid and the tank walls, bottom and top. This in turn will cause the liquid

to have a greater adhesion to the tank; thereby, causing the liquid to follow

more closely the tank motions. As more liquid mass follows the tank's

motion, the moment of inertia of the liquid increases. For a liquid with low

viscosity, the tank and liquid act as a separate body, producing a relatively

lower effective moment of inertia.

Future testing of roll axis moments of inertia should include more of

the same type tests performed here to verify the assumption that tank C

gave bad experimental data and that a straight line is valid for the moment

of inertia versus aspect ratio plot. Other tests should include detail studies

of various liquid viscosities. Also, the frequency of oscillation of the
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SYMBOL

W e

Wf

W w

g

mw

h

h w

d

d w

t

h /d
W W

Te

T£

K

Ie

If

I
W

I t

Iw/I t

F

A

P

LIST OF SYMBOLS

DEFINITION

Weight of Empty Tank in Pounds

Weight of Tank Filled with Water in Pounds

Weight of WaLer iLi Pounds

Acceleration of Gravity = 385.684 in/sec 2

Mass of Water = Ww/g ib-sec2/in

Tank Height in Inches

Water Height

Tank Diameter

Water Diameter

Tank Wall Thickness

Aspect Ratio of Water

Period of Oscillation for Empty Tank in Seconds

Period of Oscillation for Full Tank

_od Spring Constant = 2662.873 in-lb for Rod Number 120

Moment of Inertia for Empty Tank and Table Top =

KT_/Z:T2 in-lb-sec 2

Moment _f Inertia for Full Tank and Table Top =

KTf2//_2 in_lb_sec 2

Moment o_ Inertia of Water = If Ie

Moment of Inertia_of Water if it were a Solid =

mwdw_/8 in-lb-sec z

Ratio of the Moment of Inertia of Water to that of Water

as a Solid

Force Exerted by Water on Tank Bottom

Area of Tank Bottom

Pressure Exerted by Water on Tank Bottom
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tanks should be investigated to determine this effect on the moment of inertia.

If future tests are conducted, more aspect ratios should be included to give

more detailed data.

Z.3. I. 2 Displaced Roll Axis Inertia Tests Using Air Bearing Table

2.3. 1.2. I Introduction

This project component is a continuation of the test project for the

Mass properties of Liquids Program. This report is one of a series for

experimentally determining the moment of inertia of filled cylindrical tanks

about various axes. It discusses the results of experimentation to determine

the moment of inertia of a filled cylindrical tank about a displaced roll axis.

The objective of this report, as well as the others, is to provide useful

information for the determination of liquid moments of inertia.

A specific application for the displaced roll axis moment of inertia

results is in the clustered fuel tanks as shown in Figure 106. Here the

outside tanks add a considerable amount to the moment of inertia of the

total vehicle as compared to the centrally located fuel tank. The results

of this study could be used for any type of liquid tank displaced from the

longitudinal axis.

The Mass Metrology Laboratory at SPACO, INC. has the capability

of performing precise moment of inertia measurements with the torsional

pendulum air bearing table; thereby providing an accurate method of stud-

ying liquid moments of inertia. Some authors have assumed that the mom-

ent of inertia transfer formula is valid for liquids. This may be true for

some accuracies but precision testing will be necessary before definite

conclusions can be made. This portion of the test project was designed to

provide such information.

2.3. 1.2.2 Test Objective

The primary objective of this experiment was to determine the effect

of translating the axis of rotation of a water filled cylindrical tank on the

water's moment of inertia. As a part of this objective the correlation

between the aspect ratio and the moment of inertia of the translated tank

was Envest_gated. Also, the relationship between the displacement of the

tank from the axis of rotation and its moment of inertia was analyzed.

In previous reports, References 1 and 2, the moment of inertia

transfer formula was assumed to apply for liquids. In ]Equation 15Z, I is

I = Io + mL 2 (iBZ)
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the moment of inertia of the object about its displaced axis, Io is the moment

of inertia of the object about its own center of gravity, m is the mass of the

object and L is the distance between the center of gravity and the axis of rot-

ation. Since liquids do not conform to all the rules which apply to solids as

noted in previous reports, there is no reason to assume that they do, in this

case. The only reason a liquid obeys any mechanical laws of solids is

because of the boundary conditions they are subjected to. As an example,

in a cylindrical tank which rotates about its central axis, the liquid is not

bounded at all; therefore, it acts independently of the tank. The viscosity

of the liquid which causes it to adhere to itself and the tank walls is the only

factor which makes the liquid partially obey the solid laws.

For a cylindrical tank rotating about a displaced axis, the boundary

conditions must again be considered. Figure 107 shows several tank pos-

itions with respect to the axis of rotation. The tank's center of gravity is

denoted byx and the axis of rotation is denoted by O. The shaded area shows

the part of the liquid which is not bounded by the tank. In part A of the figure

the liquid is not bounded by the tank at all; therefore, theoretically a perfect

liquid would remain fixed as the tank rotated about it. This is not exactly

true for an actual liquid as shown in Section 2.3.1. 1, but a small percentage

of the liquid does rotate with the tank. I n part B the unbounded liquid is

less than that in part A because the tank has been displaced by a distance

L from the axis of rotation. The radius arm r circumscribes the unbounded

area as the tank rotates about the displaced axis O. In part C the same eff-

ect applies with still less unbounded l_quid. In part D the axis of rotation is

on the edge of the tank and the liquid is completely bounded as the tank

rotates about O. The same is true in part t_ as the tank is moved further

from the axis of rotation.

If all liquids were perfect, this theoretical analysis of the boundary

conditions would solve all problems in calculating moments of inertia. But

no liquids are perfect; therefore, they must obey certain_other laws. One

such law is derived from the velocity potential theory. This theory treats the

the liquid as individual particles and accounts for the action of each particle.

The viscosity of liquids is one of the main properties which affects the behaviour

behavior of the liquid. Also, the motion of the liquid has a large effect on

the manner in which it acts.

In experimentally investigating a liquid only the effective moment

of inertia can be observed. This is true because the liquid must be

oscillated in order to determine its period of oscillation from which the

moment of inertia is determined. This period of oscillation for a liquid

is not the same as that of a solid because the liquid has internal motions

within the tank. Therefore, this moment of inertia of the liquid is called

the effective moment of inertia because the period of oscillation represents
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an equivalent solid moment of inertia. In determining the moment of inertia

of any liquid, the results will be dependent on tank shape, axis of rotation

and the frequency of oscillation. This project component will investigate

the specific case of the moment of inertia of a cylindrical tank about a dis-

placed roll axis for several frequencies.

2.3. 1.2.3 Test Procedure

The test procedure for determining the moment of inertia of the cylin-

drical tanks was similar to that used in Section 2.3. i. l with the addition of

automatic recording of displacement data. The basic equipment consisted

of the 24-inch air bearing table, an extension ring, the photocell timing

device, the displacement measuring device, the torsion rod and cylindrical

tanks. Associated equipment such as period counters and digital recorders

was used to automate the data collection.

The equipment was arranged as shown in Figure 108. The air bearing

table was first leveled on the iso-pad; then the appropriate tank was placed

on the table and the air pressure was regulated for the given tank. Finally,

the torsion rod was inserted into the table to avoid any compressive forces

from being placed on the rod. The period timing device and the displacement

measuring apparatus were aligned to give a zero reading for zero displace-

ment. The periods and displacements were recorded automatically.

The testing consisted of displacing the table top to a given displacement

and recording the data as the oscillations decayed. The displacement used

was obtained from previous experiments. Initially, the table top was dis-

placed until the maximum displacement was .006 radians. At .006 radians

it was released. When the maximum displacement reached .005 radians,

the period was recorded in 10 period averages every 20th cycle until the

maximum amplitude decayed to . 004 radians. This displacement was used

because aerodynamic drag can be ignored at these amplitudes for the accur-

acies needed. Also, a preliminary test was performed to be sure that the

moment of inertia was not dependent on the amplitude of oscillation. An

average of the 10 period averages was obtained to use in Eqctation 153 in

calculating the moment of inertia of the table with the unknown object. Each

I = KT2/4_ 2 (153)

tank was tested empty and full so that any aerodynamic drag or other losses

would cancel out, and only the moment of inertia of the liquid would remain.

This procedure eliminated calculating the moment of inertia of the empty
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tanks which could have produced additional errors. Each test was repeated

at least three (3) times to be sure that repeatable data was being obtained.

A sample test procedure is shown in Appendix C2.

Two sets of tanks had to be used in performing the tests because the

original tanks were too heavy for the air bearing table when they were dis-

placed from the center axis of the table. The original set of tanks was

designated the large tanks and have the dimensions shown in Figure 109.

Table 21 shows the physical characteristics of the large tanks and Table 22

shows the theoretical values for the moment of inertia of the water within

the tanks if it were a solid at various locations on the air bearing table.

Figure 110 shows the various locations of the large tanks. The extension

ring had to be used for all the large tanks due to their size.

The second set of tanks was designated the small tanks as seen by their

dimensions in Figure 111. Table 23 gives the physical characteristics of the

small tanks and Table 24 gives the theoretical moment of inertia of the water

if it were a solid at various tank positions. Figure 112 shows the various

locations for the small tanks.

2.3. 1.2.4 Test Results

The test results for all the experiments are listed in Tables 25 through

28. In Table 25 for L 1 = 0, the test results are the same as that in Section

2.3. 1. 1. This data is presented again for comparison to the data for the

small tanks at L 1 = 0 shown in Table 26. In comparing these two sets of data

it was noted that the percentage of Iw/I t for each set of tanks was different.

The large tanks have a relatively constant value of 0.5 percent, while the

small tanks havea decreasing lw/1 t ratio of 2.3 to 1.4 percent for increasing

aspect ratios. The difference between these two sets of data was attributed

to the variation in tank sizes and possibly the tank construction. The large

tanks were bulky and not as precisely made as the small tanks. Also, a

small experimental error would have greatly affected these results.

Another reason for presenting this data again is to verify the assump-

tion that the moment of inertia plotted against the aspect ratio produces a

straight line. In Section 2.3. 1. 1 the selection of a straight line for the

same type plot was not exactly evident because of a bad data point. Figure

113 shows the results of this test. The slope of the curve is not the same

as that for the large tank, but this follows from the other changes already

mentioned. In order to analyze this difference more closely further tests

will have to be performed at a later time.

The remaining data in Table 26 and that in Table 27 was obtained to

show the relationship between the moment of inertia, the tank aspect ratios
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FIGURE 109

LARGE TANK DIMENSIONS
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FIGURE i I 0

LARGE TANK POSITIONS
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FIGURE 1 1 1

SMALL TANK DIMENSIONS

d

Hole

Tank Tank Tank Tank Tank

A B C D E

d 7.50 7.50 7.50 7.50 7.50

h 1.93 3.80 5.65 7.53 II.35

h/d .257 .507 .753 1.004 1.513
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TABLE 21

PHYSICAL CHARACTERISTICS OF LARGE CYLINDRICAL TANKS

Tank W e Wf h d t

A

B

C

D

30. Z7 Ibs. IZ8.0 Ibs. 6.5 in. Z4. Z5 in. 0. g5 in.

36.23 231.0 12.5 24.25 0.25

72.77 381.0 20.0 Z4.50 0.375

t03.00 684.0 36.75 24.50 0.375

Water

in Tank W w m w h w d
W hw/d w

A

B

C

ID

97.93 lbs. 0.253 [b-secZ/in 6.0 in. 23.75 in.

194.77 0.505 IZ.O 23.75

308. Z3 0.799 19. Z5 Z3.75

581.00 I. 506 36.0 23.75

0.253

0.505

0.811

1.515

TABLE 22

THEORETICAL MOMENT OF INERTIA VALUES

FOR LARGE TANKS AT VARIOUS POSITIONS

Tank
It It It It

L I : 0 L z = 3. 38 L 3 = 7. 38 L 4 = I0. 38

A

B

C

D

17.84 in-lb-sec Z 20.74 in-lb-sec 2 31.62 in-lb-sec 2 45.10 in4b-sec 2

35.6i 41.38 63.11 90.0Z

56.34 65.47 99.86 142.4..

106.18 123.39 i88. Z0 268.44
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TABLE 23

PHYSICAL CHARACTERISTICS OF SMALL CYLINDRICAL TANKS

\
\

\\\"4

Tank h d h/d W e W I W w M w

A' 1.93 in. 7.50 in. .257 3.20 Ibs. 6.45 ibs. 3.25 ibs. .0084

B' 3.80 7.50 .507 3.78 I0.18 6.40 .0166

C' 5.65 7.50 .753 4.35 13.89 9.45 .0245

D' 7.53 7.50 1.004 4.93 i7.62 IZ.69 .0329

E' II.35 7.50 1.513 6.13 25.30 19.17 .0497

Tank

TABLE 24

THEORETICAL MOMENT OF INERTIA VALUES FOR

SMALL TANKS AT VARIOUS POSITIONS

I t

LI =0

It It It It It It

LZ=I.00 L3=2.06 L4_3.00 L5=4. IZ L6=7. 38 L7=II.05

A' 0.0592 0.068 0.095 0.135 0.202 0.518 1.085

B' 0.1166 0.133 0.187 0.265 0.398 1.0Z0 2.144

C' 0.1723 0.197 0.276 0.393 0.588 1.507 3.16_

D' 0.2313 0.264 0.371 0.527 0.790 1.937 4.248

E' 0.3495 0.399 0.560 0.797 i.193 3.056 6.418
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TABLE 25

TEST RESULTS FOR LARGE TANKS

Tank

m e

seconds

Tank Position - L I = 0

Tf Ie If

seconds in-lb-sec 2 in-]b-sec Z

I
W

in-lb-sec 2

I w I I t

percentage

A

B

C

D

A

B

C

A

B

0.50952

0.53753

0.68076

0.80746

0.51098 17.51 i7.61 0.10

0.53993 19.49 19.66 0.17

0.68313 31.26 31.48 0.22

0.81227 43.98 44.50 0.52

Tank Position - L 2 = 3. 38

0.97Z96 0.99545 63.85 66.84 2.99

0.99080 1.03555 66.22 72.33 6.12

1.08340 1.15233 79.17 89.57 10.39

0.99483

1.01618

Tank Position - L 3 : 7.38

1.09348 66.76 80.65

1.20608 69.65 98.12

Tank Position - L 4 : I0. 38

13.90

Z8.47

A 1.02287 1.20733 70.57 98.32 27.75

B 1.04869 1.38569 74.18 129.52 55.34

Avg.

Avg.

Avg.

Avg.

0.56

0.48

0.39

0.49

0.48

14.42

14.79

15.87

15.03

43.96

45.11

44.54

61.53

61.48

61.51
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TABLE Z6

TEST RESULTS FOR SMALL TANKS

Tank

T e

seconds

Tank Position - L I : 0

Tf Ie If Iw
seconds in-lb-sec Z in-Ib-sec Z tn-lb-sec /

Iw/I t

percentage

A I

B'

C'

D'

E'

B I

D'

C I

E'

C 1

E'

0.38548

0.385896

0.38634

0.38675

0.38770

0.38609

0.38702

0.38725

0.389-8

0.38762

0.38897

0.38550 I0.0Z26 10.0240 0.0014

0.38593 I0.044Z i0.0462 0.0020

0.38639 I0.0671 I0.0698 0.0027

0.38682 I0.0887 I0.0921 0.0034

0.38779 I0.1386 10. i434 0.0047

Tank Position - LZ : 1.00

0.38644 i0.054 10.07Z 0.018

0.38771 10.,0_ t0. i39 0.036

Tank Position - L 3 : 2.06

0.38921 I0.12 10.22 0. I0

0.39317 I0.21 i0.43 0.22

Tank Position - L 4 : 3.00

0.39044 10.13 10. Z8 0. 15

0.39450 10. gi I0.50 0.29

2.28%
i.74

1.56

i.46

i.35

Avg. 1.68

13.68

13. 53

Avg. 13.61

36.23

39.29

Avg. 37.76

55.98

55.32

Avg. 55.65
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TABLE 27

TEST RESULTSFOR SMALL TANKS

Tank

T
e

seconds

Tank Position - L 5 : 4. 12

Tf
seconds

I
e 2

in-lb-sec
If I I /I

in_lb_ sec2 w 2 w tin-lb-sec percentage

A I

B'

C'

D'

E'

a I

B'

C'

D'

E'

A I

B'

C'

D'

E'

0. 38823

0. 38919

0. 39001

0. 39086

0. 39269

0.39407

O.3960O

0.39797

0.39992

0.40356

0.40449

0.40822

0.41203

0.41565

0.42288

0.39094

0.39461

0.39816

0.40147

0.40842

I0. 17 10.31 0.14 70.42

I0.22 10.50 0.28 71.99

10.26 10.69 0.43 73.75

:0.30 I0.87 0.57 71.73

10.40 _i.25 0.85 71.23

Avg. 71.82

Tank Position - L 6 = 7. 38

0.40Z58

0.41250

0.42229

0.43188

0.45054

i0.47 10.93 0.46

i0.58 ,1.48 0.90

10.68 12.02 t.34

10.79 12.58 1.79

10.99 i3.69 2.70

Tank Position - L 7 = 11.05

0.42299 il.04 12.07 i.03

0.44413 11.24 13.30 Z.06

0.46375 II.45 14.51 3.06

0.48243 11.65 15.70 4.05

0.51949 12.06 18.20 6.14

Avg.

Avg.

88.88

88.20

89.27

92.58

88.54

89.49

95.27

96.46

96.66

95.29

95.76

95.89
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and the tank displacements from the axis of rotation. The ratio of the mom-
ent of inertia of water to that of a theoretical solid is used in all comparisons
because it gives a constant value which could be used for any size tank. The
relationship betweenthe aspect ratio andthe lw/I t ratio appears to be const
ant for each tank positionfor both large and small tanks. The small varia-
tions which do appear are well within the experimental error of the system.
For further investigations the ratio of lw/I t for a given displacement will be
the average of the results for all the aspect ratios as shownin Tables 25
through 27.

The next consideration is that of the relationship between the ratio

of Iw/It to the distance the tank is displaced from its axis of rotation. This

displacement is always referred to as a parallel axis through the center of

gravity of the tank. Another term which will be used to relate the displace-

ment is L/R, where L is the perpendicular distance between the tank center

of gravity and the axis of rotation and R is the tank radius. The purpose of

this term is twofold; it applies to any size tank and R represents the displac-

ement at which the liquid is completely bounded if it rotates about that point.

Figure 114 shows the relationship between lw/I t and L/R for both sets of

tanks. For most purposes the relationship could be assumed linear up to a

displacement of L/R equal 100 percent. The results for both tanks appear to

agree with a slope of 0.7. Above this L/R point the data for the small tank

appears to approach i00 percent lw/I t asymptotically. This curve was

analyzed to see if it was an exponential, but it was not. Data for the large tanks

tanks could not be obtained in this region because they were too heavy for

the air bearing table at these distances. Even at smaller distances the

larger tanks had to be eliminated.

The results of the last series of tests is shown in Table 28. Here the

effect of frequency change on the Iw/I t ratio for a given displacement was

analyzed. The test procedure was the same except for a change from rod

120 to rod 28 to reduce the frequency of oscillation. Since the frequency

is the reciprocal of the period, the period has been used to represent the

frequency change because the period is used in all the calculations. Only

one small tank was used because the aspect ratios did not affect the Iw/I t

ratios. Figure 115 shows the Iw/l t plotted against L/R for two different

frequencies. Since the frequencies did not remain constant for each tank,

the average of the frequencies is taken as a good representative value.

The results of these tests show that for the frequency range covered there

is little change in Iw/I t for a given displacement. A small change in Iw/I t

for the displacements of 50 and 100 percent of L/R could be attributed to

experimental error because the difference is so small. For a large fre-

quency variation a change in Iw/I t would be expected.

227



D
D

0
U')

0

<

0

0

Z
M

0

0

0

<

0

I-.4

<

0

D

M
0
<

©

©

<

Z
<
H

b_
M

0

. 0 0 0
0 '_ 00

\

0

228

,-...4

E

0
,,0

a_

_3

0 0 0
c_

\-

0 0

0

0

0

0

0
0

0
00

0

0

0

0
-0

0
"00

0

o

0

0



L_

,3
0

0

<_

Zo_q

0 _(3

0 O©

0 _

2

_ 0

--_o

l

\

..D

I!

I!

I!

,...-i

II

229

0

_0

_0

-pq

0

,aD

¢'3

0

_,_

_3

0

0

-0

0

_CO

0

0

0

0

0

0

0

0 0 0 0 0 0 0 0 0



TABLE 28

TEST RESULTS FOR TANK C' AT FIVE DISPLACEMENTS

USING ROD 28

Displacement T e Tf I e If I w Iw/l t

inches seconds seconds in-lb-sec 2 in-lb-sec 2 in-lb-sec 2 percentage

L I = 0 1.49846 i.49864 10.014 10.016 0.002 1.40

L 3 = 2.06 1.50249 1.51062 i0.068 10.177 0.109 39.57

L 5 _ 4.12 1.51334 1.54557 I0.214 10.653 0.440 74.78

L 6 _ 7.38 1.54457 i.63912 10.640 II.982 1.342 89.08

L 7 = If.05 t.59971 1.79962 11.413 14.443 3.031 95.91
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The accuracies of the test results herein are the same as in the prev-

ious experiment, 0.1 percent. This is true because the air bearing table

has a relatively constant error which depends somewhat on the object's size.

The only other error which could have been introduced in this test program

is that of aligning the tanks accurately on the table. The rough finish on the

tanks and the bulkiness of the large tanks made this alignment difficult. The

maximum error introduced by this misalignment could have not been greater

than 0.5 percent.

2.3.1.Z.5 Conclusions

The results of these tests have proven that the moment of inertia of

a liquid rotating about a displaced axis does not obey the laws of solids for

all cases. As a verification of Section 2.3.1.1 the first portion of the tests

showed that the moment of inertia about the roll axis of a cylindrical tank

was very small. For the 24-inch diameter tanks, approximately a 0.5 per-

centage Iw/It resulted for all aspect ratios while for the 8-inch diameter

tanks a percentage of approximately 2.0 Iw/I t resulted for the minimum

aspect ratio and decreased as the aspect ratio increased. This variation
was attributed to the difference in tank sizes. A linear relationship for the

moment of inertia of the water and the aspect ratio was obtained as in

Section 2.3.1. 1 but the slope of the curves for the large and small tanks was

different as would be expected. Further testing will be necessary if accur-

acies less than 2.0 percent are to be obtained for all size tanks.

The second series of tests produced valuable information pertaining

to displaced axis liquid mo,nents of inertia. The first results were that the

aspect ratio did not affect the ratio Iw/I t for a given displacement. Secondly

the relationship between Iw/I t and L/R was linear within experimental error

for both sets of tanks up to an L/R ratio of 100 percent. The slope of the

curve for this plot was approximately 0.7 for both tanks. The conclusions

from these results were that the relationship of Iw/I t to L/R was linear for

a displacement of L= R and that this relationship was approximately

0.70(L/R) : Iw/I t. (154)

For a displacement of L> R the ratio of Iw/I t appeared to approach 100 per-

cent asymptotically as L/R increased. For example, at L/R of 200 percent

Iw/I t was 92 percent and at L/R of 300 percent, Iw/I t was 97 percent. There-

fore, depending on the accuracy desired, the ratio of L/R varied for the

assumption I w equal I t . For practical purposes at L equals 4R, the I w equals

I t •
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The last tests were performed to determine the frequency effects on the

moment of inertia. The effect of frequency on the moment of inertia was insig-

nificant in these tests. This was true because of the limited frequency range

available from the test equipment. For a larger frequency spread, a difference

in moments of inertia would be expected, since liquid motion is frequency de-

pendent.

The results of this test program were satisfactory and will be very use-

ful in the theoretical equation correlation.

2.3. 1.3 Yaw-Pitch Axis Inertia Tests

A series of tests were performed to determine the moment of inertia of

a filled cylindrical tank as it oscillates about its yaw-pitch axis. The axis of

oscillation was through the center of gravity and the tanks were oriented both

in a horizontal and vertical direction. The results of this test program are

reported in Section 2.3. 1.4 which follows.

2.3. 1.4 Yaw-Pitch Axis Inertia Tests Rotating About a Displaced

Horizontal Axis

2.3. 1.4. 1 Introduction

This project component completes the testing which was performed in

order to determine the moment of inertia of filled cylindrical tanks about var-

ious axes, and covers the yaw-pitch and displaced yaw-pitch axis tests. The

results of these tests will be used to verify the accuracy of analytical expres-

sions which have been derived.

The yaw-pitch axis tests were performed in two different ways to deter-

mine the effect of the tanks orientation on the liquid moment of inertia. First,

the tanks were suspended from a torsion rod from the ceiling with their longi-

tudinal axis parallel to the surface of the earth. Secondly, they were mounted

in a stand with their longitudinal axis perpendicular to the earth. The later

case also used a torsion rod to produce the oscillations. Five tanks, two feet

in diameter, but with different aspect ratios were used with tap water as the

liquid. Also, four different frequencies of oscillation were used on each tank

to determine if the moment of inertia was frequency dependent.

The displaced yaw-pitch axis tests were performed using two of the pre-

vious mentioned tanks and the later procedure described above. The rotation

axis of the tanks was displaced from the center of mass of the tank at various

displacements and was oscillated as a compound pendulum. Also, torsion

rods were added to change the frequency of oscillation. These tests provide
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very good results for the moment of inertia of a liquid filled tank about any

yaw-pitch axis.

2.3. 1.4.2 Yaw-Pitch Axis Tests Using a Torsional Pendulum

2. 3. 1.4.2. 1 Test Procedure

The first tests performed were those with the tank oscillating about a

vertical axis perpendicular to the tank's longitudinal axis. Figure 116 shows

this test set-up. An I-beam permanently mounted in the ceiling was used as

the supporting element. This beam was equipped with leveling plates so that

the rod could be aligned vertically on the plate. The tank was then mounted

to the other end of the rod. Five tanks were used in the experiments, each

with a diameter of approximately two feet but with different lengths. The

exact tank dimensions are given in Table 29 where the tank designation, A

through E, will be used in the remainder of the report.

The other equipment was used to determine the maximum amplitudes

and periods of oscillations of the tank. The maximum amplitudes were meas-

ured by using a light source, mirror, and a calibrated radian scale located

at exactly 140 inches from the axis of rotation. The light was reflected off

of a mirror mounted on the torsion rod onto the radian scale where the maxi-

mum displacement was obtained by reading the scale directly. The period

measuring system consisted of a light source, photocell, knife edge, elec-

tronic circuitry, and a counter. The knife edge was mounted on the tank

and the photo detector was aligned so that the knife edge broke the light

beam as the tank oscillated. The output from the detector was fed via appro-

priate el_ctronic circuitry into a digital counter which determined the period

of oscillation. A digital printer was also available for recording the data

output.

The tests were performed by displacing the tank and taking a period

average of the first 50 cycles as the amplitues decayed from 0.03 radians.

To stabilize the oscillations a teflon bearing was placed against the torsion

rod. The tank was initially displaced to 0.05 radians and when it decayed

to 0.03 radians the bearing was removed. The period was then used in

I = KT2/4rr 2 (155)

where K is the rod constant, to determine the moment of inertia of the tank.

233



X

II
L)

!

<_

L)

)>

\

]

¢i

/

I

./
i

©

0

0

,I
.r.4

I

I

I

I

F
•--4 -

_ --

_ -

_ -

0)1 ,___o
0

\
\

\

\

\

,,,,4

0

,' /II

0 0

_._ (_

234



TABLE 29

Physical Characteristics of Cylindrical Tanks

Tank W e Wf h d t

A 30.27 ibs. 128.0 Ibs. 6.5 in. 24.25 in. .25 in.

B 36.23 231.0 12.5 24.25 .25

C 72.77 381.0 20.0 24.50 .375

D I03.00 684.0 36.75 24.50 .375

E 130.00 906.0 48.75 24.50 .375

w w n_ K_

97.73 ibs. .253 Ib-sec2/in 6.0 in.

194.77 .505 12.0

308.23 . 799 19.25

581.00 i. 506 36.0

776.00 2. 012 48.0

Water

in Tank

A

B

C

D

E

dw hw /dw

23.75 in. .253

23.75 .505

23.75 .811

23.75 1.515

23.75 2.021

I s

9.68 in-lb-sec 2

23.86

52.84

215.74

457.23
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Since amplitude does not affect the moment of inertia, small displacements
were used to prevent aerodynamic losses. Each test was performed three
times for repeatability. The test procedure is shownin Appendix C3.

Each tank was tested empty and full with four different torsion rods.

The difference between the moment of inertia of the empty and full tank was

that of the water for a given frequency. This value was then compared to the

theoretical value for that of a solid. The results of these tests are shown in

Tables 30 and 31 wherethe symbols are defined in the List of Symbols.

Next the yaw-pitch axis tests were performed with the axis of rotation

in a horizontal plane but still perpendicular to the tank longitudinal axis.

Figure i17 shows this test set-up. The test procedure for this set-up is the

same as that previously described with the exception of the displacement

measuring equipment. In this tests a calibrated scale was mounted under the

tank and a wand attached to the tank was used to read the maximum displace-

ments. The tank was supported by special brackets and oscillated in ball

bearings. Four different torsion rods were used again to produce different

frequencies of oscillation. The test procedure for these tests are shown in

Appendix C4. These test results are shown in Tables 32 and 33.

2.3. 1.4.2.2 Test Results

The first obvious conclusion which can be made from these tests is

that the orientation of the axis of rotation does not affect the value of the

moment of inertia of a filled cylindrical tank. This would be expected

because the orientation does not affect the liquid. The results of these two

separate tests gave very good results. Next, the frequency of oscillation did

not affect the moment of inertia for the frequency range covered. Extremely

high or low frequencies would probably have an effect on the moment of

inertia just as higher or lower viscosity liquids would. The effect of varing

aspect ratios can best be shown in Figure 118 where Iw/I s is plotted against

h/d. The shape of this curve agrees with the results of other investigators.

These results will be compared to the analytical expression derived in

Section 2. 3.2.2 to verify the accuracy of the analytical expressions.

2. 3. 1.4.3 Displaced Yaw-Pitch Axis Tests Using A Compound Torsional

Pendulum System

2. 3. I. 4. 3. 1 Test Procedure

The test procedure for the displaced axis was identical to that prev-

iously discussed with the exception of the axis of rotation being displaced

various amounts as shown in Figure 119. The moment of inertia of this
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TABLE 30

Test Results For Suspended Pendulum Tests

Tank h/d Rod
Te Tf f

Rod Constant sec. sec. cyc]es/sec

A

• 253

_r

11

_y

3 68.87 1.48450 2.53857 .39392

[04 482.11 .56523 .96594 1.03526

I)i 1,540._8 .31454 .53697 1.86230

[03 3,007.54 .£2217 .38040 2.62881

B

• 505

II

II

3 68. 87 1.97480 2. 96949 .33676

104 482.11 . 74604 I. 12347 • 89010

102 2,058.52 . 36201 . 54170 i. 84604

108 5, 008• 31 .23177 . 34732 2. 87918

C

• 811

11

7!

3 68. 87 3. 52671 4. 16086 .24033

i01 1,540.68 . 74759 . 87942 1.137110

107 7, 503.23 . 33763 . 39532 2. 52960

122 15,559.47 .23431 .27438 3. 64458

D

I. 515

II

II

II

3 68. 87 6. 07029 9. 03067 • 11073

109 3,752. 66 . 82211 i. 22213 . 81824

L22 15,559.47 .40281 .59586 1.67824

123 49,177.49 .227216 . 340698 2. 93515
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TABLE 31

Test Results For Suspended Tank Tests

Tank f

cycles/sec

Ie If L:. I,,./Is

in-lb-sec z in-lb-sec Z in-lb-sec _

lw/I s Ave ra:ze

A

• 39392 3. 84 11.24 7.40 7o. 4%

1.02966 3.90 [1.39 7.49 77.4

1.80230 3.86 ii.25 7. 39 7o. 3

2.62881 3.85 [I. 28 7.43 76.8

76. 7%

B

• 33676 6. 80 15. 38 $.5_ _6.0%

• 89010 6. 80 :5.4! 9.62 3_. 2

I. 84604 6.83 15. 30 "3.47 35.5

2. 87919 6.8! [5. 30 8.49 35. 7

35.9%

C

• 24033 21.70 30.21 8.50 :6.1%

1. 13711 21.81 30.18 ,_. 37 15. $

2. 52960 2!. 66 Za. 70 8.04 !5. 2

3. 64458 Zl. 64 29. 67 8. '2,3 15.2

15.6%

D

•11O73

• 81824

i. 68127

2. 93515

64.28 142.27 77.99 46. 3%

64.24 141.98 77.74 4o. 1

63.95 139.93 75. 98 45.

64. 31 I,!4.60 80.28 47.6

36.2%
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TABLE 32

Test Results For Supported Tank Tests

Tank h/d Rod

T e Tf

Rod Constant sec. sec.

f

cycles/sec.

C

.811

TI

II

11

106

103

107

122

975.68 1. 18480 1. 31760

3,077.54 .66605 .74341

7,503.23 . 43115 . 47795

15,559.47 . 30160 . 33420

.75895

1.34515

2.09226

2.99222

D

1.515

II

II

TI

106

103

107

122

975.68 1.78660 2.51403

3,077.54 1.00586 1.41520

7,503.23 .64032 .90402

15,559.47 .44553 .63501

.39776

.70661

I.I0617

1.57477

E

2.021

II

TI

11

106

103

107

122

975. 68 2. 31049 3. 93631

3,077.54 1.30521 2.21738

7,503.23 . 84472 i. 43039

15,559.47 . 57872 . 98612

.25404

.45O98

.69911

1.01407

TABLE 33

Test Results For Supported Tank Tests

Tank

f

cycles/sec.

T e

in-lb- sec 2
if gv

in-lb-sec 2 in-lb- sec 2 Iw /I s Iw/I s Average

C

.75895

1.34515

2.09226

2.99222

34.

34.

35.

35.

69 42.91 8.22 15.

58 43.08 8.50 16.

33 43.42 8.09 15.

85 44.03 8.18 15.

6%
1

3

5

15.625

D

.39776

.70661

1.10617

1.57477

78.

78.

77.

78.

89 156.20 77.31

87 156.13 77.26

92 155.33 77.41

23 158.92 80.69

35.8%
35.8

35.9

37.4

36.225

E

.25404

.45O98

.69911

1.01407

131.

132.

135.

132.

93 382.94 251.00

80 383.29 250.49

62 388.86 253.24

56 384.34 251.78

54.9%

54.8

55.4

55.1

55.05
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system is determined by using:

I = (WL + K)T2/4_ 2 (156)

This equation is obtained from the equation of motion of the system which
is:

I_ + WLsine + K0 - Mf = 0 (157)

whe re: W

L

K

Mf

= weight of the system

= distance between the pivot point and center of

mass of the system
= rod constant

= losses (air drag, bearing friction, etc.)

For small angles of displacement we can let,

sin0 =0

and neglect Mf which is relatively small. The moment of inertia of the water

was determined by subtracting If from I e for a given rod constant and axis

displacement. The test procedure is shown in Appendix C5. The results

of these tests are shown in Tables 34 and 35 where tank C and D have been

used.

Z. 3. 1.4.3. Z Test Results

The frequency of oscillation in these tests did not affect the moment of

inertia. The variation in the values of the moment of inertia was attributed

to experimental error. As the axis displacement increased so did the mom-

ent of inertia, as was expected. Also, the ratio of Iw/I s increased as the

aspect ratio increased. The term _ shown in the test results is defined as:

= 1/2 + L/h (158)

where: L

h

= distance between pivot point and center of

mass of the tank

= tank height
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TABLE 34

Test Results

Displaced Axis Tests For Tank C

Aspect Ratio--0.811

Rod

Number

Rod

Constant
L 1 = 2.0"

Moment of Inertias (in-lb-sec Z)

L z : 5. 0" L 3 : 8. 0" L 4 : ii. 0" L s : 21. 0"

None

106

103

107

975. 68

3077.54

7503.23

Averages-I w

Theoretical-I s

lw/I s

v

10.96

11.34

11.15

56.04

0. Z0

0.60

.......... 105.28 364.30

31.02 62.64 109.35 3'i3.57

35.06 63.76 114.64 373.57

32.19 65.38 112.05 ......

32.76 63.93 110.33 370.4#

72.82 103.98 149.52 404.41

0.45 0.615 0.735 0.92

0.76 0.92 1.07 1.60

TABLE 35

Test Results

Displaced Axis Tests For Tank D

Aspect Ratio--l.506

Rod

Number

Rod

Constant

Moment of Inertias (in-lb-sec 2)

L 1 : 4.0" L 2 = 10.0" L 3 = 16. 0" L4 : il.0"

None

106

103

975.68

3077.54

Average-I w

Theoretical-I s

i,./ Is

sa

96.16 222.80 458.73 738.45

102.22 227.75 463.15 744.54

103.86 230.25 469.38 750.12

100.75 226.93 463.75 744.37

239.84 366.34 601.28 879.89

0.42 0.62 0.77 0.85

0.61 0.78 0.94 1.08
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This will be used in comparing the experimental results to the analytical
results in Section 2.3. Z.2.

2. 3. 1. 4. 4 Conclusions

The results 3f these zests did not present anything new or unexpected.

The main purpose of z_s_.ing was to verify the analytical expressions which

_-^ _ -"" _ _- _+:_- 3. 2 so .................... of _ncrtla can be obtained

for any size cylindrical tank under various conditions. Section 2. 3. Z. 2 will

discuss these results in more detail.

2. 3. 1.5 Ring Baffle Tests Using Government Furnished Plexiglass Tank

2. 3. I. 5. 1 Introduction

The studies covering the moment of inertia of a filled cylindrical tank

with smooth walls has been investigated in detail in prior projects of the

mass properties of liquids program. In continuing _he program, this project

will investigate the effect of various ring baffles; that is, different baffle

w idths and spacings, on the liquid moment of inertia of a filled cylindrical

tank as it oscillates about a yaw-pitch axis.

Baffles are mainly used as liquid slosh suppressors in launch vehicle

fuel tanks. Slosh is defined as liquid surface motion in a partially filled

tank as compared to the internal rotational motion in a filled tank. This

slosh can be very detrlrnental to the stability of the vehicle if the slosh

frequency approaches that of the control frequency of the space vehicle.

Therefore, baffles are used to prevent the slosh from reaching such freq-

uencies and magnitudes which could impair the flight, if not completely

destroy the vehicle.

Since baffles are used in most fuel tanks, it is necessary to determine

the effect of baffles on the liquid moment of inertia. The motion of liquid

within a container is determined by its boundary conditions and the tanks

motion. The boundary conditions are also dependent on the tanks shape

and objects, such as baffles, within the tank. An analytical solution for

such a system is extremely difficult to solve if not impossible; therefore,

experimental studies of the problem are necessary.

The test program presented here is similiar to the other liquid pro-

grams with the exception of the use of baffles. The government furnished

plexiglass tanks with baffles was used in a support stand for one set of

tests and a segment of the plexiglass tank was used on the air bearing table

for another set of tests. Better data was obtained in the latter method.
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SYMBOL

We

Wf

Ww

g

m
w

h

h w

d

d
W

t

hw/d w

T e

Tf

f

K

Ie

If

Is

Is

Iw/I s

L

LIST OF SYMBOLS

DEFINITION

Weight of Empty Tank in Pounds

Weight of Tank Filled with Water in Pounds

Weight of Water in Pounds

Acceleration of Gravity - 385. 684 in/sec Z

Mass of Water = Ww/g lb-secZ/in

Tank Height in Inches

Water Height

Tank Diameter

Water Diameter

Tank Wall Thickness

Aspect Ratio of Water

Period of Oscillation for Empty Tank in Seconds

Period of Oscillation for Full Tank

Frequency of Oscillation of Full Tank

Rod Spring Constant

Moment of Inertia for Empty Tank and Table Top

Moment of Inertia tot Full Tank and Table Top

Moment of Inertia of Water = If - I e

Moment of Inertia of Water if it were a Solid

Ratio of the Moment of Inertia of Water so that of Water

as a Solid

Distance Between Pivot Point and Center of Mass
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The results of this program will be used to help derive analytical ex-

pressions for tanks with ring baffles.

Z. 3. 1.5. Z Test Using Plexiglass Tank and Stand

2. 3. 1.5.2. 1 Test Procedure

Figure 120 shows the _ulnmp,_r _=_-_,_,-* ¢,-,-. these tests and Fig-

ure IZl shows the tank and baffle dimensions, Table 36 gives the tank

characteristics. The center of mass of the empty tank was measured on the

Bytrex System and that of the full tank was calculated using the known

dimensions. This latter position was verified after the tank was mounted in

the stand. All tests were performed about the center of mass of the full

system and the results for the empty system were transferred to the center

of mass of the empty system. The period of oscillation was measured by

using a photo detector and counter which was equipped with a digital printer.

The period of oscillation was varied by using different torsion rods. The

maximum displacements were measured with a calibrated scale mounted

under the tank. Small displacements were used so that aerodynamic drag

losses would be small. The moment of inertia of the system was deter-

mined by using:

I = KTZ/4_ Z (159)

where K is the rod constant of the rod being used and T is the period of

oscillation. A detailed test procedure is sho_-n in Appendix C6.

Z. 3. 1.5. Z,Z Test Results

The test results are shown in Table 37. I e, the moment of inertia of the

empty system has been determined by using Equation 159. Because the empty

system is oscillated about a displaced axis we must use:

I = (WL + K)TZ/4u z (160)

to determine I c m " This is accomplished bY subtracting WLTZ/4 from

I in Equation 1_0 to obtain I e c.m.. If e.m. is determined by using Equation 159

where the full tank is oscillated about its center of mass. Ief f is determined

by subtracting I e c. m. which eliminates the tank. Ieff/Isoli d is then determin-

ed where Isoli d is calculated in Table 37. The results without baffles are the

same as above, except I e c.m. was determined by subtracting Ibaffle s from

the I e c.m. with baffles.

The bottom of the tank is a hemisphere, but it was analytically con-

verted to an equivalent flat bottom. Reference 1, for comparison to other

Z47



©

248



FIGURE 121

TANK DIMENSIONS

T

37.28 :

I

Ba

2. 34"

_4. 0b4

7_
12. 0 '_

A

ffles

Center of Mass

For Empty Tank

,/

Center of Mass

of FuU

I Tank

I -
24. 00"

A

39. 62"

i

72. 00"

_ivalent Flat Bottom
[_ __" ____ --
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A.

B.

C.

D.

h = 80. 17"

d _ ")A

a = 12. 0"

b = 12. 0 T_

w = 3. 0 _'

h/a = 6. 68"

TABLE 36

TANK CHARACTERISTICS

g =

P water =

385. 684 in/sec 2

0.036 lb/in 3

Wempty tank = 207.0 ibs.

Wbaffle s = i4. 0 ibs.

Ibaffle s = 16. 99 in-lb-sec 2

Hemisphere of Water

V = 2rTa3/3 = 3850.0 in 3 W = Vp = 138.75 lbs.

Ic.m. = 0.26 Ma 2 = 14. 05 in-lb-sec 2

Ic.m. full tank = Ic.m.

Cylinder of Water

V = rra2h = 32,572.0 in 3

M = 0. 36 lbs.-sec 2

in

+ ML2emi = 506.20 in-lb-sec 2

W ; Vp = 1173.9 lbs. M = 3.044 lb-sec 2

in

Ic.m. = M(d2/16 + h2/12) = 1424. 57 in-lb-sec 2

2
Ic.m. full tank = Ic.m. + MLcyl = 1464.48 in-lb-sec 2

System of Water

Isolid = Ic.m. hemisphere + Ic.m. cylinder = 1970.68 in-lb-sec 2

Equivalent Flat Bottom

_! = 3850/r_ (12. 25) 2 = 8. 17"
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TABLE 37

TEST RESULTS

Plexiglass Tank with 4.0" Baffles Spaced12.0"

K

Te

Ie

Ie c.m.

Tf

If c.m.

Rod 103 107 122

Ief f = If c.m. Ie c.m.

I eff/I solid

3077.54

2.3100

415.98

350.51

5. O497

1987.81

1637.31

0.83

7503.23

1.4220

384.3.2

359.51

3.2428

1998.62

1639.11

0.83

15,559.47

0.9843

381.85

369.96

2.2670

2025.53

1655.57

0.84

Average Ieff/Isolid = 0. 83

Plexiglass Tank with No Baffles

le c.m.

Tf

If c.m.

lef f = If c.m.

I eff/l solid

- Ie c.m.

333.52

4. 840

1826. 15

1492. 63

0.76

342.52

3.1601

1897.98

1555.46

0.79

352.97

2.2446

1983.93

1630.96

0.82

Average leff/Isoli d = 0.79
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data. This is accomplished by equating the volume of a hemisphere to that
of a cylinder and calculating the height. This has been accomplished in
Table 37.

The results of these tests are compared to the analytical curve for a

smooth wailed cylinder in Figure 122. The results are very good for the

no-baffle case and the increase of Ieff/Isolid for the baffle case is as exp-
ected.

• The limited amount of data obtained from this test set-up is attributed

to several causes. The main cause is the tank size. Only one aspect ratio

can be tested and this ratio is too large to produce worthwhile data. The

effect of baffles at this ratio is relatively small, compared to that at a

smaller ratio. The large size of the tank also presents problems in testing.

Small torsion rods cannot be used because they cannot drive the large tank.

When larger rods are used the stationary mount holding the end of the rods

defects under the large forces. This is evident in the test results presented

in Table 36 where the moment of inertia increases with the rod constant. This

occurs because the effective K becomes less; therefore, Tincreases and I

increases. All these problems have led to the design of a smaller tank which

can be mounted on the air bearing table. These tests produced better results.

2. 3. i. 5. 3 Tests Using The Air Bearing Table

2.3.1.5.3.1 Test Procedure

In order to save money and time, a two foot segment of the government

furnishedplexiglass tank was used for the air bearing table test. Since

baffles and spacers were already provided for the plexiglass tank, the only

modifications required were those of sealing one end of the tank and fabric-

ating brackets for mounting the tank to the air bearing table. Figure 123

shows the tank dimensions, baffle width, and spacings used in the tests. The

detailed operation of the moment of inertia determining system is covered in

Reference 2; therefore, it will not be repeated here. The actual test pro-

cedure used is shown in Appendix C7.

2. 3. I. 5. 3.2 Test Results

The test results for the 4. 0 and 1. 2 inch baffles are shown in Tables

38 and 39 respectively- and plotted in Figure 124. The results show that wider

baffles and a larger number of baffles produce a larger effective moment of

inertia, as was expected. Tables 40 and 41 show the test results for the 1.2

inch baffles with 3 inch spacer. The only difference in each test is the

number of baffles and their locations, as shown in the tables. Figure 125

shows these results in plotted form. The baffles have more effect if they
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FIGURE 1 _ _E._J

SMALL TANK DIMENSIONS

L,

I-
a

r

._i_

h = Z4. 0"

w = 4. 0", 1.2"

b = 3.0", 4.0",

W e = 73. 0 Ibs.

.0 TI

a = IZ. 0"

Wf =468.0 ibs.

h/a = Z. 0"

w/a = 0. 33, 0. I0

b/a = 0.25, 0. 33, 0. 50

Ww= 395.0 Ibs.
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TABLE 38

TEST RESULTS

w -- 4.0" w/a = 0.33

Number of Baffles None 3 5

I i

Baffle Location i

b ...... 6. 0 " 4. 0 "

b/a ...... 0. 50 0. 33

T e 0. 4901 0. 4979 0. 5022

Tf 0.5732 0.6978 0.7331

I e 41.54 42.70 43.63

If 56. 82 83.98 92.96

Ieff 15. 28 41.27 49. 34

I solid 86. 03 84. 94 84.29

I eff/I solid 0. 18 0. 49 0. 59

?

3.0 _'

0.25

0. 5089

0. 7547

44. 61

98. 24

53. 63

83. 42

0.64

I = KT2/4rr 2 K = 6828.0 in-lbs.

Ief f = If - I e

Isolid = (Wliq - WB)(d2/16 + h2/12)/g

Wli q = 395.0 lbs.

W3B = 5.0 lbs.

W5B = 8.0 lbs.

W7B = 12.0 lbs.
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TABLE 39

TEST RESULTS

w = 1.2" w/a = 0. I0"

Number of Baffles

Baffle Location

b

b/a

Te

Tf

le

If

I eff

I solid

I eff/l solid

None 3 5 7
_ -

, , r _ __ _ rrT, "r;l l

.... i

...... 6.0 " 4. 0 "

...... 0.50 0.33

0.4902 0.4947 0.497

0.573 0.598 0.607

41.55 42.32 42.64

56.76 61.80 63.73

15.21 19.48 21.09

86.03 85.59 85.38

0.18 0.23 0.25

3.0 ii

0.25

0. 498

0.616

42. 93

65. 57

22.63

85. 16

0.27

I = KTZ/4r[ 2 K = 6828.0 in-lbs.

lef f = If - I e

Isoli d = (W1i q - WB)(d2/16 + hZ/12)/g

WIi q = 395.0 Ibs.

W3B = 2.0 ibs.

W5B = 3.0 ibs.

WTB = 4.0 ibs.
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w = 1.2 _'

TABLE 40

TESTRESULTS

w/a = 0. I0" b = 3.0" b/a = 0.25"

Baffle Location

Te

Tf

0. 4927 0. 4943 0. 4956

0.5853 0.6025 0.6092

I
e

If

42.02 42.27 42.48

59.26 62.58 64.19

I eff

i solid

17.25 Z0. 30 21.71

85.81 85. 59 85. 38

I eff/Isolid 0.20 0.24 0.25

I

I eff

I solid

= KTZ/4_ 2 K = 6828.0 [n-lbs.

= If - I e

= (Wli q - WB)(dZ/16 + hZ/1Z)/g

Wli q = 395.0 ibs.

WIB -- 1.0 Ibs.

W3B = 2.0 ibs.

W5B = 3.0 lbs.
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w = 1.2 _'

TABLE 41

TEST RESULTS

w/a = 0. 10" b = 3.0" b/a -- 0.25"

Number of Baffles

Baffle Location

T e

Tf

2 4 6

k

0.4940 0.4952 0.4971

0.5844 0.5984 0.6084

I e

If

42.22 42.42 42.75

59.07 61.95 64.03

I eff

I solid

16.85 19.52 21.29

85.81 85.59 85.38

I eff/l solid 0.20 0.23 0. 25

I

Ielf

I solid

= KT2/4_ 2 K = 6828.0 in-lbs.

= If - I e

= (Wli q WB)(d2/16 + h2/lZ)/g

Wli q = 395.0 ibs.

W2B -- 1.0 ibs.

W4B = 2.0 ibs.

W6B = 3.0 ibs.
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are located near the axis of rotation. This is further verified by the

previous results for 4 inch baffles where 6 and 4 inch spacers were used.

These are shown by the x's on the graph.

The location of the baffles produces a much more pronounced effect if

the results in Reference 3 are used. Figure 126 shows the results for

baffles with 3 inch spacings and the results of Reference 3. The curves are of

different magnitude because of the different 2/a ration, but the slopes of the

curves vary because of the axis of oscillation of the tanks. The small sketches

in Figure 126 show the axis of oscillations for both tests. The exact location

of the axis of oscillation is not given for the tests in Reference 3, but for the

other tests it is in the center of the tank. We see for this latter case that

the effective moment of inertia increases more rapidly for the baffles in

the center of the tank, than for those at the outer limits. For the other

tank the effective moment of inertia increases rapidly for the center

baffle, then the change decreases for the three baffles and again a rapid

increase for five baffles. This latter result is obtained because the added

baffles approach the axis of oscillation of the tank. Therefore, not only

is the baffle width and spacing important, but also the baffle location with

respect to the axis of rotation.

2. 3. 1. 5.4 Conclusions

Baffles increase the effective moment of inertia of a liquid because

they create new boundary conditons on the liquid which causes more liquid

to follow the motion of the tank. Therefore, wider and closer spaced baf-

fles produce a greater moment of inertia. Also the location of the baffles

has a large effect on the change in moment of inertia.

The results of these tests will be used to verify the analytical expres-

sions derived in Section 2. 3.2. 3. The results of this program will produce

equations which can be used to determine the moment of inertia of cylindri-

cal tanks with ring baffles.

2. 3. 2 Math Model

2. 3.2. 1 Literature Search

2. 3.2. I. I Introduction

A complete understanding of the background and present status of the

problems and associated solutions for liqukt dynamics as they are related to

space flight, is the prime object of this search. For many years, the insta-

bility problems produced by fuel carried aboard space craft have been

investigated. Many of the original problems present in older missiles have
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Symbol

I

leff

Isolid

14

T

L

W

M

e

f

C. Fn,

h

a

d

b

W

g

B

liq

LIST OF SYMBOLS

Definition

Moment of Inertia (in-lb-sec 2)

Effective moment of inertia of liquid

Moment of Inertia of liquid in solidified state

Torsion rod constant (in-lb)

Period of oscillation (sec)

Distance between pivot point and center of

mass (in)

Weight (lbs)

Mass (lb- sec2/in)

Empty tank

Full tank

Center of mass

Tank height (in)

Tank radius (in)

Tank diameter (in)

Baffle spacing {in)

Baffle width (in)

Acceleration of gravity (in/sec Z)

Baffles

Denotes the water
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been sufficiently corrected so that fuel slosh is not detrimental to stable

missile flight. As launch vehicles become larger and space flights extend

to greater distances, mass properties of liquids will present greater pro-

blems. At launch, some vehicles today are ninety percent fuel by weight;

also, extended flights such as the lunar missions will require a better under-

standing of fuel dynamics to enable precise trajectories. Another area that

might present problems is that of low-gravity conditions for both filled

and partially filled fuel tanks.

The major emphasis of this search was placed on the moment of inertia

of filled tanks. Even though most fuel tanks are usually in the partially filled

state, a study of filled tanks is beneficial for several reasons. First, this

study will reveal the internal behavior of liquid as it rotates about a given

axis. This will give a better insight into the correlation between the moment

of inertia theory for liquids and solids of the same shape. Secondly, since

liquid sloshing represents only a small percentage of the behavior of liquid

in a large tank, the filled tank solutions will be very nearly the same as

those of the partially filled tank. Also, the filled tank experiments are

easier to analyze than those of partially filled tanks.

The search consisted of interviews with several people experienced in

liquid tank dynamics as well as literature surveys. The latter of the two

produced much more information but the interviews were helpful also.

2. 3. 2. l.Z Interviews

An interview with Dr. Werner R. Eulitz, Aero-Space Engineer(Prop-

ulsion and Power, AST Liquid Propulsion System), of the Propulsion and

Vehicle Engineering Laboratory at MSFC, who has been working in the field

of fuel sloshing since the early days of the Redstone, revealed that the Red-

stone had some serious slosh problems at its infancy. These were soon

corrected; however, by using the so-called "beer can" anti-slosh device

which was replaced by baffles in the latter missiles. Dr. Eulitz stated

that fuel sloshing is not a major problem at present, but the effect of bend-

ing tank walls as tanks get larger may present problems.

The next interview was conducted with Mr. Robert S. Ryan, Super-

visoryAero_pace Engineer of the Aero-Astrodynamics Laboratory. Mr.

Ryan referred us to the works of Dr. Helmut F. Bauer, a noted authority

on fuel dynamic problems in space vehicles, to obtain information on the

moments of inertia of liquids. Several of Bauer's reports are included

herein and will be discussed later in detail. Mr. Ryan stated that the basic

fuel problems had been solved. Mr. H. Norman Abramson of the southwest

Research Institute in San Antonio, Texas, has done much of Mr. Ryan's work

for approximately seven years. Twenty-three reports by Mr. Abramson
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or his associates are included in this report. A complete list of reports

on liquid dynamics in rocket propellant tanks published by the Southwest

Research Institute has been obtained, and efforts are being made to obtain

copies of all these reports. At the present time, Mr. Abramsonis doing

some work for Mr. Ryan on some specific problems related to fuel sloshing.

Mr. Ryan also has several contractors working on zero gravity liquid prob-

lems. These are research programs to determine what effects low and zero

gravity have on liquid dynamics.

A conversation with Mr. B. C. Spencer of the Douglas Missile and

Space Division at the SAWE Convention in Denver, Colorado, revealed that

the moment of inertia of actual fuel tanks presented very few problems. He

stated that rough estimates were used in determining moments of inertia of

liquids and that these estimates were well within the tolerances allowed for

the overall space craft's moment of inertia. Mr. Spencer stated that they

are not involved in performing research on liquid moments of inertia but

they are interested in finding out the results of other researchers so that

they can use this information in their determinations.

2.3.2. 1.3 Literature Searches

The literature search portion of this survey consisted of a thorough

search of both the Redstone Scientific Information Center and the Defense

Documentation Center. Three different searches were conducted by the

personnel at the Redstone Scientific Information Center to obtain all possible

information on liquid behavior in tanks. The searches are computerized and

they serached every document in the Center for the key words; Sloshing,

Liquid Sloshing and Baffles. The search of the Defense Documentation Center

was similar except only one subject was used-Liquid Sloshing. The Defense

Documentation Center contains all documents prepared by the government and

its contractors. The International Aerospace Abstracts were also searched

for pertinent material. Likewise, the Society of Aeronautical Weight Eng-

ineers publications were thoroughly investigated. Lastly, a review of many

texts was undertaken to find applicable basic hydrodynamic theory.

As a result of these various searches, a list of all books and reports

available in the Mass Metrology Laboratory at SPACO, INC. is given in the

references. This reference includes all hooks and reports from the previous

yearly effort as well as the ones produced from the latest searches. An

asterisk marks the books and reports not included in the June, 1965 annual

report. The groupings are divided into the following main subjects:

i.

2.

3.

Basic Hydrodynamic Theory

Liquid Moments of Inertia

Liquid Baffling
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,

5.

6.

7.

Sloshing in General

Effects of Sloshing on Missile Stability

Zero Gravity Liquid Studies

Other Reports Related to Liquids

A summary of each grouping will be given along with more detailed

information on certain reports.

The first group of books and reports (Ref. 1 through Ref. 18) are

concerned with basic hydrodynamic theory. A further sub-division of this

grouping classifies (Ref. 1 through Ref. 5) as text books on classical hydro-

dynamics. (Ref. 2) is by far the most notable text on basic classical hydro-

dynamics and has been used for many years as the authority on hydrodynamics

(Ref. 6) is also a classic on potential theory. It is very valuable in the study

of velocity potential theory which is the basis of hydrodynamic theory.

(Ref. 7 through Ref. 15) are reports on basic hydrodynamic theory.

(Ref. 7) gives the linearized fluid dynamic equations for a liquid with a free

fluid surface in a circular cylindrical tank, performing harmonic trans-

lation and rotation around the center of gravity of the undisturbed fluid.

These equations were solved for an ideal fluid (incompressible and non-

viscous). The general solutions of the velocity potential are derived for the

free oscillations and for two forced oscillations (translation and rotation).

The wave form of the free fluid surface, the pressure distribution and the

fluid force on the tank walls, the moment of the fluid around the center of

gravity of the undisturbed fluid, the velocity distribution and the center of

force are given. The effect of the fluid for different frequencies and fluid

height to tank diameter ratio are shown on the various curves. This ref-

erence is invaluable for the study of basic hydrodynamics for a circular

cylindrical tank. (Ref. 8) gives the solution for damped fluid oscillations by

introducing imaginary terms in the resonance terms. Physical limit consid-

erations for ideal fluid and for infinite damping lead to transformation of the

original formulae in (Ref. 7). Measurements with different damping devices

were performed and the approximate damping factors were determined from

different measurements such as, free fluid surface, fluid force, pressure

difference and their phases. The experimental values were taken into

theoretical curve sets with different damping factors and the approximate

damping factor was determined at resonance. An iteration method also

gave the approximate damping factor from the experimental results. This

reference gives a more practical approach to liquid problems since it

includes damping which cannot be neglected in actual experiments.

(Ref. 9 through Ref. 15) are similar to (Ref. 7). They take a slightly

different approach and do not go into as much detail, but they are still
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basically the same. (Ref. 16 through Ref. 18) are also basic but are more

applied to the effect of fuel motion in airplane tanks. These reports are some

of the first presented which describe the adverse effect of fuel slosh on air-

craft stability.

The next grouping (Ref. 19 through Ref. 25) includes reports pertaining

to liquid moments of inertia. (Ref. 19) uses the results of (Ref. 7 and Ref.

8) to determine the mo-_-_ent of inertia of an ideal fluid in a completely filled

circular cylindrical tank. In previous calculation the moment of inertia of

a liquid in a circular cylindrical tank was treated as a mass-point or solid

cylindrical body. Since the moment of inertia of a fluid is considerably

different, this investigation was carried out. The moment of inertia of the

ideal fluid was compared with the moment of inertia of the same fluid in a

frozen state. Due to the complexity of the case with friction, no damping

could be incorporated. But, it can be seen that the value of the moment

of inertia (l fluid to i solid) with damping are located between the ratio of the

ideal fluid case and unity. The moment of inertia of a fluid in a partially

filled tank is strongly frequency dependent. It has been obtained for trans-

lational and rotational motion of the tank from the results of (Ref. 7 and Ref.

8). This report is extemely helpful in our liquid moment of inertia study.

Some of the results of this report were used in our last year's project.

(Ref. 20) determines the moment of inertia and an approximate damping

factor in roll oscillation for a propellant system of a clustered missile. The

main portion of the moment of inertia is contributed by the outer tanks. Also

it was found that the moment of inertia is frequency dependent. (Ref. 21) is

very similar to (Ref. 20) containing the same subject matter.

In (Ref. 22) a method is presented for calculation of the mass and mass

moment of inertia of a liquid in a circular cylindrical tank. The tank is ass-

umed to be similar to that of a vertically rising ballistic missile. That is,

the acceleration is assumed to be parallel to the tank's longitudinal axis. A

solution is found which greatly simplifies the efforts of the weights and dynamics

groups, while giving proper consideration to the physical effects involved.

(Ref. 23) experimentally investigates the moment of inertia and the

damping of a liquid in a completely filled, closed cylindrical tank, with and

without baffles. The results are compared to Bauer's mechanical model,

and it is shown that a simpler model, which, however, is not conceptually

correct for extememly large damping, is sufficient for cases where only

small damping is expected. An approximate method of computing the liquid

moment of inertia in a baffled tank is given. This report published by the

Southwest Research Institute contains some very useful information for our

study of moments of inertia.
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(Ref. 24) presents a correlation of experimental measurement and
analytical prediction of free, planar oscillations of tank of mercury hung on
a pendulum. The reports describe a test set-up very similar to ours. It

goes into more detail than just the moment of inertia but it is useful in

comparing our procedures and results to their tests. The purpose of (Ref.

?-5) is to verify the results in (Ref. i0) for the effective rotary inertia of

fluid in a circular cylindrical tank about an axis perpendicular to the longi-

tudinal axis of the cylinder. The experimental results agreed fairly well

with the theoretical results of (Ref. 10).

(Ref. 26) is an older report which contains studies of the fluid dynamics

of some different-shaped fuel tanks in a horizontal flight attitude and under-

going pitching oscillations of a few degrees. The moment of inertia of the

fluid was determined for the various tanks over a range of tank fullness from

empty to full. For the tank-full case, comparisons of the experimental mom-

ent of inertia of the fluid with some theoretical solutions for the moment of

inertia of fluid in tanks having elliptic and rectangular sections indicate that

the theoretical solutions predict the experimental values for the elliptic and

rectangular tanks and offer engineering approximations of the fluid moment

of inertia for some tanks of other shapes. It was found that the ratio of the

fluid inertia to the solid inertia for a given tank fullness increased as the tank

fineness ratio increased. However, for a given tank the ratio of the fluid

inertia to the solid inertia for the same fullness was essentially constant over

a large range of tank fuUnesses and had approximately the value indicated for

the tank-full condition.

The third group (Ref. 27 through Ref. 38) includes reports on liquid

baffles and baffling. Different types of baffles are discussed as well as

different types of tanks. These reports will be helpful in our baffling tests

using the government furnished plexiglass tank. (Ref. 39 through Ref. 93)

include reports which pertain to liquid sloshing in some form or another.

They cover many different aspects of slosh over a wide range of applications.

These reports can be referred to when a specific problem arises. For ex-

ample. (Ref. 39) is helpful in converting liquid behavior in a hemipherical

bottom tank to a flat bottom tank. This report has been helpful for calcul-

ation on our plexiglass tank. (Ref. 84 through Ref. 92) cover slosh in spher-

ical tanks. The properties of slosh in toroids are discussed in (Ref. 93).

The fifth group (Ref. 95 through 108) contains reports which cover the

effect of fuel behavior on the stability of missile flight. Some of the reports

go into much more detail than just fuel problems but they are useful in stud-

ying the many adverse effects produced by missile flight.

(Ref. 109 through 113) contain the sixth grouping covering zero gravity

liquid problem. Presently we are not working in this field but it should be
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considered since new problems will result from weightlessness. It appears

that zero gravity may present major problems to the behavior of liquid in

extended space flights.

The last group (Ref. 114 to Ref. 175) includes all reports that do not

fall within the previous groups. These reports pertain to liquid properties

in one form or another and may be useful for some specific problems.

Z. 3.2. I. 4 Conclusions

The literature survey of the mass properties of liquids program has

produced many valuable books and reports. The search has not produced

all the reports pertaining to liquid slosh but it does include a good many of

the better known reports. These reports have been very useful in the past

and will continue to be useful in the future for the mass properties of liquids

program. The search for reports pertaining to liquid problems will continue

so that complete and up to date information on the latest technologies in this
field will be available.

2. 3. 2. 2 Develop Equations for the Moment of Inertia of a Liquid Filled

Clyindrical Tank about its Center of Gravity and Displaced Axes

Z. 3.2. 2. 1 Introduction

As launch vehicles get larger and, consequently, the liquid fuel carried

aboard increases, the dynamic behavior of the vehicle will depend strongly on

the fuel mass in the vehicle. In order to predict the motion of the vehicle as

it rotates during launch, the moment of inertia of the liquid about various

axes must be known. The objective of the Math Model Project of the Mass

Properties of Liquids Program was to derive mathematical expressions,

either theoretical or empirical, that would accurately determine the moment

of inertia of a filled cylindrical tank. The results of this project were to be

correlated with the Test Project to verify the accuracy of the equations that

were derived. The final results were to be a set of equations, tables and/or

graphs which could easily be used to provide accurate values for the moment

of inertia of a filled cylindrical tank.

The Math Model Project is divided into three phases. The first is a

Literature Search which has been completed and is covered in Section

2. 3.7. 1. This search provided background information for the present

program. The second phase which this report covers was established to

develop equations for the moment of inertia of a liquid filled cylindrical

tank as it oscillates about various roll and yaw-pitch axes. The last phase

was designed to study the effect of various baffle configurations on the moment

of inertia of cylindrical tanks.
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The present project phase is divided into four separate areas represent-

ing the effective moment of inertia for oscillations about different axes. These

areas are:

1. The Effective Moment of Inertia of a Filled Cylindrical Tank Oscil-

lating about a Yaw-Pitch Axis through the Center of Mass.

2. The Effective

iating about a

The Effective

lating about a

Moment of Inertia of a Filled Cylindrical Tank Oscil-

Yaw-Pitch Axis Displaced from the Center of Mass.

Moment of Inertia of a Filled Cylindrical Tank Oscil-

Roll Axis through the Center of Mass.

4. The Effective Moment of Inertia of a Filled Cylindrical Tank Oscil-

lating about a Displaced Roll Axis.

These areas will be discussed separately in the following sections.

The major emphasis has been placed on the moment of inertia of com-

pletely filled tanks. Even though most fuel tanks are usually in the partially

filled state, a study of filled tanks is beneficial for several reasons. First,

this study will reveal the internal behavior of liquid as it rotates about a given

axis. This will give a better insight into the correlation between the moment

of inertia theory for liquids and solids of the same shape. Secondly, in a par-

tially filled container the moment of inertia of the non-sloshing liquid has to

be known. This is particularly important, since the moment of inertia of a

liquid may deviate strongly from that of the solidified liquid. This is accom-

plished by considering the non-sloshing part of the liquid as a completely filled

tank, while the sloshing part of the liquid is considered as an extra degree-of-

freedom of the complete dynamic system.

2. 3.2.2.2 Moment of Inertia About a Yaw-Pitch Axis

The moment of inertia of an incompressible and non-viscous liquid in

a completely filled cylindrical container with a flat bottom and top is to be de-

termined for small rotational oscillations about an axis through the center of

mass of liquid and perpendicular to the longitudinalaxis of the tank as shown

in Figure 127. This can be achieved by solving the Laplace Equation

vZel) = 0 (161)
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FIGURE 127

COORDINATE SYSTEM FOR PITCH EXCITATIONS ABOUT AN

AXIS THROUGH THE CENTER OF MASS OF THE LIQUID
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with boundary (linearized) conditions

8_I@ r = -iWeoelWtz cos _0 at r = a (162)

b¢/bz = iWOo eiwt r cos q0. at z = +h (163)
--2

The derivation of the Laplace Equation and boundary conditions is given

in Appendix C8. The coordinate system has been chosen to have its origin

in the center of mass of the liquid. The oscillations are about the y-axis

and exhibit an amplitude @o The value _ represents the velocity potential

and w is the circular forcing frequency.

The solution of Equation 161 satisfying the boundary conditions 162 and

163 is given by the expression

_(r, qJ, z,t) = iW@oeiWta Z cos M _-rz/a g + 4 •

co

E Jl(enr/a) sinh(CnZ/a)

n=1 _n(en2-1) Jl(¢n) cosh(¢nh/Za)
(164)

r

where Jl(Cn_) is lhe Bessel function of the first kind and first order, and
l

e n are the roots of its first derivative ( J1 (en) = 0). The derivation of

Equation 164 is given in Appendix C9.

The pressure distribution is derived from the unsteady Bernoulli

Equation which is:

p = -p {8_Ibt +(lI2)[(b_/bx)2 + (6¢I)/by)2 + (8_/bz)2]-_ - F(t)} .(165)

The velocities bc_/Sx, 8_/by, and 8_/hz are small and their squares

can be neglected. F(t) can be included in the potential function • and

can be set equal to zero in Equation 165. _ is the external force potential

and depends on the tank orientation. Therefore, the linearized pressure

dis tributions are:
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P'.aH _= -P(<_ /°t)r=a + pg(h/2 _ z + ago[1 - cos _p.!) (166)

Pbottom = -P(8_/_t)z=-h/2 + pg(h + @oLa - r cos qv ) (167)

c
Ptop- P(°_l°t) z=hl2 + pg6 o [_a - r cos q;J (168)

co

Z# ei(_,ta g { sin h(enZ/a )Pwall = -Pf_ o cos _ z/a - 4 E

2 i) cosh(¢nh/2a)n=l en(en _

+ pg(h/2 - z - a_ ° cos c_ + aOo ) (169)

co

Pbottom = -P:_20 iU°ta2 (o e cos c# (-hr/2a Z) + 4 L

n=l

Jl(en r/a) tanh(Cnh/Za ) 1
+ pg(h- 6 o

2 )
¢n(¢n - 1) Jl(en)

r cos _ + a_o) (17o)

O3

imt 2 {Ptop = -puU2_o e a cos _ hr/Za 2 - 4 L

n=l

Jl(en r/a) tanh(enh/2a )

2.

¢n(e n -I) Jl(en)

+ pg(a@ o - r@ ° cos <e). (171)

The moment of the liquid about the origin is then obtained from
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3n h/2

0 -h/2
Pwall a z cos q_dzd q_ +

2_ a
2

J' f (Pbottom - Ptop )r
0 0

cos q_dr d _ (172)

and yields

=0 2tanh (enh/la) I

2 Zeoeimt (hZ/12.a 2 1/4 + 4 Z enh/2a }My : -ma _ - 2 "
n=l enZ(en -I)

(173)

From this, the effective moment of inertia of the liquid in the container can be

obtained with

°.

My = Ieff@ = __2Olef f (174)

and is finally given by the expression

2tanh(¢ nh/2a)
-1

Eh co (enh/2a) 1
lef f = ma 2 2/IZa2 - I/4 + 4 L 2(

n= I en en 2- I)

(175)

For a solid circular cylinder of the same magnitude as the liquid volume

the moment of inertia about the y-axis is:

g [hg/IZa2 + 1/4] (176)Isoli d = ma

Therefore, the ratio of the effective moment of inertia of the liquid to that

of the solidified body yields:
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1 - 2tanh(Cnh/2a)-

(c nh / 2a)
i/2 + 4 L

leff/Isolid' = {I - n=l Cn2(en 2-I) } . (177)

hg/1Za Z + i/4

The result of this equation for various aspect ratios is shown in Table

4Z. The zeros of the first derivative of the Bessel functions are given in

Table 43. A graph showing I^;#/I i.; versus the aspect ratio is shown

by the solid line in Figure iZ_._ _a approaches zero or infinity, the

moment of inertia ratio approaches unity.

lira <f leff }h-_o J = I
Isolid

h--- co

(178)

This means that in shallow and very long containers most of the liquid par-

ticipates in the rotational motion. It furthermore can be seen that the mom-

ent of inertia of the liquid can be quite small since not all of the liquid takes

part in motion. Some of it is almost completely at rest. As the aspect ratio

h/a of the container increases from the shallow tank to a long container, the

moment of inertia ratio decreases from unity at h/a = 0 to a minimum of 0.

16 at about h/a = i. 72 and then increases again to unity as h/a approaches

infinity.

These are the results for ideal liquid. It may be mentioned that for a

real liquid the internal friction causes more of the liquid to follow the tank

motion. This means that not only a small amount of damping is present,

but also that the effective moment of the liquid is somewhat larger than indic-

ated in Figure 128.

The experimental data are exhibited by the x's shown in Figure 128.

This data was obtained from tanks with two feet diameters using ordinary

tap water. The results of the analytical expression andexperimental data

gives very good agreement. The experimental points axe a little higher than

the analytical curve, as discussed previously, because the liquid is viscous.

A higher v_scosity liquid would cause the experimental points to be even

higher. The frequency of oscillation did not affect the moment of inertia of

the water, for the frequency range covered, but extremely low frequencies

would cause the moment of inertia to be higher.
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TABLE 42

RESULTSOF leff/Isolid_ FOR VARIOUS ASPECT RATIOS

hla leff/Isoli d h/a leff/Isolid

.4

.6

.8
1.0
1.2
1.4
1.6
1.8
Z.O
Z.Z

84046 2.6
64824 3.0
50176 4.0
34886 5.0
24463 6.0
18072 7.0
15686 8.0
14762 9.0
16365 i0.0
19347

771_

35617

53828

66344

74758

80478

85220

87606

896O6

ZEROS e

TABLE 43

OF THE FIRST DERIVATIVE OF THE BESSEL-FUNCTION

OF FIRST ORDER AND FIRST KIND

Jl(en) = 0.

n

1

2

3

4

5

6

7

8

9

I0

ii

G n n e n n en

1.84119

5.33144

8.53631

ii 70600

14 86359

18 01553

21 16440

24 31145

27 45751

30 60194

33 74397

12 36.89000 23 71.

13 40.03341 24 74.

14 43. 17665 25 77.

15 46.31957 Z6 80.

16 49.46238 27 84.

17 52.60507 28 87.

18 55.74758 29 90.

19 58.89000 30 93.

20 62.03234 31 96.

21 65.17465 32 99.

22 68.31682

45677

60000

74383

88514

02718

16914

31228

45301

59499

73675
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2. 3. 2. 2. 3 Moment of Inertia About A Displaced Yaw-Pitch Axis

The moment of inertia of a liquid in a completely filled container oscil-

lating about an axis perpendicular to the longitudinal tank axis, but not pas-

sing through the center of mass, as shown in Figure 129, can be obtained by

solving the Laplace Equation:

2
V _ _- 0 (179)

With the boundary conditions:

ei'_tz cos ¢_ at r = a -
8_/8 r = -iw@ o (.80)

80/8 z : iw@ o el i'tr cos c_ . at z = (X- 1)h and Xh (i81)

The coordinate system has been chosen such that the y-axis represents the

axis of rotation about which the excitation takes place.

The solution of Equation 179 with the boundary conditions Equations

180 and 181 is given by the expression:

_.'(r, _ z, t)

co

-- isJi_oei_;Jta2 cos _0{-rz/a 2 + 4 Z

n=l

whe re:

Jl(en r/a) F(z) } (182)

¢n(en2-1) Jl(en) sinh(enh/a)

F(z) = rcosh(en/_-l)ha - cosh(en_kh/a )]_ cosh(enZ/a)+

f-

Lsinh(C-n_h/a) sinh(en/(_-l)ha) ] stnh(¢nz/a) (183)
.]

The solution of this equation is similar to the one in the previous section.

For _,= 1/2 it can be seen that the Equation 182 presents the same result
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FIGURE 129

COORDINATE SYSTEM FOR PITCH-EXCITATION

ABOUT ARBITRARY AXIS
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of Equation 164the velocity potential of the previous case.

The pressure distribution in the container is given by:

F q
Pwall = -P(8@/3t)r=a + pg(kh - z + aeo L1 - cos <pJ)

Pbottom = - p(B¢/bt)z=(k-l) h + pgL(k_ l)h + 0o(a - r cos q_)j

r ]
Ptop : -P(6_/St)z=kh + Pg%L a - r cos q0

(184)

(185)

(186)

and yields at the container wall, bottom, and top, the expressions:

co

Pwa.ll = -p_Z0oeiwtazc°s %0 {+ z/a - 4 E F(z)
Z

n=i gn(g n - i)s ..... _gnh/a)

}

+ pg(kh z + a9 o _I - cos q0 ) (187)

oo

Pbottom = -P_gOoei_tai cos q_ {r(k - 1)h/a g + 4 >_ (188)

n=l

Jl(gn r/a) • .F(A.-l)h } + pgE(_.- l)h + @o(a-r cos c_)]

gn(en Z-l) Jl(en) sinh(gnh/a)

r co Jl(_:n r/a) • F(kh)Ptop = -Pt_gOo eit_tag cos _p kh/a z + 4 i
n=l en(enZ-l) Jl(gn ) sLn(enh/a)

+ pg0 o La - r cos qD .

The moment of the liquid about the y-axis can be determined from:

g_ kh Z_ a

My = _0 7 aPwallZ cos _ d %0 dz + 7 7 (Pbottom - Ptop)(X- l)h 0 0

r Z cos _ d q0 dr

(189)

(190)
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which yields :

c_

My._''_' : - maZ,_gOoe- i_t _(h2/3a 2):A3_ (X _1)3 ]__ 1/_ + 4 )_
n=l

2tanh(enh/Za ) -_
-I (mg(l-aX) hOo ei_t) /2 , (191)

(¢nh/Za)

CnZ(¢n2_ 1 ) i

The last term is the static moment which appears because the axis does not

pass through the center of mass. This term has no effect upon the moment

of inertia of the liquid; therefore, one obtains from Equation 191:

-_201eff :-ma2_2_oe_UL't ,r-(h2/3a2)E_3-(_,-113 ] - 1,4 + 4 >:

n=l

Z tanh(Cnh/2a)
- 1 (19z)

gnh/ga "]

J.
£ng(¢nZ- 1)

Only the first term in Equation 192 differs from Equation 173 and Equation

192 equals 173 for _ = I/2.

The effective moment of inertia of the liquid about the axis of rotation is

is therefore:

dtanh (_:nh/Za) i

r . . . . 4 =L (_nh/2a) -]
Ief f : maZk(hZ/3a Z) + (hZ/aZ)k(X -1) - 1/4 +

n:l gnX(¢n Z-l) j
(i9_)

For a solid circular cylinder occupying the same volume as the liquid, the

moment of inertia about the y-axis can be obtained with the transfer theorem

which yields

2
Isoli d : Icm +mx (194)

290



where:

A

(1/2)h I

X

i
i

-(1/2)h

/.
axis

c. m, _

Xh

(I -1)h

I
I
4

It is therefore:

x + kh -- h/2

x =(h/2)(1-2X)

x 2 = (h2/4)(l_2k) 2

Isoli d = Icm + (rnh 2 (1-2A)2)/4 (195)

or:

Isolid = ma2 (1/4+ (h/a)2[l/3+k()_-l)_} (196)

where:

Icm = m [a2/4 + h2/123 (197)

the moment of inertia of a rigid cylinder about its center of mass has

been used. Therefore, the ratio of effective moment of inertia of the

liquid to that of the solidified liquid is given by the expression:
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leff/Isolid : <i-
i/z + 4

co

n=l

gtanh(_nh/2a )
l-

¢nh/Za

21)_: n2(e n - (198)

1/4 + (h/a)2_l/3 + l(l-l)]

From this we can conclude that the Transfer Theorem is valid for the liquid

as can be seen from the expression:

Ief f = (nlh2(l-2X)2)/4 + Ief t c.m.

Ief t (n_h2(l 2t)2)/4 + maZThZ/12a 2= - L - 1/4 +

<o

n=l

(199)

3tanh(¢nh)

(_£nh/2a) - 1

(zoo)

2tanh( enh / 2a)
co

left = ma g _'L(h/a)2(i/3 + X(X-I)) - i/4 + 4 L _;nh/Za - I]_
n:l ¢nZ(en2-l) (201)

indicating that Equation 201 is identical to 193. This means that for an oscil-

lation about any axis perpendicular to the longitudinal axis, the moment of

inertia of the liquid in the container can be determined by adding the effective

moment of inertia of the liquid about its center of mass to the product of the

mass times the square of the distance between the parallel axis of oscillation

and that through the center of mass.

Calculations Ieff/Isoli d at various aspect ratios and axis displacements

are shown in Table 44. This data is also presented in plotted form in Figure
130.

From the analytical results of this investigation, it can be seen that

the influence of the effective moment of inertia of the liquid about an axis

through the center of mass is diminishing steadily with increasing k

i.e., increasing distance of the rotational axis and the center of
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mass. For l-*% Equation 198 shows that Ieff/Isolid approaches unity. As

indicated in Figure 130, the minimum amount of inertia ratio shifts with

increasing k to smaller liquid height ratios of h/a and exhibits smaller de-

viations from unity.

The experimental data are represented by x/s in Figure 130, where the

value of X is shown by each respective point. By interpolating between the

solid lines, we see that the experimental results agree very well with the ana-

lytical solution. The experimental points may be a little high which is caused

by the viscosity of the liquid; also, experimental errors cause some variations.

2. 3.2.2.4 Moment of Inertia about a Roll Axis

A circular cylindrical container which is completely filled with liquid

performs roll oscillations about its longitudinal axis. Due to friction in the

liquid and at the tank wall, part of the liquid participates in the motion of the

container. The purpose of the following section is to find the effective mo-

ment of inertia and effective damping of the liquid in the container. Due to the

difficulties in satisfying the boundary conditions, the problem is treated in two

parts. In the first part, the cylindrical wall influence is investigated alone.

This is performed by treating an infinitely long tank and solving the Navier-

Stokes Equation withthe corresponding boundary conditions. The second part

of the problem investigates the effect of the container top and bottom. In this

case, the influence of the cylinder walls is neglected. The superposition of

wall, bottom, and top results should represent a good approximation.

In both cases the Navier-Stokes Equation has to be solved. With the ve-

locity vector in cylindrical polar coordinates.

-* r_r q.'$_0v : _ + _ + _ (202)

the Navier-Stokes Equation for incompressible liquids

y ] :--+ (203)b-_/bt + (I/2)grad_ 2 - x curlv-* + (I/p)grad p g + vq2_ -_

can be written in component form as
2

/r + Wb_r/bZ + (1/p)(Sp/_r) =

v [_Z_rl6r2 +(llr)(b_rlar)- _r Irz + (llr_(8Z_rI_°z) -

27
(2/rZ)(. 8t_.,,/bqu) + 8Zl_r/6Z (zo4)
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¢_w/,_t

_t + _r6_qj/6r+ (_lM/r)(6_/b_) + _r_q _/r + wo_lq_/<)z + (1/pr)(_p/_) =

F2
v h 0 _¢p/c)r 2+(l/r)(O_q_/Or) - _ci./r 2+ (1/.2 ) (o2g/0_ 2) +

(2/r 2) (O_/,jq_) + 02_._:/oz 2 ] (205)

+ tarOW/c_r+ (_lcp/r)(Ow b_) + wOw/(_z + (1/pXOp/oz) = g +

v,_fo2w/¢r2+(1/r)(ow/Sr) +(1/r2X82w/6c_ 2) + <)2w/oz 2] . (206)

is the mass density andv is the kinematic viscosity. The vector g repre-

sents the acceleration due to external forces. Since the liquid is incompres-

sible the continuity equation reads divvy = o

or

b_r/_r+(l/r)(_)_q_/0%_) + _r/r + 8wiSz = 0 . (207)

For the determination of the torque that is exerted on the liquid by the motion

of the walls the stress components have to be determined. The normal stress

components are given by

@r = -p + 2_0_r/Sr (208)

Oq =-p + 2_ 1 _l/r)(bN_/5_) + _r/r_ (209)

o z = -p + Z_Swlbz (210)

while the shear stresses are represented by the expressions

n-r_ = 'r_ _qa_/r)/_r+(l/r)(_ar/_q_)i._
(211)
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CMz = _[_/@z+(l/r)(_w/_) l (212)

Trz = N O_Ir/bZ+ awlarJ (213)

where _ is the dynamic viscosity of the liquid.

Treating an infinitely long circular cylindrical container, Figure 131,

roll oscillating with @(t) = @ o eiwt about its longitudinal axis reveals that due

to symmetry b/bop-0 and b/6z - 0. It furthermore can be seen that only the

angular velocity component is not vanishing, i.e. _r = w = 0. With these

observations the Navier-Stokes Equation, which originally represented three

non-linear partial differential equations, yields a linear differential equation

of the form

Ju@lot v Fo2_q_10 - Pq;Ir2_= _ r2+ (llr) (0p%018 r) (214)

while the continuity Equation 207 is identically satisfied.

tions are given by:

The boundary condi-

P(# = aiWOo eiwt at r = a (215)

Pq_ = 0 . at r = 0 (216)

This means that the liquid particle at the wall performs the same mo-

tion as the wall, while along the center axis (axis of rotation) the particles are

at rest. With:

P_ = U(r) eiwt (217)

Equation 214 tranmLorms into:

d2U/dr2+(i/r)(dU/dr) - (i/r 2 + iw/v)U = 0 (218)

which represents nothing but a Bessel differential equation, the solution of

which is given by:
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FIGURE 131

INFINITELY LONG ROLL OSCILLATING CYLINDER
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U(r) = AIl(kr ) + BKI(Xr ) (219)

where k = _/ iwlv The boundary conditions Equations 215 and 216

are with Equation 217 given by:

U : ai.t_ _ .- - -_ ,-_-_
_o ..... _0)

and

U _ 0. at r = 0 (221)

Since the modified Bessel function K, exhibits at r = 0 a singularity, the inte-

gration constant B must vanish. It is

Ii(r_/{_/9) = berl(r_/v)+ ibeil(r_/_/_) (222)

and the solution of Equation 218 is therefore, with Y = _/-_7-_

U(r) = A (berl(r_-7-_) + ibeil(r_/_7_ )} (223)

where A is an integration constant and yields with Equations 220 and 221

A _

aiWGoFbeil(Ya) + ibeil(Ya) ]

Iberl2(ya) + beil2(ya)l

(224)

Thus the velocity distribution P_0 in angular direction yields

aW@o /;2 + _2 ei_ wt + arctan(p/C0]

_lq0(r) = _fberl2(ya)+ beil2(ya)]

where:

(225)

Cr = berl(Yr)beil(Ya ) - beil(Yr) berl(Ya) (226)

= berl(3r) berl(Ya) + beil(Yr) beil(Ya). (227)
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The ber and bei functions are the modified Kelvin functions and can be

represented by the series expansions:

co

)n×Zn + I

' cos 3rI(2n + l)/4jberlx : Z2 n +n=O In! (n+l) !

(zzs)

beilx =
)J (_l)nx2n + 1

n: 1 Z2n + ln!(n + 1)!
sin_3_(Zn + 1)/_].

The shear stress at the container wall is given by:

{229)

_ i ,_t:('1 rC_)r: a = _ _(g_/r)/_r \ 8Hq_ o JJr=a = _ /Sr - i_i(_ e
(z30)

and yields

( B a'&k_o¢ ei :t' t) V itut

(r rq_)_ :a = erlZ( beil2(ya)_ Y X + isj _ _i0_8oe
b (a) + j

whe re

X = ber[/(,'a)beil(f a) - beil/(ya)berl(Ya)

(231)

(232)

/

= beri/(-_a)berl(Ya) + bei 1 (y a)bei[(y a) (233)

The forcing torque T O on the liquid of height h is then:

h Zz

To f azd a 
0 0

which yields

_'a ._-i7-/-U( X + i8)

T O = 2::ha2:_tberl2(a _ + beilZ(av/_/_ } - I} i'oei':t

The equation of the vibrational motion of the liquid is represented by

(Z34)

(z35)

300



.o

Ieff_ + CeffU = T O (236)

where Ief f is the effective moment of the liquid and Cef f its effective damping.

It can be seen that no restoring force is present, i.e. the liquid system has no

natural frequency and the liquid will not exhibit a magnification function for the

angular displacement. The equation thus serves for the determination of the

effective moment of inertia and damping of the liquid in the container. With

e = @o eiwt Equation 236 assumes an algebraic form which by separation of

real and imaginary part yield the desired expressions of the effective moment

of inertia of the liquid

Ie ff =

2_a'-,v/_Ebeil(a_/_)berl(a_/_/v)- berl(a_/_/v)beil(a_/t_/_) _

and the effective damping coefficient

!

2_a3h_(_7_) _berl/(a_)berl(a_7-_) + be[ l(av/-_-_)beil(a_/w---7_)_

Cef f --

_/:_--Ebe r 12 (a _/_) + b e i12 (a _]-v_] (Z38)

It can be seen that for decreasing frequency w-*0 the effective moment of

the liquid approaches the value of the " solidified" liquid.

lira Ief f : Isoli d = ma t
c_,.._o 2

The effective damping coefficient approaches zero

lira Cef f = 0
_-'_O
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It may beadvantageousto represent the effective moment of inertia of the
liquid as a part of the liquid that can be considered solidified. This means
that the liquid of height h is represented as liquid of height herf being con-
sidered solidified. This effective height is given by

hef t : (4h/a)v_L beil(a'jw'--_')berl(av/w/v) - ber}(a_/-_7_)beil(a_/_/V)_

iberlZ(a_/_/v) + bcila(a_)] (a39)

It is as the effective moment of inertia of the liquid depending upon the

container radi_,_ _ the kinematic viscosity v_ and the exciting frequency w.

If a _/w/v < i the effective height can be approximated by:

(heft/h)_-_l - a4w2/128v 2 (240)

The effective moment of inertia is approximately

left = ma2(l - a4w2/128vg)/2 or leff/Isoii d = I - a4wZ/IZ8v 2 (241)

The effective damping coefficient can be approximated for small w

or large v (as }ong as a_/w/w < I)

and a,

: 6htj,2T1/48v = Z _Sv (242)C e ff T_a 2 rna 4 w

It can be seen that the effective moment decreased rapidly for increasing

forcing frequency w and that it decreases less rapidly for a more viscous

liquid. Since the magnitude of the value _/w/v _ 103E1/mj for

the propellants used in space flight, the argument of the modified Kelvin

functions is large, indicating that the asymptotic expansion for these functions

may be applied. It is the asymptotic expansion of:
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ber:_-'e×JdrJdT_(i-sjs_e->cos(xjjr + s_js) - ljs_:_-•

sin(×/J-Z + sT:18)]

beilx _ eXlgalU2"-_-_[ii×s,d"Zcos(×l,,l'Z + 3::/8) + (l - 3/8x</-2) •

sin(x/,v/2 + 3n/8)j

(243)

(244)

berlx _._ eX/JZ/U_-_E(i - 718x_/-2)cos(xldW+ 5:/8) - 7/8x,/2-

- ]sin(x/_/2 + 5T:/8) (Z45}

beil>: _ exlUg,"U'-Z'g-x_718xJZ cos(x_/_ + 5::/8) + (l - 7/8_F2)

sin(x/J-2- + 5::/8)]. (246)

Introducing these values into the Equation 237, it yields the effective moment

of inertia of the liquid in the most important tank diameter, frequency and

viscosity range. It is

ieff/isoli d = g_/_- { 1-_/2W/4a_/-_ }

aU6Yi? + 5Jv/64a_/{D - 3,/2/8
(247)

or

Ieff/Isoli d -- {g,v/2 /a)J_/_ for small ,v/V/re. (248)

From this we conclude that for propellants used in space flight, the

moment of inertia ratio is indirectly proportional to the container diameter

proportional to the square root of the kinematic viscosity, and indirectly pro-

portional to the square root of the forcing frequency.
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The results of Equation 247 are shown in Table 45 and in plotted form

in Figure 132. The curves show that the leff/Isoli d ratio is extremely small

for water at all frequencies except those at extremely low frequencies which

are not normally encountered during space flight. Because these ratios are

so small, the moment of inertia about the roll axis of a cylindrical tank can

be assumed zero. The ratio of Ieff/Isoli d for higher viscosity liquids is

much larger as would be expected, but these viscosities, however, are not

encountered in space flight.

The experimental data are again shown as x's in Figure 132. A tank with

a 3. 75 inch radius was used with oil and water as the liquid. The test results

are in good agreement with the analytical solution. The deviation of the two is

attributed to experimental error and the difference in the experimental and

theoretical viscosities.

From previous results, Reference 3, it can be seen that the contribution

to the moment of inertia of the liquid, due to the container top and bottom

motion, is negligible. At extremely small forcing frequencies, approximately

10 -6 radians/seconds, the inertia added by the topand bottom is still one order

of magnitude smaller than those of the wall.

Z. 3. 2.2. 5 Moment of Inertia About A Displaced Roll Axis

Since the transfer theorem was applicable for the moment of inertia

about a displaced yaw-pi tch axis, it should be applicable for a displaced roll

axis. With this assumption we have

Ieff : Ieff c.m. + m(KR) Z (249)

where × is the ratio of the displacement to the radius of the tank as shown in

Figure 133. Equation 249 can be rewritten as

Ieff: (leff c.m./Isolid c.m.)Isolid c.m. + mKZ R2 (250)

because the ratio of Ieff c.m. to Isoli d c. m.
a solid, the moment of inertia is

has already been obtained. For
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TABLE 45

ANALYTICAL RESULTS FOR leff/Isoli d FOR THE ROD

AXIS OSCILLATIONS

12.52 0.5

6.28 1.0

3.14 Z.0

2.09 3 0

1.26 5 0

0. 63 I0 0

0.42 15 0

0.31 20 0

O. 25 25 0

0.21 30 0

0. i0 60 0

O. 07 gO. O

I /I . _,_(2 _/2--/a)(v v_ )elf sohd

iiVwate r = 23.2. xl0-4(in2/sec) Voi 1 = 1. 28 in2/sec i

i a = 3. 75" a = 11. 88" , a = 3.75" i a = 11. 88". i

051

032

0Z6

021

016

011

009

O08

007

007

005

004

016

011

OO8

007

OO5

003

OO3

003

OO2

. 002

.002

.001

826*

653*

626*

423 '::

390*

270

220

191

171

156

110

O9O

381

269

190

156

120

O85

O69

060

054

049

035

O28

::: Equation 3.24 must be used to calculate these values because _ is too large.

TABLE 46

ANALYTICAL RESULTS FOR Ieff/Isolid FOR THE

DISPLACED ROLL AXES

Ieff/Isoli d For Water

a = 3. 75" a = 11. 88

J) = 15.0 w= 5.0

0.25 0.12 0. 12

0. 50 0.34 0. 34

0. 75 0.53 0. 53

1.00 0.67 0.67

1.50 0.82 0.82

2.00 0.89 0.89

3. 00 0.95 0.95

5.00 0.98 O. 98
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FIGURE 133

CYLINDER OSCILLATING ABOUT A DISPLACED AXIS
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or

+ m<2R (251)
Isolid Isolid c.m.

isolid : mR2(1/2 + < 2). (252)

The ratio of the effective moment of inertia to that of the solid one is then

mR2{Ic '2 m ) + < 2)"ff c.m.t Isolid c. .
_- (Z53)

Ieff/[s°Iid mR2(1/2 + K 2)

or

(l/2){Ief f c.m./Isotid c.m. ) + <

!eff/Is°[id = 1/2 + K 2
(254)

For k = 0 i.e. the location of the roll axis is passing through the center

of mass, we obtain the expression of Equation 247. With increasing ^, i.e.

increasing distance of the roll axis to the axis of symmetry of the container,

the moment of inertia ratio approaches the value unity, which means, that

the effective moment of inertia approaches that of the value of the solidified

liquid.

The results of the analytical expression, Equation 254 is shown in Table

46 and Figure 134. The x's in Figure 134 show the experimental data points

which are in good agreement with those of the analytical results.

2. 3.2.2. 6 Conclusions

A set of equations have been derived and verified experimentally with

very good agreement. It is thus possible to accurately determine the moment

of inertia of a filled cylindrical tank as it oscillates about various axes. The

equation for the yaw-pitch axis oscillating about the center of mass is

i - 2tanh(_nh/a)

I/2 + ,I _] <nh/Za

2 1) }leff/isoli d : tl_ n:l Cn2(e n -
(255)

hg/12a 2 + 1/4

3O8
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The only variable considered is the aspect ratio, h/a. The zeros of the first

derivative of the Bessel function, cn are given in Table 43; therefore, Ieff/

Isoli d can be determined easily. This solution is for an ideal liquid, that

is, nonviscous, but the viscosity of liquid fuel is small enough so that this

equation will yield a result accurate enough for space flight purposes. The

equation for oscillation about a displaced yaw-pitch axis obeys the Theorem

of Steiner , or the Transfer Theorem, and is

2 tanh(_:nh/2a)
co i -

i/2 + _ Z Gnh/2a

!eff/isoli d = tl _ n=l %2(%z_1) (as6)

1/4 + (h/a)2[1/3 + X(X 4 1)]

The symbols in this equation are the same as before and k is the ratio of the

axis displacement from the container top to the tank height.

The equation for the roll axis about the center of mass is

1 - ,v'?-v / ta_/w
leff/Iso[i d = 2V_ ._L.

aV/u_/v + 5_/_/64a,_/d_ - 3,/2/8

}_. (Z v.r-_ / a) vv_7-a]

(257)

where the variables are the angular frequency w , kinematic viscosity _' ,

and the tank radius. This is valid for small v /m Since most fuels have

low viscosities and the tank walls are relatively smooth, the moment of inertia

about the roll axis can be assumed zero without producing any error. The

displaced roll axis also obeys the Transfer Theorem and is

(l/2)(Ieff c.m. /Isottd c.m.) + _:2
Ieff/Isoli d : ,._ 1

l/Z + <Z i + IlL _z

(2581

where leff/Isoli d c.m. is the results obtained for roll axis about its

center of mass and _ is the ratio of the axis displacement to the tank

radius. For all practical purposes, Ieffc. m. /Isoli d c.m. can be assumed

zero. With increasing distance of the tank and oscillation axis, this ratio

quickly approaches unity.

These four equations accurately describe the moment of inertia of a

filled cylindrical tank and are useful in determining the moment of inertia of

a tank configuration which contains a cylinder.
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LIST OFSYMBOLS

SYMBOL DEFINITION

t

i

r, q_,z

a

h

0
0

JI

C
n

P

P

X, y, Z,

-;,

g

M
Y

m

Velocity potential functions

Circular forced frequency

Time

Imaginary unit

Cylindrical coordinates

Tank radius

Tank height

Maximum amplitude of small angular

displacement

Bessel function of first order and first kind

Zeros of the first derivative of the Bessel

function of first order and first kind

Jl'(cn) = 0.

Pressure

Density

Cartisian coordinates

External force potential

Unit vectors

Acceleration of external forces

Liquid moment around center of mass of

undisturbed liquid (clockwise positive)

Liquid mass
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LIST OF SYMBOLS(CONT'D)

SYMBOLS

v

e r' e, k

v = _//P

0 r, 0-_ ,0 z

1 rq-' Tq_z' ; rz

T o

KI

DEFINITION

Ratio of axis displacement from the con-

tainer top to tank height, for yaw-pitch

oscillatiop

Velocity vector

Velocity vector of liquid particles

Unity vectors

Dynamic viscosity

Kinematic viscosity

Normal stress

Shear stresses

Forcing torque

Ratio of axis displacement to tank radius

for roll oscillations
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g. 3. g. 3 Investigate Analytical Method of Describing the Moment of Inertia

of Liquid Filled Tanks with Baffles

Z. 3. g. 3. I Introduction

In order to decrease the adverse effect of propeIlant sloshing upon the

stability of a space vehicle, the damping of the propellant has to be increased

in some way. This is universally performed by introducing annular ring baf-

fles into the propellant container, thus changing the flow pattern of the liquid

decisively at the location of the maximum longitudinal flow velocity. For the

design of the control system and for load considerations, relatively accurate

knowledge of the moment of inertia of the liquid propellant has to be known.

This is obviously hampered by the presence of the slosh baffles. If one would

consider the propellant as rigid, then the control system may be overdesigned

and one might have to omit certain critical ascent phases. If the liquid were

considered ideal and the smooth container wall value would be used for the

effective moment of inertia, then the control system may be underdesigned and

the space vehicle would in some cases not be able to fulfill its mission. The

deviations of the effective moment of inertia of the liquid propellant due to the

presence of slosh baffles is therefore of some importance and shall be treated

here by an approximate analytical method.

2. 3.2. 3. g Determination of Approximate Pressure Distribution Across the

Ring Baffle

The pressure and velocity distribution in a circular cylindrical container

with smooth tank walls can be determined for non-viscous liquid with the help

of potential theory, Reference I. The introduction of baffles in order to reduce

the influence of propellant sloshing upon the stability of a space vehicle changes

the flow pattern and the pressure distribution in the immediate vicinity of the

slosh baffles, decisively. A simple approximation shall now describe the in-

fluence of a baffle, with the help of a disturbance potential.

In a circular cylindrical container, a horizontal annular baffle of width

w, is attached at the container wall as shown in Figure 135. The width w of

the .baffle is considered to be small compared to the container radius a, i.e.

w/a<<l. This expresses the fact that for all practical uses the velocity dis-

tribution that would be present without the baffle can be considered constant

over the width of the baffle. We furthermore assume that the flow around the

baffle can be considered as a two-dimensional flow. The disturbance potential

created by the slosh baffle can therefore be approximated by the flow around

a flat plate.

The pattern of a flow around a flat plate can be seen in Figure 136. Noting

with _5;:_the disturbance potential created by the existence of the slosh baffle,

then the total potential of the flow yields, Reference 2,
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el, = _ + _:' (259}

where qa is the potential of the liquid motion in a container with smooth tank

walls.

By adding the image of the slosh baffle to the whole configuration, the

tank wall becomes a stream line and one is able to solve the flow problem by

the application of complex functions. The stationary flow around a flat plate

can be obtained from the complex stream function.

= _ + i_ = iWo w sinh _ (260)

where W ° is the flow velocity at infinity, i.e. here the velocity of the liquid

at the location of the baffle for smooth wall, _ = _ + ilq and z = w cosh _ =

x = iy. It is 0 < _< co and -r[< _ < + _. The potential function is

= WoW sin _ sin (261)

and the stream function is

= WoW sinh _cos T] (262)

At the container wall (_] = +_/2) and the slosh baffle (_ = 0) which represents

a streamline, the stream _unction ($) is $ = 0. It is

x = w cosh _ cos

y = w s inh _ sin T]

(263)

Subtracting the potential function of the parallel stream from the total potential

yiel.ds the disturbance potential

_;1' = Wo[Y - w cosh _ sin T_]=WoWe-_sin T/ (264)
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The disturbance velocity v* is then g{venwith

by the expression

V* ----

sinhZ_ + sinZ1q

(Z67)

This disturbance velocity v*, caused by the baffle,

= +r_/Z given by

is at the container wall

, Woe-_
Vwall = cosh

(268)

and at the baffle it is

* W° (269)
Vbaffle -

sin

The nonstationary Bernoulli equation is

"2 _c
v p a _'::
-- + - 0 (ZTO)

2 p at

Here the static pressure term gz has been omitted since we are only interested

in the pressure difference across the slosh baffle, The nonstationary force

can now be obtained with the following values.

_ + -- -- (ZT1)
By _ _y an _y
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b _):',_ _ -_ (272)
b_ -WoWe sin _]

b _6,:-" -_ (273)- WoWe cos r]
bn

= bx/_3 _n _ bx/b__ (274)
by F(x, y) by F(x, y)

where F(x,y) is the functional determinants and is represented by the expression

F(x, y) :

5x by

bx 5y

= w 2 [sinh2_ cos2/] + cosh2¢ sinZT]}

(275)

Finally

Cy : --I cosh ¢ sin _ (276)

[sinh2¢ cos2_] + cosh2¢ sin211}w

1

T]y = w [sinh 2 $ cos 2 T]+ cosh 2 ¢ sin 2 _ } (77)

sinh $ cos I"I

b_-':_ -¢ [cosh¢ sin2 rl - sinh_ cos 2 I"13 (278)
- -WO e

by [sinhZ_cos2_ + cosh2_ sin2T]]

This is

ae:-- _¢
bt - w°we

2 -¢ [coshCsin2_] - sinh $cosZT]]
sin vl +w o e

[s_nh2_ cosZ_q + cosh2 _ sin2_ ]

(279)

318



At the container wall _ = +_/2 are obtained, therefore
m

) 2 e-__6':" = +WoWe-_ + w o
wall cosh

(280)

with which the pressure disturbance by the presence of the slosh baffle is

given by

P_all = + p _VoWe- _ + p Wo2
e-2 ]cosh _ 2 cosh2_

(281)

The upper sign in this equation belongs to the pressure above the slosh baffle,

while the lower sign belongs to the pressure below the baffle neglecting terms

of higher order the pressure disturbance at the wall yields

Pwall = + 9 WoWe-_ (282)

where w o is the acceleration of the wall at the location of the baffle (for smooth

wall). It can be seen that the disturbance pressure is larger at the baffle (_ = 0)

and decays exponentially as the distance from the baffle increases. The pres-

sure disturbance, furthermore, is proportional to the liquid density, the accel-

eration (for smooth wall) of the liquid at the location of the baffle and to the

width w of the baffle. It may be noted, however, that the width w has to satisfy

the conditions w/a << 1. The pressure distribution at the slosh baffle (_ = 0)

yield, with Equations 267, 270, and 279, the expression

p':== PWoW sin _ + PWo 2 (283)

At the upper side of the baffle it is _ > 0, while at the lower side _ < 0.

Therefore, the pressure difference across the baffles yields the value

p : 2PWoW sin _] (284)

which is with z : w cosh _ giving for _ = i_ in the expression x : w cosh TI,

the expression
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p = 2pwow_/1 - (xlw) 2 (285)

The pressure difference is of parabolic form across the baffle. It is zero at

the edge of the baffle, and exhibits its maximum value at the root of the slosh

baffle. Again it is proportional to the liquid density, the acceleration of the

liquid at the baffle (for smooth wail) and the width w of the baffle.

For a circular cylindrical container, as shown in Reference I, the velo-

city distribution is given by

co Snsinh[( en/a)(z + h) } j 1 (enr/a) _]n2
Wo = 2it% Xo ei_'_ tcos %0 E

2 l)cosh(enh/a)Jl(en)( I _ _n 2)n=l (en - (286)

Therefore, the pressure difference at this slosh baffle yields

PJ = 4p_Zx°c°s_w l-(x/w) 2

CO

E 2
n=l (en

¢nsinh [en/a(z +h) ] Jl(enr/a)_]n 2

- 1)cosh(¢nh/a)Jl(en)(1 - _]n 2)

(287)

where Jl is the Bessel function of first kind and first order, en are the roots

of the first derivative thereof, Jl'(en} = 0, and Nn = _/Wn is the frequency

ratio of the forcing frequency of the natural frequency of the liquid. It may

be noted here, that the velocity w o in z--direction is due to harmonic excita-

tion in x--direction of a liquid with a free fluid surface. Expressing this re-

sult with the aid of the free fluid surface elevation (Reference I)

fagXo eii6t r = Jl(Snr/a) _n 2

- g/a cosq_ a + 2 _ (288)n=l (¢n2-1}Jl(en) (1-Tin2)

which, because of

co

r Jl(enr/a)
-- = 2 Z (289)
a (en2n=l - 1)J 1 (en)
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and

Wn2 = gaCntanh(Cnh/a) (290)

_=_ be ...._**_ ;_ the _

= 2xoei_tcosq0 Z J1 (¢nr/a)Cntanh(Cnh/a)_n 2 - _w coscp ei(_t (291)

n=l (¢n2- 1)Jl(en)(1- tin 2)

The pressure difference is therefore with the consideration of the first sloshing

mode only (n = 1), given by

P _%2_wW V ¢lZ/aei_tp = 2 cos %0 1 - (x/w) 2 e (292)

where z is the depth at which the baffle is located below the undisturbed free

fluid surface. _ is the liquid elevation at the wall at _ = 0. For the location

z = -d of the baffle below the undisturbed free fluid surface, the pressure on

the baffle yields, as shown in Figure 136,

V ¢id/a i_6tp = 2p_%2W_w 1 - (x/w) 2 e- e cosCP (293)

For a completely filled container performing pitch and oscillations about its

center of mass, the velocity potential yields (Reference 3)

= i_@oei_%ta2cos_b(r, cp, z, t) = q_
J 1 (¢nr/a)sinh(¢nz/a) "1n=l 2- l lJl l nlC°shl 

(294)

and the velocity distribution in z--direction is represented by
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w° - ibz - -if_@oe a cosCP - 4
° 1Z J1 (¢nr/a)c°sh(¢nZ/a)

..... ,c---_-£-H

n=l (¢n 2 _ 1)Jl(¢n)cosh(_2_a} J

(295)

The acceleration (for smooth wall) is given by

w o = 2_%2@oei&_ta cos qO E Jl(¢nr/a) - 2

n=l (¢n 2- 1)Jl(¢ n)
(296)

For r = a it is

1 - 2
co cosh(_ h) J

w o = 2_28oei[_ta cos cV T

n=l (¢n 2 - I)

(297)

which is for various z/a--values given in Figure 137. For very large containers

(i.e. h/a >> 1) the acceleration is given at z = 0 by

w = $>2@ eifit
a cos q0 (298)

O O

where

co

Z 1 _ 1

n=l (¢n 2- 1) 2
(299)

has been applied.
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FIGURE 137

DISTRIBUTION OF LONGITUDINAL ACCELERATION
_o IN COMPLETELY FILLED CONTAINERS

Wo/_2Ooei_%ta cos cp
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(+h/2a)
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The pressure difference across thebaffle is therefore of parabolic shape

p = 49wf_Z@oeif*ta cosqO_l - (x/w) 2
(300)

It is zero at the edge of the baffle and exhibits its maximum value at the con-

tainer wall. From this we conclude that the pressure difference is proportional

to the liquid density, the excitation amplitude of the container, the width w, the

diameter of the container, and the square of the circular forcing frequency, as

well as the cos _, as shown in Figure 138.

Z. 3.2. 3.3 Influence of Slosh Baffles Upon the Effective Moment of Inertia

The moment of inertia of the liquid in a completely filled circular cylin-

drical container with smooth walls has been obtained previously (Reference 3)

for various orientations of the axis of oscillation. For an axis of excitation,

perpendicular to the longitudinal axis of the container through the center of

mass, the effective moment of inertia of the liquid is given by the expression

2tanh(___n h2- _)

['i_ o0 Cn h
ieff = ma 2 1 (h)2+__l_ 4 F 2 a

a 4 n=l Cn2(¢n 2 - 1)

(3oi)

It has been shown that this effective moment of inertia of the liquid agrees

very well with the experimental results,

With the universally used ring baffles in the containers, an estimate of

the effective moment of inertia of the liquid in a completely filled container

has to be determined. As the baffle moves through the liquid, it will carry

along a part of the liquid. To determine the effective mass that is carried

along by the baffle, one needs the pressure distribution at the baffle. The total

force obtained through integration of the pressure distribution yields by divi-

sion with the known acceleration of the baffle the effective liquid mass attached

to the baffle. It is with Equation 285

dF = 2OWoW_l - (x/w) 2 dA (302)
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the force on the area element dA = 1 ' dx. The effective mass with respect to

the circumferential strip of unit width is therefore

_eff = 2pw 1 - (x/w) 2 dx : ._ pw 2 (303)

It can be seen that the effective mass is proportional to the liquid density and

the sqflare of the baffle width, Expressing the effective mass of the liquid

carried along with the baffle by its height heff over the baffle area, one obtains

w (304)
hcf f =

From this we can conclude that for damping baffles of distance D >__hcf f, the

effective mass carried along by the slosh baffle is obtained by Equation 292.

For a distance between baffles D <__hcff the mass carried along by the baffle

can be obtained by considering all of the liquid trapped between baffles.

The moment of inertia increase due to a slosh baffle at a distance

=462 + a2cosgq_ from the rotational axis, which is chosen here to be per-

pendicular to the longitudinal axis of the container is therefore (See Figure 139)

TT T_2 Z62

Ibaffle _'2PwZa3 of c°s2CP +a2J = _-pa3 wZ I÷ -7

(305)

where 6 is the distance of the baffle plane to the center of mass plane. For a

slosh baffle in the plane of the rotational axis, the moment of inertia increase

is then with £ = a(6 = 0)

Ibaffle = _Z pa3w 2 (306)
2

With this the ratio of the increase of the moment of inertia of the liquid due to

a baffle located in the plane of the rotational axis to the moment of inertia of

the rigid body yields
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Ibaffle 112p a3w 2 II(w/a) Z

Irigid 2ma2[(I / I2)(h/a)2 + I/4] 2(h/a) [(i / I2)(h/a) + I/4]

(307)

For a container of which the total cylindrical part is provided with closely

spaced baffles, i.e. for which the baffle distance D< (11/2)w, the effective

moment of inertia of the liquid can be approximately obtained of the following

two parts: the first part is the moment of inertia of the annular circular cylin-

der of innner radius b = a-w and outer radius a, while the second part is the

effecti've moment of inertia of the cylindrical part of radius b. The liquid be-

tween the baffles has been considered as trapped and has a moment of inertia

Ibaffle = m":=a 2 [(I/12)(h/a) 2 + (I +k2)/4] (308)

where k = I -w/a is the diameter ratio and m;:; represents the mass of the

trapped liquid, and is

m;:_ = wphw(Za-w) (309)

The effective moment of inertia of the liquid in a container with close baffle

spacing {D < (11/2)w) is therefore given by the expression

co

h 2 (a-w) 2 + 4 E (a-w) 2
Ief f = p11h(a-w) 2 12 4

n= 1

+ p_hw(2a-w) 2hw _
IZ

2a 2 _ w 2

4

¢nh ,

2tanh(2( a _ w) J

Cn h

2 (a- w)

(310)

For a baffle with decreasing width w-*O the above expression approaches the

value of the effective moment of inertia of a smooth walled container with

ideal liquid, while for w = a the moment of inertia of the rigid body is obtained.

The conclusion of these results can now be summerized as follows:

1) For a container with closely spaced {D_< (v_/2)w) baffles, the ratio of mo-

ment of inertia of the liquid and rigid body is given by
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Irigid \Irigid/ smooth wall +Irigid r=a Irigid r=a
r=b

(311)

The first term contains as its first factor the effective moment of inertia of

the ideal fluid in a container of radius b = a - w and smooth walls, and it has

as its second factor the ratio of the moments of inertia of the cylindrical rigid
body of radius b and that of radius a. The second term represents the moment

of inertia ratio of the trapped liquid between the baffles.

Z) The approximate effective moment of inertia ratio of N baffles of distance £n

from the axis of rotation and of width w n yields the expression (for Dn> - (rT/Z)Wn)

I / N InIeff _ Ieff + Z

Irigid \_/smooth wall n= 1 Irigid
(312)

which yields with £n = c(w : Wn) and Equation 297

leff _ (leff 1 +

Irigid \Irigid/smooth wall

N Tl(wn/a)2(£n/a)2Z

n=l 2(h/a)[(1/lg)(h/a) 2 + 1/4]
(313)

this is with £n 2 = a 2 + Dn 2 the expression

leff _ fleff I
smooth wall

N

rr Z (wn/a)g[0. 1 +{Dng/a2)]

n=l

2(h/a)[(1/12)(h/a) 2 + 1/4)]
(314)

which yields for equidistant baffles of equal w n = w, and D n =nD

leff

Irigid

+ N_(w/a)2[ 1 +ng(DZ/aZ)]

2(h/a)[(l/12)(h/a) 2 + 1/4]
(315)
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To determine the accuracy of the given approximations the analytical results

will be composed with the experimental results performed at the Mass Metro-

logy Laboratory of SPACO, INC. and also with results of Southwest Research

Institute (Reference 4). The circular cylindrical container was of the height

ratio h/a = 2.0, as shown in Figure 139, and the sloshing baffles of width w =

0. 155a ata distance of D = 0.4a. This distance is obviously larger than(rT/Z)w.

Therefore, the method of the completely trapped liquid would only give an upper

limit for the moment of inertia. The moment of inertia was measured for no

baffles, one, three, and five baffles. The ratio of the increase of moment of

inertia due to one baffle in the plane of the mass center (plane of the axis of

rotation to the moment of inertia of the solidified liquid), is in this case

J_=a

= 0. 033 (316)

Adding this expression to the value of the moment of inertia ratio of the con-

tainer with smooth wall (Ieff/Irigid = 0.21) yields the value

ieff( 1 )

irigid - 0.243
(317)

for the moment of inertia ratio of the liquid in a container with one baffle. This

value agrees quite well with the experimental results of 0. Z8 -- 0.31. For a

container with three baffles it is

-/Ieff / I/_ / II_ /

leff(3) + + 2 =

frigid \frigid/ 1 2

0. 332 (318)

This value again is smaller than the experimentally obtained values of 0.34

0.50. If one would consider the liquid between the baffles as rigid, its mass

would be m*,: _"and its moment of inertia ID**. It is

re,l=,:;= 2TTpDw(2a - W) (319)

ID;:-'* = m-**aZ[(1/3)(D/a) 2 + (1+k2)/4] (320)
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Therefore, it is the ratio of the moment of inertia of this part

ID**

Irigid

2(Dla)(wla)[2 - (wla) j [(ll3)(Dla) 2 + (i +k2)14]

(hla)[(lllZ)(hla) 2 + I14]
0. 097

(321)

and that of the total system

-(leff 1 ID** I(i hleff(3) +-- + _ 0 346 (322)

Irigid _Irigid/ smooth wall Irigid \Irigid) 2 "

A container with five baffles yields for the ratio of the moment of inertia the

expression

Ieff(5)- ( Ieff / I/_ / + 2(I% /

'rigid klrigid/ smooth wall + _Irigid/ 1 \frigid/ 2 +

2 _ 0. 483 (323)
3

This value again is smaller than the experimental result of 0.51 -- 0. 70. If

one would consider the liquid completely trapped between the slosh baffles,

one obtains

ID**

Irigid

_ (w/a)[(1/12)(h/a) 2 + (1+k2)/4] [2- (w/a)]

(1/12)(h/a) 2 + 114

o. 38 (324)

For the ratio of the effective moment of inertia of the liquid to that of the soli-

dified liquid, one obtains the expression

leff(5) - /leff 1 /_Irigid r=b_ + Ib* - 0.51

Irigid \_7 r=b _ r=a/ Irigid

(325)
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The following table exhibits the results of the approximate theory and the ex-
perimental values as reported in Reference 4.

n=0 n=l n=3 n=5

Theory 0. 17 0.243 0. 33-0. 34 0.48-0. 51

]Experimental 0. 17-0. 19 0.28-0. 31 0. 34-0. 50 0. 51-0. 70

The results obtained by the Mass Metrology Laboratory at SPACO, INC. are
shownbelow and are described in detail in Section 2.3. 1.5.

n=0 n=l n=3 n=5

Theory 0.17 0.224 0.252 0.279

]Experimental 0.18 0.20 0.24 0.255

n=7

0. 309

0. Z7

From these results it can be seen that a good agreement of theory and experi-

ment exists.
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2.4 CENTER OF GRAVITY

The primary objective of the center of gravity program was to develop
the capability of locating the C.G. of an object as accurately as was practical.
Because of the fact that the accurate determination of the moment of inertia
and the product of inertia of an object is dependenton the accurate location
of the center of gravity of the object, this sub-program is a very important
part of the mass properties determination program.

The center of gravity program has beenchiefly concerned with locating
the C.G. of test objects, although several "Drop Packages" were balanced
for the Propulsion Division of Propulsion & Vehicle Engineering Laboratory.

2.4.1 Equipment

A description of the equipmentassociated with the center of gravity
program is presented in the following paragraphs.

2. 4. I. l Spherical SegmentAir Bearing Table

This system consists essentially of an object support platform attached
to a spherical segment air bearing. The air bearing provides a very low fric-
tion pivot point over which the center of gravity of the test object is located.
If the center of gravity of the test object is not located directly over the pivot
point, the moment causes the system to rotate until the center of gravity is
located over the pivot point. This rotation canbe detected by levels placed on
the x and y axes of the object support platform. In operation the platform is
initially levelled and then the test object is positioned on the platform so that
the platform again reaches a level condition. When this occurs the center of
gravity of the test object is directly over the pivot point. Figure 140 shows
the spherical segment air bearing table and identifies its componentparts.

2. 4.I. I. 1 Test Object Support Surface

Two support surfaces are used. One is a 24 inch diameter x 1/Z inch

thick hard-anodized aluminum plate, which is lapped to a flatness of 0. 0005

inch and the other a Z4 inch diameter x 1 inch thick surface composed of two

1/16 inch thick hard-anodized aluminum sheets bonded to each side of a

honeycomb core and lapped to 0. 0005 inch flatness. The aluminum support

surface is for use with heavy test objects. This aluminum support surface

is used to prevent objects having feet, pads, or other small supports

from rupturing the honeycomb core. A light-weight support surface is needed

to increase the sensitivity of the system when small or light objects are to be

tested.
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These object support surfaces fasten to the spherical segments of hard-ano-

dized aluminum by means of four 1/4 diameter flat head stainless steel screws,

2.4. I. 1.2 Spherical-Segment Air Bearing

The air bearing consists of a segment of a 5 inch nominal radius, hard-
anodized, aluminum cup. The cup is fastened into a stainless steel air chamber.

The cup and ball are lapped to a roundness of 4 millionths of an inch.

The air for operation of the bearing is filtered to 7 microns and supplied

to the air chamber of the bearing through 1/8 inch O.D. nylon tubing. The air

then passes through a series of very small holes in the cup and forces the ball

to ride on a layer of air with no metal contact. A 1/4 diameter hole in the

center of the cup allows air to enter a sealed air chamber below the bearing.

This chamber of air dampens vibrations of the ball caused by air flow.

A teflon ring around the edge of the cup prevents contact between the

ball and cup when the air supply is off.

2.4.1.1.3 Stabilizing Air Cylinders

Three air cylinders are mounted, 120 ° apart, below the object support
surface. These cylinders have a 1/2 inch diameter bore and a 1 inch stroke

and are used to stabilize the object support surface while a test object is

being repositioned. Each cylinder has an individual needle valve used to

control the rate of plunger travel. It is necessary that the three cylinders

make contact with the support surface at approximately the same time. This

is necessary to prevent tipping of the support surface and causing unwanted
movements of the test object.

An improved stabilization system was designed but was not built because

it was decided that the "Bytrex" unit was the superior system and would be

used for locating the center of gravity.

2.4.1.1.4 Air Cylinder Control Valve

The air cylinder control valve is used to control air flow to the three

air cylinders. This three-way valve has ports for air input, air extraction
and system bleeding.

2.4.1. I. 5 Support and Leveling Stand

The object support surface is held 28 inches above the floor by this

support stand and a floor area of 5 sq. ft. is needed for proper operation of
the equipment.
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The stand consist of a 7.25 inch O.D. aluminum tube welded to a three

legged base. The base is 1.25 inch thick steel, machined such that three arms

protrude 8 inches from an 8 inch diameter center section. The three arms

are 120 ° apart and each contains a leveling pad. Attached to the steel tube is a

bearing-supported rotating arm, referred to as the test object positioner.

2.4.1.1.6 Test Object Positioner

The test object positioner consists of a micrometer, mounted on a

3/4 inch diameter shaft that is movable in a horizontal direction. The

horizontal shft is held by an adjustable, 1. 50 inch diameter, vertical shaft.

A rotating arm supports the vertical shaft. This arm extends approximately
16 inches from the center of the stand and is mounted to 7.25 diameter

aluminum tube. The arm is mounted on a ball bearing and rotates freely

through 360 ° and may be locked in any position. A micrometer positioner is

used to obtain very small movements of the test objects in order to secure a
level condition of the support surface.

2.4. I.2 Moment Detection System (Bytrex}

This system consists of a 250 inch pound capacity and a 25 inch pound

capacity moment detection unit and an instrumentation and power supply unit.

These items were manufactured by the Bytrex Corporation, Newton, Mass.

The moment detector produces an electrical signal directly proportional to

any unbalanced moment about its center. It has two perpendicular axes of

sensitivity and resolves unbalanced moment into two components. The

instrumentation and power supply unit amplifies the electrical signal to a

level high enough to drive a read out device. The related equipment furnished

by the Mass Metrology Laboratory includes two test object support plates and

a support and leveling stand that incorporates four overload protection arms

and provides for the rotation of the object support plate and indexing at 90 °
intervals.

Figure 141 shows the "Bytrex" system and identifies its component

parts. The following paragraphs present brief descriptions of the component
parts of the system:

2.4. I.2.1 Test Object Support Surface

The test object suFport surface is an 18 inch square, 1/2-inchthick,

hard anodized aluminum plate. It is inscribed with perpendicular positioning
lines which run from +x to -x and from +y to -y .

2.4.1.2.2 Support and Leveling Stand

A stand to support and level the moment detector was added to the
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system. The moment detector must be leveled before reliable results can

be obtained. The support surface is positioned at a convenient height for

testing large and heavy test specimens. The support stand was modified to
allow the object support surface to be r otated and indexed at 90 ° intervals.

This feature allows the C.G. of an object to be located relative to two axes

without moving the object relative to the support surface.

2.4.1.2. 3 Overload Protection Supports

Four protection supports protect the moment detector against overload

damage. These support arms are designed to take-over when an object

weighing more than Z50 in. -lb is placed on the test object support surface.

Z. 4.1.2.4 Moment Detector Unit

The moment detector consists essentially of a vertical bending element

bolted to two horizontal plates. The bending element has eight bonded wire

strain gages cemented to it to sense bending strains. These gages are mount-

ed into two separate Wheatstone Bridges, each composed of four gages

mounted two and two on opposite sides of the neutral bending axis. These

gages change their electrical resistances proportional to strain, and elect-

rically unbalance the Wheatstone bridge. When voltage is applied across

two corners of the ".Wheatstone bridge, an output voltage directly proportional

to bridge unbalance appears across the output connections.

The object support surface, fastened to the top of the bending element,

is machined and positioned so that its edges are precisely located with re-

spect to the centerline of the moment detector. The bottom plate is drilled

so that the detector may be bolted down. A rugged cylindrical cover encircles

the bending element.

These detectors can withstand a vertical load ten times their moment

rating. The accuracy of the unbalance moment reading is not affected by the
vertical load.

Z. 4.1.2.5 Instrumentation and Power Supply Unit

This unit operates on four flashlight batteries which give about 100

hours of service. Its basic components are an oscillator which supplies voltage

to the strain gage bridge, a detector, an amplifier, and a meter. Feedback

circuits are used to achieve maximum stability. The principal operating

controls of the unbalance indicator are an operation selector switch; an

add-to reading switch, which is used to increase the range of the meter and

select proper polarity; a meter adjust control, which is used to set the

amplifier gain; two zero sets, one each for the x-x and y-y axis to bring

the meter to zero with no applied unbalance; and two span controls, one each
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for the x-x and 7-y axis used to set the calibration of the system.

The indicator and moment detector are connected by a 20 foot cable
with connectors at each end.

The indicator reads in percent of in. -lb of full range of the detector.

For example, an 80 percent reading with the 25 in.-lb detector indicates an
unbalance of 20 in. -lb about the center line of the detector.

The above description of the Instrumentation and Power Supply Unit

is true for the unit as it existed in June of 1965. See papagraph 2.4. 2.3.3
for modifications.

Z. 4.1.3 Advanced Center of Gravity Locator

Due to the fact that the accurate determination of the product of inertia

and the moment of inertia of an object is dependent on the center of gravity

location it was deemed necessary to obtain a system with which the center

of gravity could be located more accurately than with the air bearing table

or the moment detection (Bytrex) system.

Several C.G. determining systems were investigated and evaluated.

The system selected consisted of a test object support surface supported at

three points-one at the center and two others on 90 ° axes intersecting at the

center SUlcport. The center support is a flexural pivot utilizing a universal

flexure. The supports at the axes each utilize a load cell which measures the

force required to balance the test object. The C.G. location relative to the

pivot point can easily be calculated by the equation:

_ _R (3Z6)

wher e

x = Distance from pivot point to C.G.

= Distance from pivot point to load cell reaction point
R = Indicated load on load cell

W = Weight of test object.

These quantities can all be measured except "X".

Almost all the weight of the test object is carried by the flexure at

the center. The load cells only have a capacity of 25 pounds, therefore an
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overload protection device must be built into the system to prevent damage

to the load cells by inadvertantly placing a heavy object on the edge of the

object support platform.

By reducing the capacity of the load cells the error in C.G. location is

reduced because the error in load indication is given as a percent of capacity.

A smaller capacity load cell is also more sensitive than a larger capacity
load c ell.

The center of gravity locator was designed to handle loads up to 1,000

pounds.

Figure 142 shows the center of gravity locator and identifies its com-

ponents parts.

After the C.G. locator was designed it was decided that the present

capabilities of C.G. location using the "Bytrex" unit were sufficient for

present needs. Therefore, the center of gravitylocator was not built.

2.4. I.4 Optic al Sys tern

The optical equipment consists basically of a 10 ft. tooling bar extrusion

mounted on two mobile tooling bar stands, a master index bar, a scale and

vernier, a telescope carriage, a telescopic transit square, a micrometer

reticle and a collimotion mirror. (See Figure 140)

In general the procedure for locating the C.G. of a test object using

the optical system in conjunction with the C.G. locating systems mentioned

above is as follows: (These procedures are for the null-balance method.)

. Level the C. G locating device with the line of sight through the

line of sight through the telescope aligned with the pivot point of

the C. G. locating device.

. Place test object on the object support platform so that the object is

balanced over the pivot point. The line of sight through the telescope

is now coincident with the center of gravity of the test object.

3. Rotate the object support surface 90 degrees and locate the C. G.

on another plane.

Test have proven that the error in linear measurements made with the

optical system is less than . 001 inch.
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2. 4. 1.4. l Modification

The optical system was modified to provide for the line of sight through
the telescope to bepositioned vertically. This feature was necessary to allow
the telescope to be aligned perpendicular to the plane formed by the "X" and
"Y" axes on the object support surface of the C. GI locator.

The modification consisted of installing a 90° elbow between the telescope
mount and the tooling bar. To counteract the moment induced by the cantilever-
ed telescope and elbow a counterweight was installed.

2. 4. I. 5 C.G. Marking System

An error analysis of the C.G. locator system indicates that the largest

single source of error is in the physical toca;:,on ol the C.G. on the object.

The center of gravity of an object can be located very precisely relative

to the pivot point of the object support platform, but in order for this accuracy

to be meaningful there must be some means of accurately locating a reference
point, can be determined.

This section presents a discussion of three methods by which the center

of gravity of an object can be located and recorded on the objece. The dis-

cussion is written around the advanced C.G. locator which was designed by
the Spaco Mass Metrology Laboratory but could easily be adapted to the other

C.G. locating systems.

2.4.1.5.1 Method I

One system which has been considered for use in marking the C. G.

location on an object entails the use of a precision grid which would be at-

tached to the object whose C.G. is to be located.

By attaching the grid, which contains a set of perpendicular axes, to

the object approximately over its center of gravity and by observing the grid

through the telescope, which has been previously aligned with the platform

pivot point, the center of gravity can be located as follows:

1. The C. G. location, relative to the origin formed by the reticle

crosshairs, can be calculated using the loads acting on the load

cells at a known distance from the pivot point.

_o The location of the reticle originp relative to the origin on the

grid, can be read directly by counting lines between the two
origins.
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3. The C.G. location relative to the grid origin can be obtained by

the algebraic addition of the two sets of coordinates obtained above.

This system was abandoned for the following reasons:

1. The inability to economically obtain a precision grid.

2. In order to obtain the accuracy approaching that which can be

a_ _y _.e use _ _w_L.uu x_, = g_xu us _uuu sine_ per _nu.

would be required. The magnification factor for the telescope now

in use in the laboratory is too small to permit the direct reading of

distance between two given points on a grid of 1000 lines per inch.

3. Error would be induced if the grid is not perpendicular to the line

of sight.

4. It would be extremely difficult to get perfect angular alignment

between the axes of the reticle and the axes on the grid.

Two unsuccessful attempts to make a grid are shown in Figures 143 and 144.

Z. 4. 1. 5.2 Method II

Another method which has been considered consists of projecting the

image of the reticle crosshairs onto an adhesive backed, photo-sensitive ma-

terial after it has been attached to the object whose center of gravity is to be

located. This is an ideal system for which no real equipment is readily avail-

able. Another disadvantage is the fact that the equipment would probably have
to be used in a darkened room.

It was decided that the cost of developing a system of this type was

not justified since an accurate system is already available--a system with

which laboratory personnel are already familiar. This system is discussed
under Method III.

Z. 4, 1. 5.3 Method III

The following described method appears to be the most practical of all

methods which were investigated.

The C.G. locator will be placed under the telescope and leveled and

balanced. The telescope will then be aligned with the platform pivot point on

the C.G. locator. The object whose C.G. is to be located will then be placed
on the C.G. locator and shifted until the loads on the load cells are zero. This

indicates that the C.G. of the object is directly over the platform pivot point
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FIGURE 143. REDUCED GRID PATTERN

The original of this grid is I0 inches

square with i0 lines per inch drawn on

Mylar. It is obvious that this could not

be reduced to obtain a grid of 1000 lines

per inch with the equipment available in

the Spaco Photo Laboratory.

FIGURE 144. RONCHI RULING GRID PATTERN

This grid was made by photographing a stack of two Ronchi rul-

ings arranged so that the lines formed a grid. The photograph

was then enlarged so that detail retention could be checked. Actual

size of the Ronchi rulings is 1 inch square with 300 lines per inch.
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and in line with the telescope. A small square of adhesive backed foil on which

has been scribed a set of perpendicular axes will then be attached to the object

approximately in line with the line of sight through the telescope. The axes

on th foil target will be used as a reference point from which the center of

gravity will be located.

Because of the virtual impossibility of consistently attaching the tar-

get in line with the telescope reticle, the center of gravity displacement rel-

ative to the reference axes will be measured by use of the micrometer reticle

on the telescope or by using the vernier scale on the tooling bar. Tests have

shown' that the error in linear measurement using these devices is less than
• 001 inch.

After the measurements have been made from the pivot point to the
reference axes the C.G. location relative to the reference axes will be scribed

on the target in the form of X and Y coordinates.

This system seems to be the most promising of all the systems which

were investigated and will be used in the Mass Metrology Laboratory until a

better system is found.

Z. 4.2 Test and Evaluations

This section deals primarily with tests performed with the systems

associated with the center of gravity program and the evaluation of the tests

and of the equipment itself.

Z. 4.2.1 Test Studies - Existing Equipment

A test was made to determine the effect of sight point elevation on the

accuracy at linear measurements made with the optical system. The results

are summarized in Table 47 and Figure 145 is a plot of the data in Table 47.

They clearly show a trend of relationship. In an attempt to determine the

cause, calculations were made of the system center of gravity elvation with

various test objects in position on the air bearing table• Figure 146 is a plot

of the results of this study. The curve shows no significant trend, indicating

that the system C.G. elevation is not a contributing factor.

The optical system was then realigned to place the axis of the telescope

more nearly perpendicular to the plane of the leveled air bearing table. A

new test was then run to measure the shift in center of rotation with sight

point elevation. The results of this test are shown in Table 48. The largest
shift measured was 0. 0007 inch, which is within the normal measurement

tolerance of the optical equipment. From this investigation it is concluded

that the center of rotation of the air bearing table is stable with various loads

and C.G. elevations and any apparent change is due to misalignment of the

optical telescope.
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TABLE 47

Spherical Segment Air Bearing

Test Data

Test Object Change in Center of

Rotation of Air Bearing

(Inches)

Sight Point

Elevation

(inches)

Teflon Target

Brass Block

Brass Block

Triangular Solid

Brass Block

!Brass Cylinder

t
i

Set Up Position

.0007

.00012

+ .00017

- .0002

+ .O0005

.310

1.500

3.000

4.130

5.000

5.250

Avg. Shift - .00016[

TABLE 48

SIGHT POINT EVALUATION TEST DATA

Test

No.

Test Sight Point Test Object

Obj e ct Elevation Weight

(Inches) (lbs)

Telescope]

Setting !

l

2

2

2

4

4

None 0 0

Teflon Target . 341 .02

3. 039

3. 035

Alum. Block 1.500 2.25 3. 0265

Alum. Block 3.000 2.25 3. 021

Alum. Block 5.000 2.25 3. 0145

Brass Block 1.500 6.81 3. 0265

Brass Block 3.000 6. 81 3. 021

Brass Block 5. 000 6. 81 3. 0145

5.25 9.68 3.014

5.25 24.20 3.014

Small Brass Cyl.

Large Brass Cyl.
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FIGURE 145

TELESCOPE SETTINGFOR CENTER OF
ROTATIONOF AIR BEARING

VERSUS
SIGHT POINT ELEVATION

3. 040

3.030
.

3.020
- i

0
u 3. 010

3.00(

0 1.0 2.0 3.0

Sight Point Elevation (Inches)

•4. 0 5.0 6.0
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FIGURE 146

SYSTEM C.G. BELOW CENTER OF

OSCILLATION OF AIR BEARING

VERSUS

APPARENT CHANGE IN CENTER OF ROTATION

• O2

._.0i

CD.OI

0

0

_. 00_

O

U. 00,
/

/

--"---0--

I00 1.40 1.80 2. 20 _._60 .._00 3.40

System C.G. Below Center of Oscillation
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2.4. 2. 2 Comparison of "Null Balance" Method and "Unbalance" Method of

C.G. Location Using the Bytrex Unit

Two sets of tests were completed. One set of tests was made using

the "null balance" method wherein the test specimen is repositioned on the

moment detecting table until the readout device indicates zero moment. This

locates the C.G. of the specimen over the center of bending of the moment

detection unit. This center of bending was predetermined as was the approx-
imate C.G. of the test specimens. Measurements were then made with the

optical equipment to determine the accuracy of this method.

The second set of tests was made by placing the test specimen at a

random location on the moment detecting table. The amount of moment was

read and divided by the specimen weight, yielding the distance between the

center of bending of the table and the center of gravity of the specimen. This

was also checked with the optical equipment.

The results of these tests are shown in Tables 49 and 50. It is evident

from this data that the "null-balance" method yielded the best results over

the un-balance method. There are several reasons that this should be the

case. One reason is that the test object deflects the support surface of the

moment detection unit when it is placed at any point other than the center of

the unit. This deflection causes the line of action of gravity to vary from the

geometric center of the test object. Because the C.G. is measured with the

optical equipment, as if it were acting through this geometric center, this
introduces some error. (See Figure 1479 Dimension "x" is the actual

moment arm of the induced moment detected by the "Bytrex" unit where

dimension "y" is the moment arm measured with the optical equipment.

An additional error is introduced when the telescope carriage is moved

along the tooling bar to make the moment across measurement. The additional

error is not involved with the "null-balance" method because only the optical

micrometer is used for measurements. A third source of error is in reading

the instrumentation dial. When the needle is between graduation lines it

becomes a matter of guess as to the percentage of the distance the needle is
between the lines. With the "null-balance" method the instrument needle is

positioned directly over the zero line of the scale. One disadvantage of the
"null-balance" method is that the "Bytrex" system is not as accurate when

used on the low range side. However, the errors involved in the moment

detection method apparently override this error.

2.4.2. 3 Systems Evaluation and Comparison Tests

Several evaluation and comparison tests were performed with the air

bearing table and the "Bytrex" Unit. Some of the more conclusive tests are

discussed in the following paragraphs:
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Sight Point

, III

1 Position

of the Surface Plate

III

Original Position

of the Surface Plate

FIGURE 1 47

EFFECT OF TABLE TILT ON C.G. LOCATION ACCURACY
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2.4. 2. 3.1 Spherical Segment Air Bearing Table

The triangular laboratory standards were weighed and their dimensions

were obtained. From this data the center of gravity of each triangle was
determined by using standard formulae. The calculated locations were scribed

on pressure sensitive foil patches applied to the standards, and the location

checked with the spherical air bearing center of gravity locator. The difference

between the calculated center of gravity and the measured center of gravity

is shown in Table 51. The rotation in Table 51 can best be explained by examin-
ing Figures 148 through 151.

Figure 148 shows the triangle alignment for position 1-R. The X, Y, Z

coordinate system is the triangle body fixed axis system. The Z axis is the

axis along which the optical scope must be moved in the X direction to mea-

sure the difference between the measured and calculated centers of gravity.

These letters stand for red and black respectively, which is a characteristic

of the scope. Under position 1-Rin Table 51 the scope had to be moved 0.022

inches in the red direction to determine the difference in the measured and

calculated centers of gravity. Position 1-B is obtained by rotating the table
top 180 ° as shown in Figure 149. The data here is obtained in the same

manner as before except the scope was moved in the black direction instead

of the red. This is a check to assure that the center of gravity of the object

is located on the center axis of the table. The object was rotated 180 ° twice

more to obtain good repeatable data as seen for triangle number 1 in positions

1-R and 1-B. Position 2 is obtained by initially rotating the object 90 ° from

position 1 and measuring R and B as before. These positions are shown in

Figures 150 and 151. This later test checks the center of gravity measurements

in a body fixed Y direction. The average difference between the respective

readings 180 ° apart was only 0. 00058 inches, which indicates extremely good
stability.

However, evaluation tests which will be discussed in the following
paragraphs prove that the "Bytrex" unit with modifications, is better than

the spherical segment air bearing table for locating the center of gravity

2.4.2. 3. Z "Bytrex" Moment Detection System

2.4.2.3. Z. 1 System Evaluation Tests

Similar tests as described in section Z. 4. Z. 3.1 were performed using
the Bytrex unit. The test results are shown in Table 52 where the same

rotation as described before has been used. The average difference between

respective readings 180 ° apart was 0. 0016 inches which was not as good as

that obtained from the air bearing table.

2.4.2. 3. 3 Modified Bytrex Unit Evaluation
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Triangle

Number

4

TABLE 51

ACCURTkCY TEST - AIR BEARING G.G. LOCATOR

Position i Position 2

R B R B

.02Z in. .0225 in. .0115 in. .0115 in.

•02Z .0225 . 011 . 0115

.030 .029 .008 .008

.030 .0295 .008 .008

.068 .065 .006 .006

.067 .065 .006 .006

.0675 .068 .000 .003

.067 .068 .000 .003

.026 .025 .011 .010

.0255 •025 .010 .010

.016 .017 .004 .006

.016 .017 .004 .0055

Triangle

Number

4

5

TABLE 52

ACCURACY TEST - BYTREX C.G. LOCATOR

Position I Position 2

R B R B

.030 .029 .0085 .0075

.0305 .0295 .0085 .0075

.0305 .0295 .0085 .0075

.0665 .065 .007 .006

.067 .066 .007 .006

.067 .0655 .007 .006

.0675 .0675 .0015 .0015

.0675 .0675 .001 .0015

.0675 .068 .00i5 .0015

.0255 .024 .011 .011

.025 .0245 .011 .0115

.025 .024 .011 .011

.018 .018 .0040 .0045

.018 .018 .0040 .004

.0185 .018 .0045 .004
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.0215 .0ZZ .01Z .0115
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FIGURE 148

TRIANGLE STANDARD AXES'

POSITION 1-R
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FIGURE 150

TRIANGLE STANDARD AXES

POSITION 2-R

X
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Y
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FIGURE 149

TRIANGLE STANDARD AXES

X

Z

iix

POSITION I-B

FIGURE 151
TRIANGLE STANDARD AXES

POSI TION 2-B
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2.4. 2. 3. 3.1 Introduction

Previous experience with the Bytrex center of gravity locator has shown

that the normal error to be expected in C.G. location is about 0.01 inch when

using the machine in the manner intended by the manufacturer. A study of

the device indicated that the limiting factor was readability of the meter rather

than some inherent limitation in the transducers or circuitry. Therefore, it

was deemed worthwhile to attempt improvement of the readout resolution and

accuracy of the Bytrex device.

2.4.2. 3. 3.2 Equipment Modification

The basic Bytrex unit consists of a table supported on a rectangular

flexure column with strain gages attached on all 4 sides of the column. The

strain gage bridges are supplied with an alternating voltage from an oscillator

in the instrument, and the output from the gages is amplified and detected,

and displayed on a 200 microamp D' Arsonval meter. Moments applied to

table from off-center C.G. locations result in flexing of the column and a

proportional output from the strain gages. The rectangular column allows

independent measurement of moments along two perpendicular axes.

The meter is calibrated in units of zero to 50 percent of the rated

moment of the detector head. Detector heads can be interchanged for different

load ranges. In this experiment, a 25 in-lb, detector was used so that full

scale of the meter represented 12.5 in-lb. With a meter of this type, the

best resolution that can be expected is on the order of 0. 5% of full scale,

which would be equivalent to a moment of 0. 0625 in-lb. Because of the

likelihood of a zero error in the meter of another 0.5, the best accuracy to

be expected near the zero end is about 0. I%, or 0. 125 in-lb, moment. This

would allow location of the center of gravity of a ten pound weight to within

+ . 0125 inch, which is typical of experimental results with the equipment.

The voltage across the meter at full scale is about 0.2 volts, so that

the sensitivity is 0.2/12. 5 or 0. 016 volts/in-lb. A laboratory digital voltmeter

with a resolution of l0 mierovolts was connected across the meter to produce a

theoretical resolution of .00001/.016 or 0.000625 inch-lb, moment, a factor

of 200 better than with the meter. It was then found that drift in the power

supply batteries prevented utilization of the full potential resolution. A re-

gulated power supply was connected across the batteries, and the unit checked

again. The stability was then adequate to permit using the full resolution of

the DVM. With this set-up, it is theoretically possible to locate the C.G. of

a one pound object to within + . 001 inch.

2.4.2. 3. 3. 3 Evaluation Tests

The modified Bytrex machine was tested for sensitivity on a comparative
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basis with the spherical segment air bearing C.G. locator. The purpose of

this test was both to see how much the Bytrex unit had been improved and to

see if it could be used for future high precision work rather than the air bear-

ing. The air bearing table is subject to varying sensitivity depending on the

configuration of the test object, and requires the use of counterweights to

cover a practical range of sizes.

The • +_es_ consisted of determining the least amount of m_oment required

to produce a detectable indication on each device. The procedures used for

the test are shown in Appendicies D1 and D2. Small weights were placed on

the table until an indication was obtained, and the weight and distance from

the center were recorded.

Z. 4. 2. 3. 3.4 Test Results

The results of the comparison test are shown in Tables 53 and 54. Table

53 shows the results of the Bytrex test, and Table 54 shows that of the air

bearing test. The columns labeled C.G. resolution in inches are obtained

by dividing the least detectable moment by the weight on the table at the time.

Where > is indicated no moment was detected with the specified weight at the

edge of the table.

It can be seen by comparing Tables 53 and 54 that the Modified Bytrex

system is somewhat more sensitive than the air bearing table, regardless

of the weight on the table. In both devices an increase in weight on the table

caused a reduction in sensitivity. No explanation is offered for this phenomenon

on the Bytrex unit. On the air bearing it is conceivable that the increase in

viscous friction of the air bearing caused by the weight more than offset the

increase in sensitivity caused by elevation of the C. G.

It should be noted here that the sensitivities shown are barely detectable

under ideal conditions by a trained observer, and are not typical of what could

be achieved in everyday use. The general relationship in accuracy between

the two will probably remain the same, however.

2.4. 2. 3. 3. 5 Conclusions

From the above data it is concluded that the modified Bytrex C. G.

locator is on the order of 30 to 50 percent more sensitive than the spherical

segment air bearing system.

Z. 4.2.3. 3.6 Recommendations

It is recommended that the modified Bytrex C. O. locator be used in the

future for all work because of its greater convenience and sensitivity.
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Load Weight

lb.

TABLE 53

RESULTS OF MODIFIED BYTREX C. G.

LOCATOR SENSITIVITY TEST

{25 inch-pound detector)

Sensitivity Distance from Moment

Weight, rag. Center, inches in-lb.x]0 -6

C.G. Resolution

inches x 10-6

.

6.

6.

6.

24.

24.

24.

24.

0 5 6.5 72

0 i0 5,5 121

0 5O 5. O 55O

0 500 0.5 550

8 5 >8,0 >88

8 tO >8.0 >176

8 50 >8.0 >880

8 500 0.5 550

2 20 >8.5 >374

2 50 8.0 880

2 i00 3.0 660

2 200 2.5 ll00

_12. 9

>25.9

>129.0

80.9

>15.4

36.3

27.2

45.4

Average 560 47.4

Load Weight

lb.

TABLE 54

RESULTS OF SPHERICAL SEGMENT AIR BEARING

C.G. LOCATOR SENSITIVITY TEST

Sensitivity Distance from Moment

Weight, rag. Center, in. in-lbx 10-6

C.G. Resolution

inchesxl0-6

0 5 I 1. 0 121 oo

0 10 l 1. 0 242 oo

0 50 6. 0 660 oo

0 500 i. 5 1650 oo

6. 8 5 _11.0 7121 >17. 8

6. 8 10 >ll, O >242 >35. 6

6. 8 50 >11. 0 >1210 >177. 9

6. 8 500 l. 0 1100 161. 7

24, 2 20 _'l 1. 0 :,484 > 20. 0

24.2 50 7. 5 825 34. i

24.2 I00 3. 5 770 31. 8

24.2 200 3. 0 1320 54. 5

Average 835 70.5
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2. 5 LABORATORY WEIGHING SYSTEM

2. 5.I Introduction

In the past, objects requiring precision weighing have been sent out to

other laboratories. This procedure usually results in a time lag of several

weeks. In order to alleviate this problem, it was desirable to provide an in-
I_,.... precision weighing systcm ..._,i, ..... ..,.. nnn..... a _'_v .... y of I, pounds.

After evaluating several weighing systems it was decided that a compound

beam balance would best meet the needs of the Mass Metrology Laboratory.

Because of the fact that the price and delivery time for a balance purchased

from a supplier was not compatible with the prevailing budget and schedule,

it was decided to design and manufacture the balance at Spaco. This section
presents a discussion of the beam balance.

2. 5. 2 System Description

The laboratory weighing system is a compound beam balance mounted on

flexural pivots. (See Figure 152. )There is a I0 to 1 ratio between the dis-

tance from the fulcrum to the light weight pan and the distance from the ful-

crum to the heavy weight pan. These distances are established by weight

comparisons of standards rather than by linear measurements. The arrange-

ment of the pivot lines allow the pivot points to form a parallelogram as the

system oscillates. Therefore, a vertical line through the pivot points at

either end of the balance remains vertical as the system pivots about the

fulcrum. The amplitude of the oscillation is limited by a hold-down fixture
near the end of the lower beam.

The Spaco manufactured components of the laboratory weighing system
are fabricated from 6061-T6 aluminum black anodized except for the counter-

weights and centerpoise assembly which are chrome plated steel, and the flex-
ures which are steel.

2. 5. 3 Design Considerations

Following are some of the more pertinent design considerations

concerning the laboratory weighing system:

2. 5. 3.1 Centerpoise

The centerpoise is essentially an inverted pendulum mounted on the upper

beam directly over the fulcrum pivots. The function of the centerpoise is to

increase the sensitivity of the system by counteracting the bending spring

constant of the flexures. The sensitivity of the system can be improved either
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by increasing the weight of the centerpoise or by increasing the distance

from the centerpoise to the main fulcrum pivot point. The maximum sensitivity

is obtained when the system is balanced according to the equation:

Wh sin @ = K@ (327)

where:

h = The vertical distance from the main fulcrum pivot point to the center

of mass of the centerpoise assembly.

W= The weight of the centerpoise assembly.

@ = The oscillation angle from the "at rest" position.

K = The combined bending spring constants of all the flexures.

h

////////I

System Pivot Point

I

"///
Figure 153. Effect of Centerpoise Weight on Balance Stability.

Obviously, when the term on the left side of the equation is greater

than the term on the right side the system is unstable and will come to rest

only when the system is restrained by some external force, in this case the

hold-down fixture. During calibration the height of the centerpoise is adjusted

so that the system is just barely stable and will return to the unloaded, level

condition when the weights in the weight pans balance each other. A model

394-T coincidence level purchased from the Brunson Instrument Co., Kansas

City, Mo. is used to indicate the level or balanced condition of the system.

The level is accurate within two seconds of arc. If, during the weighing of an
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unknown the centerpoise, which weighs approximately 66 lbs, is allowed to

come to rest with a two second deviation from the unloaded, level condition

the indicated error is .0024 lbs which would be 24 parts per million for a 100

pound object. It's obvious that for precise weight determination it is very

important that the level indicator be very sensitive.

2. 5. 3. 2 Counterweights

The function of the counterweights is simply to balance the system in

the unloaded condition. The weights required for the counterweights are

determined by summing the moments about the fulcrum pivots. An adjustable

weight is provided on each counterweight for minute adjustment.

2. 5. 3. 3 Flexural Pivots

In order to eliminate the many variables associated with knife edges and

bearings it was decided that flexures should be used for pivot points. The use

of flexures eliminates such variables as slop, wear and friction. If the bend-

ing spring constant is counteracted by a center_oise as was described in the

preceedingparagraph, the only consideration involved with the use of flexures

as pivots is alignment. If the bending element of the flexure is not perpendicular

to the Fivot line (See Figure 152) the effective spring constant is increased.

Because the accuracy of the system decreases with an increase in the spring

constant it is very important that the bending elements be aligned with each

other and are perpendicular to the pivot lines.

After evaluating flexures from several sources it was decided that

Ormond, Incorporated of California produced the most efficient flexures,

therefore they were purchased from this source.

The Laboratory optical system was used to align the flexures at
assembly.

2. 5.4 Calibration

After the balance was assembled, it was calibrated as described below.

It was desirable to calibrate the balance with weights up to 1000 pounds, but

400 pounds was the upper limit of the calibration range due to the limited

laboratory weights.

1. The weighing system was balanced in the unloaded condition by

means of the movable weights in the counterweights.

2. The centerpoise height was adjusted for optimum sensitivity.

3. The system was balanced again.
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A I0 pound laboratory weight was placed on the light weight pan and

two 50 pound weights were placed on the heavy weight pan.

By noting the direction of rotation of the system, the heavy end was

determined and the flexure mounting pads were shifted accordingly.

The weights were removed from the weight pans and the system was
rebalanced in the unloaded condition.

Steps 4, 5, and 6 were repeated (several times) until perfect balance

of the system was obt ained--both in the unloaded condition and with

10 to 1 weight ratio. This balanced condition indicates that the I0 to

1 length ratio between the moment arms of the two weights pans has
been attained.

365



2. 6 GENERAL PROJECTS

2.6.1 Low Gravity Test Packages

2.6.1.1 Introduction

A current project being conducted by MSFC-Propulsion & Vechicle

Engineering Laboratory utilizes a drop package to study the behavior of liq-

uids in a partially filled container under low gravity conditions. One of the

requirements of the project is that the package remain level within two

degrees during the drop time of about four seconds. Package tilts somewhat

greater than this have been experienced in previous tests. For these tests

the packages were balanced so that the center of mass falls on the the thrust

axis. No attempt was made to correct for mass shifts due to the loss of

compressed gas, motion picture film movement, and liquid tank movements
during the drop.

This report describes a study by the Mass Metrology Laboratory to

determine the effects of these shifting masses on the attitude of the falling

drop package. The Mass Metrology Laboratory is operated by SPACO, INC.

for the Propulsion & Vehicle Engineering Laboratory of MSFC.

2.6.1.2 Procedure

A drop package of the latest design was obtained for approximately two

weeks, during which time the necessary physical measurements were made

for this investigation. Three effects were to be studied specifically. First,

during the drop the acceleration is controlled by discharging compressed

nitrogen through a thrust nozzle on the vertical axis of the package. The

bottle of nitrogen is mounted near the outside of the package, so that as the

mass of the gas reduces, a moment about a horizontal axis is generated,

which tends to cause rotation of the package. The second variable is the

movement of the film in the motion picture camera which photographs the

liquid tank during the drop. The third effect is the movement of the liquid

tank itself, which is dQne in steps of 0.1 inch to introduce transient lateral
accelerations to the tank.

The method used to measure the effects of these movements was to

place the package in a static balance initially, and measure the unbalance

moment resulting when the mass shift occurred. The device used for meas-

uring the moments was a modified Bytrex center of gravity locator. This con-

sists basically of a table supported by a rectangular column. Strain gages

are bonded to the four vertical sides of the column to detect bending produced

by tilting the table. Figure 154 shows the device. A voltage output from an

amplifier driven by the strain gages is monitored on a digital voltmeter. This

voltage is proportional to moment about a given axis. The instrument is

designed so that moment can be resolved into two perpendicular components.

The procedure used to measure the moments was as follows: The C. G.

locator was set up, energized, and allowed to stabilize for about four hours.
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The indicator was zeroed in both the x and y axes with the support table

empty. The C.G. locator was calibrated by placing standard weights at

known distances from the vertical axis and recording the output voltage. The

drop package was then placed on the table and the nozzle centerline positioned

over the vertical axis of the table. Weights were then placed in appropriate

positions on the package to locate its center of gravity on the thrust axis. Each

of the mass variables was then introduced in increments and the resulting

unbalance voltage recorded in both horizontal axes. The bottle was discharged

in 500 psi increments from its initial pressure of 2800 psi, down to 1000 psi.
The camera was operated for ten second intervals, and the moment recorded

at the end of each interval. The liquid tank was shifted in increments of 0.1

inch, up to a total of 1 inch. Two complete runs were made of each test, and

the results averaged.

The data recorded was converted into torque about the x and y axes, as

a function of time and acceleration, so that angular acceleration could be
calculated.

After completion of the moment tests, the drop package was mounted

on the air bearing table and the moment of inertia was measured about the

same pair of axes. The procedure used here is given below:

The center of gravity of the package along the z axis was found with

the Bytrex C. G. locator. The z axis is the thrust nozzle axis. The package
was then mounted on the large air bearing table with the C.G. on the oscil-

lation axis of the table. The moment of inertia was determined by measuring

the period time of the torsional pendulum, such as done many times previously.

Figure 155 shows the package mounted on the air bearing table

With the torque and corresponding moment of inertia about the hori-

zontal axis, it was then possible to calculate the package tilt as a function of

time, using conventional methods. The angular acceleration of the drop

package is given by:

T

I (3z7)

where: a = Angular acceleration - radians/sec 2

T = Torque - inch-lb.

I = Moment of Inertia - inch-lb-sec 2
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However, T is a function of time and the linear acceleration of the package,
thus

T = f(t, a)

t = time, seconds

a = acceleration, G.

(3z8)

To calculate the change in angle of the package, the following is used, assum-

ing the initial angle zero and angular velocity are zero

@ = 1 at 2
2 (329)

where: @ = angle of bottom of package with horizontal-radians.

The torque shown as a function of time will be linear in the case of the nitro-

gen bottle and the camera, since they are displacing mass at a constant rate.

Also, the linear acceleration produced by the thrust nozzle can be considered

where:

T=Kt

K = appropriate constant -
in-lb

G-sec

(330)

Therefore, the angular shift is given by:

Kt3a

@- 2I (331)

The G is inserted in the denominator of Equation 330 to indicate that the
tilt angle calculated must be multiplied by the linear acceleration of the pack-

age to get the actual angle. Since the moment measurements from the tests
are based on a field of one G acceleration, it is convenient to use it as a unit

in the equations rather than more conventional units. Had (a) been used in
in/sec 2, for example, K would then be in lb-sec, and the calculated

would be multiplied by acceleration in in/sec 2 units.
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For the case of the shifting tank, the torque is not a continuous func-
tion of time, and the only practical method of calculating package tilt is to
assume a typical program sequenceduring the drop and calculate the tilt in
steps. This is the method used in this analysis.

2. 6.1. 3 Results

The moment of inertia measurement results are given in Table 55.

TABLE 55

MOMENT OF INERTIA MEASUREMENT OF

DROP PACKAGE

I 2
x = 100. 076 in-lb-sec

I 2
y = 88. 197 in-lb-sec

I
z = 139. 016 in-lb-sec 2

The axes are as shown in Figure 156. This coordinate system was used through-

out the test. The results of the moment measurement test of the discharging
gas bottle are given in Table 56. In order to obtain a time function of mo-

ment, a constant pressure loss rate of 100 psi per sec and a constant linear accel-

eration of . 032G. Calculations of the package tilt at different times are given
in Table 57. The maximum tilt will occur in the X axis, and will be about one

degree at the end of the drop from the gas bottle discharge alone.

The results of the moment measurement test of the motion picture

camera are shown in Table 58. The moments are considerably less than

from the gas bottle because the film moves only a very short distance in the

camera. The data has been converted to units of in-lb/G-sec, as before.

In Table 59 are calculations of the package tilt resulting from this movement,

assuming an acceleration of.032G. An attempt was also make to detect

the dynamic effects of the film transfer, but the magnitude was such that

they were marked by other factors such as random air disturbances and
instrumentation noise.

The results of the tank shift test are given in Tables 60 and 61. Table

60 is for a liquid level 0.3 'w above the tank parting line, and Table 61 is for

a level 1.85" above the line. As can be seen by comparing Tables 60 and 61,

the moment for a given tank displacement is in a few cases greater for the

0. 3 vv liquid level than the 1.85 '_ level. This is attributed to normal measure-

ment errors, such as air movements, zero drift, and instrumentation noise.
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FIGURE 156

DROP PACKAGE COORDINATE ORIENTATION

+X

Nitrogen Bottle

Liquid Tank

Camera
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TABLE 57

DRi)_ _: PACKAGE TILT CAUSED

BY GAS BOTTLE DISCHARGE

Time After

Drop-Seconds

0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

Tilt Angle -- Degrees From Initial Angle

x axis

0

- 0022

- 0179

0603

143

Z79

482

766

-i.14

-1.63

-2.23

y axis

0

001_

- 0094

- 0317

- 0752

- 147

- 254

- 403

- 602

- 857

-I 176

@x = _I _t 2 = _I F I. 95.10_0_.0_76t-.032 _ t2 180 degrees = .01786t 3

@y I !.90588 t" 032 _ 180= _ "- 197 t 2 _ degrees =• vL

•009406t 3
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Typical zero drift for the equipment after warm up is + 0.04% of full scale,

which is about +0. 05 in-lb moment for the unit used. --In Tables 62 through 67

are calculations of the rotation of the package under different sets of tests

conditions. The assumption was made that the package was balanced with

the tank in the zero position and the drop thus begins with an initial angular

acceleration, depending on the amount of displacement. When the solenoid

is energized, the tank will return to the balanced position, reducing the

acceleration to zero and causing the angular velocity to remain constant for

the remainder of the drop. Tables 62 and 63 assumes the shift occurs one

second after the drop, Tables 64 and 65 for 2 seconds, etc. Tilt for the pack-

age with a lequid level 0.3" above the parting line was not calculated, since

it can be seen from Tables 60 and 61 that the difference is quite small. The

X-axis tilt angles tabulated in Tables 57, 59, 63, 65, and 67 are plotted against

time in Figure 157.

For all of the angular displacement calculations, the simplifying assump-

tion was made that the tilt angle remains small. Therefore, some small

error can be expected at large angles, hut it is of no consequence in view

of this investigation. Also, the fact that the moment of inertia of the package

does not remain constant results in an additional error, which is also

insignific ant.

2. 6.1.4 Conclusions

The test results show that the rotation caused by the various mass

movements are, at worst barely acceptable. The camera film transfer

proved to be an insignificant factor, but the effect from the bottle discharge

and tank impulse was considerably greater. The only condition which could

cause the package tilt to exceed two degrees during the drop is maintaining

the tank in its fully displaced position of one inch from balance for three

seconds after drop. Under these conditions the gas bottle mass loss and

liquid tank offset would each contribute slightly over one degree rotation at

the end of four seconds. The use of a smaller tank offset distance and/or

a shorter time before impulse would reduce the package tilt. Likewise, an

increase or decrease in the normal . 032G package acceleration would cause

a proportionate change in the tilt from all causes.

It appears that, except for extreme sets of conditions, the drop pack-

age tilt can be kept within the two degree maximum. Tilt can be minimized

by shifting the liquid tank as quickly after drop as possible, and by avoiding

any changes to the package after it has been balanced.
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-I. 6O

FIGURE 157 Gas Bottle Discharge

PACKAGE TILT CAUSED BY VARIOUS

MASS MOVEMENTS rank Offset 1 Inch

Shifted 3 Seconds

After Drop

<2)

u_

O

I

_n

<

X

z

<

<

a_
O

-1.40

-I. 20

-1.00

-0.80

-0.6O

Tank Offset I Inch

Shifted Z Seconds

After Drop

Tank Offset 1 Inch

Shifted I Second

After Drop

-0.40

-0.20

0

0 I Z

Motion Picture Camera

(Table 5)

3 4 5

TIME AFTER DROP-SECONDS
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III Program Management

3.1 June, 1965 to December, 1965

Management of the contract effort was built on a system of individual

responsibility for discrete technical projects. At the time of extension of

the contract in June, 1965, a program plan and schedule was developed which

would' accomplish the desired goal. The effort was divided into five major

areas, with one engineer responsible for the progress of each. These major

areas were: Moment of Inertia, Product of Inertia, Mass Properties of

Liquids, Center of Gravity, and General Laboratory Improvements. Each of

these areas was divided into between two and five projects, which were in

turn divided into several sub-projects. Each sub-project was assigned a

time schedule for completion. Figure 158 is a span chart of the schedule,

showing the major areas and projects. Figures 159 thru 162 are span charts of

each of the projects showing the breakdown of the sub-projects. Each sub-

project was also assigned a number, which was used to identify corresponding

technical reports and project plans.

To assure objective activity in the work, a project plan was written for

each project, which summerized the needs, goals and schedules. An example

of one of these Project Plans is included as Figure 163. Copies of all of the

Project Plans are in Appendix E.

Except where inappropriate, each sub-project was completed and

summarized with a separate technical report.

3.2 December, 1965 to June, 1966

At the mid-point of the second contract year, (December, 1965) all

completed and remaining projects were reviewed to ascertain their value

in the light of six months additional experience. As a result of this review,

the Project Plans and schedules were revised to reflect what was, in the

opinion of the Contractor and Contracting Officer's Representative, the most

desirable approach. Projects which were no longer important to the effort

were dropped, and some new ones were added. A new set of Project Plans

and span charts was prepared. The revised charts are included as Figures

164 thru 169.
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FIGURE 163

Mass Metrology Laboratory

PROJECT PLAN

Program:

Project:

Scheduled Completion Date:

Assigned Personnel:

Responsible: M. S.

Support: F.A.

Moment of Inertia

Equipment Calibration

May 15) 1966

Phillips

Pauli

Number: I. 5

Date: July 6, 1965

• ,!Approved: ' )'' .... L.,;, ,...... .., ,,_. _..,. ,,,_' ._
l

BACKGROUND: The moment of inertia equipment will presently yield

accuracies in the order of one tenth of one percent. With minor modifications

and calibrations, for temperature and load, the accuracy should increase to

one-hundredth of one per cent.

OBJECTIVE: The objective of this project is to compensate for all

variables that might effect the accuracy of the moment of inertia determination.

If possible an empirical equation will be derived that will correct the moment of

inertia for any set of known conditions.

WORK PLAN:

1.5. I Standard Calibration - The dumbbell standards will be recalibrated

to obtain their exact moments of inertia and the accuracy of this value will be

determined.

1.5.2 Temperature Tests - Test will be performed at various temperatures

to obtain a correction factor which will compensate for the effect of temperature

changes on the airbearing table.

1.5. 3 Load Tests - The effect of different loads on the air bearing table will

be investigated in this test program. The optimum air pressure to use for a

certain weight will be determined and a compensation factor for correcting any errors

caused by loading will be determined.

1.5.4 Other Tests - Any other tests will be performed that might be needed

for calibrating the equipment.

REPORTS: 1.5.2 - Temperature Test - Due - February 15, 1966

1.5.3 - Load Test - Due - April l, 1966

1.5.4 - Other Tests - Due - May 10, 1966
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APPENDIX A1

TEST PROCEDURE

1.1.3.2-

1.1.3.3

Aerodynamic Drag Tests

Purpose

To study the effect of aerodynamic drag on the torsional pendu-

lum air bearing table.

Equipment

(i)
(z)
(3)
(4)
(5)
(6)
(7)
(g)
(9)

24 inch air bearing table.

Photocell timing device.

Hewlett-Packard 524D frequency counter.

Hewlett-Packard 560A digital recorder.

Radian scale, light and mirror arrangement.

Torsion Rod Number 120.

100 pound cylindrical weights.

Special cylindrical drag adapter.

Drag plates for cylinder drag adapter.

Set-Up

(i)
(z)
(3)

(4)
(s)

Turn on electronic equipment for warm up.

Level the air bearing table on the iso-pad.

Firmly mount the wand for triggering the photocell device

to the air bearing table top.

Set air pressure at 30 psi.

Mount 100 pound weights on table as shown.

Weights

Flush Wit___ l

FlushW!th 1
Table Edge

(6) Place special drag adapter over weights and fasten to

table top.

406 407



1.1.3.4

1.1.3.5

Special

Drag

Adapter

Drag Plate_

Weights

(7)

(8)

(9)
(1o)

Drag Plate

Fable Top

Mount drag plates to special drag adapter as

shown.

Insert rod number 1E0 into the table.

Place radian scale 140 inches from the center of the table.

With the rod aligned, the table level and the specimen

mounted, zero the wand and photocell device and zero

the light source on the radian scale.

Test Procedure

(i)

(2)

After the test equipment has been arranged as outlined in

the test set up, testing is ready to begin.

Gradually displace the table top, increasing its maximum

amplitude until it reaches .05 radians. Then release the

table top and let the maximum amplitude decay to . 035

radians. At 0.035 radians start recording data. Record

data until the oscillations stop.

Test Data

(1)

(z)
(3)
(4)
(5)
(6)
(7)

(8)
(9)

(lo)

Test Number -

Date -

Personnel -

Temperature -

Humidity -

Number of 100 pound weights -

Total Cycles -

Automatic period tape readout -

Maximum displacement readings for every 20th cycle -

Weights - Right: Left:

4O8



1.I.3.6

I.i.3.7

Number of Test

(1)
(z)

(3)

Run each test times.

Record the period every 20th cycle for a 10 period average

to the nearest .00001 second.

Record the maximum displacement for every 20th cycle to

the nearest .001 radian.

Special Work

(1) Plot the period versus total number of cycles for every

period recorded and connect a smooth curve through the

points. Average the period between .001 and .002 radians.

Test No.
Average

T.002 - .001 =

(z)

(3)

Plot the lOgl0 of the maximum displacements versus the total

number of cycles for every 20th cycle and connect a smooth

curve through the points,

Calculate I = KTZ/4TT 2

Test No. Average

1.002 -.001 =

Written by:

Approved by:

Date:
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APPENDIX A2

TEST PROCEDURE

1.1.3.2

1. i.3.3

i.I.3.4

Aerodynamic Drag Tests

Purpose

To determine the effects of aerodynamic drag on the torsional

pendulum air bearing table.

Equipment

(1)
{z)
{3)
{4)
{5)
{6)
(7}
{8}

24 inch air bearing table.

Photocell timing device.

Radian scale, light, and mirror arrangement.

Displacement detector.

Two Hewlett-Packard 524D frequency counters.

Two Hewlett-Packard 560A digital recorders.

One Accurate Instrument Co. Model 51553 counter.

Torsion Rods, Dumbbell C, Drag Plates.

Set-Up

{1)
{z)
{3)
{4)
{5)
{6)

{7}

{8)

(9)

10)

Turn on electronic equipment for warm-up.

Level air bearing table on iso-pad.

Set air pressure at 30 psi.

Mount on air bearing table with drag plates

Insert rod number 120 into the table.

Zero the wand and grating for triggering the photocells for

both the period and displacement devices.

Place radian scale 140 inches from table center and align

light and mirror on scale.

Connect the Accurate Instrument counter for recording the

total number of cycles.

Use the Hewlett-Packard frequency counter and digital

recorder for recording the displacements.

Use the Hewlett-Packard counter and digital recorder for

recording the period every cycle.

Test Procedure

(1) After the test procedure has been arranged as outline in

the test set-up, testing is ready to begin.

(2) Displace the table top until its maximum displacement

reaches at least radians. When the maximum displace-

ment decays to radians, start recording the number of

cycles, the displacements, and the periods until the ampli-

tude decays to
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I. 1.3.5 Test Data

1.1.3.6

1.1.3.7

(i)
(z)

(3)
(4)

(6)
(7)
(s)
(9)

Date -

Personnel -

Dumbbell -

Test Number -

Temperature -

Humidity -

Number of Cycles -

Include tape or data of displacement measurements.

Include tape of period measurements.

Number of Tests

(I) Repeat each test times.

Special Work

(1)

(2)

(3)

(4)

Plot Uvs N, where vis the maximum displacement and N is

the number of cycles.

Plot Zn@vs N.

Plot T vs N where T is the period of oscillation.

Perform any other works described below.

Written by:

Approved by:

Date:
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APPENDIX A3

TEST PROCEDURE

1.0

1.1

1.1.4

1.1.4. Z

1.1,4.3

1.1.4.4

Moment of Inertia

Math Model

Vacuum Chamber Test

To determine the effect of aerodynamic drag on the period

decay of an oscillating object.

Equipment

(i) Vacuum chamber

(2) Overhead fixture for mounting the torsion rod.

(3) Torsion rod

(4) Dumbbell C with bearing adapter.

(5) Drag plates C and D with adapters for dumbbell C.

(6) Solenoid operated striker and bearing device.

(7) Photocell timing device

(8) Photocell grating displacement device.

(9) Two counters and digital printers.

Test Set-Up

(I) Mount torsion rod to overhead beam.

(2) Use the torsion rod adapter to secure dumbbell C to the

torsion rod.

(3) Mount the prescribed drag plates to the dumbbell.

(4) Secure the wand and grating to the dumbbell for recording

time and displacement, respectively.

(5) Align the timing and displacement devices so that a zero

reading is obtained when the dumbbell is in a static condition.

(6) Place the bearing device so that the bearing is on center line

with the rod, and is aligned with the bearing adapter on the

dumbbell.

Test Procedure

(I) With the equipment arranged as stated in the set-up procedure,

the testing is ready to begin.

(2) Turn on electronic equipment for warm-up.

413



1.1.4.5

(3) Evacuate the vacuum chamber to the prescribed vacuum.

(4) On the control panel, engage the "Pivot Hold" and "Pivot

Pull-In" switches, and immediately release the "Pivot

Pull-In" switch. Keep the "Pivot Hold" switch on.

(5) On the control panel engage the "Striker" switch, and ob-

serve the read out on the H.P. 524 Counter.

(6) Disengage the "Pivot Hold" switch on the control panel,

observing both the T.V. monitor and the read out on the

524 Counter to insure that the dumbbell is swinging about

the vertical axis of rotation with minor random motion.

(7) When the read out on the 524 Counter reaches

turn on the two 560A Counters and the 1452 and 524 Digital

Printers.

(8) Stop the test at on the counter.

(9) Record a 10 period average every ii cycles and displace-

ment every other cycle.

Test Data

(1) Date

(2) Personnel -

(3) Temperature

(4) Humidity -

(5) Vacuum -

(6) Torsion Rod

(7) Drag Plate -

(8) Include print outs of period and displacement measurements.

Written By:

Approved By:

Date:
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APPENDIX A4

TESTPROCEDURE

!.2.2.2

1.2.2.3

1.2.2.4

Measurement of Displacement Transducer Accuracy

Purpose

The purpose of this test is to determine the accuracy of the Displace-

ment Transducer in measuring small angles.

Equipment

(1)

(2)

(3)

(4)

(5)

(6)

Large Torsional Pendulum.

Displacement measuring system.

The Period measuring system.

The Tuckerman Autocollimator.

A small plane optical mirror for the collimator.

Miscellaneous hardware as needed.

Set-Up

(t)

(2)

Set up the large torsional pendulum system for peak dis-

placement measurements using the new displacement

transducer.

Set up the Tuckerman autocollimator {with a small plane

mirror attached to the edge of the table) to measure the

angular displacement of the pendulum. This is to be used

for a reference.

Test Procedure

(l) Check the zero of the displacement and period transducers

and the autocollimator. Start the unloaded pendulum oscil-

lating at a peak amplitude slightly above . 012 radian as

measured with the autocollimator.

(2) Start the displacement printer and mark the value printed

out when the peak displacement decays to .012 radian as

measured with the autocollimator.

(3) Run the test 3 times at the .012 radian level.
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(4) Then run the test 3 times at the . 006 radian level.

Written by: /;, ,f , _ _ _c.,.¢-,..

Approved by: ( (_ z'.

Date: / -- t".3 _ - _¢2,_
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APPENDIX A5

TEST PROCEDURE

1.3.4.2

1.3.4.3

1.3.4.4

1.3.4.5

Torsion Rod Tests

Purpose

To evaluate the linearity of the stress-strain relationship in tor-

sion for solid cylindrical rods of various materials.

Equipment

(i)

(z)

(3)

(4)

(5)

(6)

23-inch air bearing table.

Small pulley air bearing.

Davidson auto-collimator.

Standard weights with mounting trays.

Nylon cord.

Torsion rods.

Set-Up

(1)

(z)

(3)

(4)

(5)

(6)

(7)

(s)

Level the air bearing table on the iso-pad.

Set air pressure at 30 psi.

Insert rod into table and align.

Mount pulley air bearing to the bottom of the table and

connect its air supply through a regulator set at 20 psi.

Attach the nylon cord to the table top and extend it par-

tially around the top and over the pulley air bearing to

the first tray, tie, and then take back over the pulley to

the second tray and tie again. The nylon cord must be

tangent and parallel to the top in Figure I.

Zero the two trays by adding weight to one of them as

shown in Figure I.

Zero the Davidson auto-collimator by aligning it with a

first surface mirror on the table top.

The standard weights can be added and taken off of the

trays for displacing table top.

Test Procedure

(i)

(z)

After the test procedure has been arranged as outlined

in the test set-up, testing is ready to begin.

As standard weights are added and taken off, the displace-

ment is recorded for each weight in the test data section.

Test Data

(1)
(z)

Date -

Personnel -
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(3)

(4)
(5)

(6)

Rod -

Test Number -

Temperature -

Humidity -

Mass

L

Weights Added

diff, diff. [ d [ff.

Aug.

d iff.

Mass
Weights Removed

diff. diff. d [ff.:

Aug.

d iff.

t.3. i.6 Special Work

• g.et

Approved By: ('(_ : ]

Date: 2 - /_ " {0 _
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APPENDIX A6

Test Procedure

i. 0 Moment of Inertia

i. 3 Torsion Rod Investigation

1.3.5 Torsion Rod Tests

1. 3.5.1 Purpose:

To determine the spring constants of the rods to be used in the air

bearing table.

i. 3. 5.2 Equipment:

(1) 24 inch air bearing table.

(2) Photocell timing device.

(3) Hewlett-Packard 5Z4 D frequency counter.

(4) Hewlett-Packard 560 A digital recorder.

(5) Radian scale, light and mirror arrangement.

(6) Torsion rods.

(7) Dumbbell Standards.

1.3.5.3 Set Up:

{1) Turn on electronic equipment for warm-up.

(2) Level air bearing table on iso-pad.

(3) Firmly mount the wand for triggering the photocell device to the

air bearing table top.

(4) Set air pressure at 30 psi.

(5) Mount dumbbell to the table top.

(6) Insert rod number into the table.

(7) Place the radian scale 140 inches from the center of the table.

(8) With the rod aligned, the table level and the dumbbell mounted,

zero the wand, and photocell device and zero the light source on the

radian scale.

1.3.5.4 Test Procedure:

(I) After the test equipment has been arranged as outlined in the test set

up, testing is ready to begin.

41q



1.3.4.5

1.3.4.7

(4) Repeat each test 3 times.

Test Data

(i)
(z)
(3)

(4)
(5)
(6)

(7)
(8)

Date -

Personnel -

Test Number -

Temperature -

Humidity -

Total Number of Cycles -

Include tape of displacement measurements.

Include tape of 10-period average measurements.

Special Work

(i)

(z)
Plot period vs number of cycles.

Perform any other work described below.

Written by: fi'/ '5, g._i,.._%d:,Ze

Approved by: (:_.l!_i.///_:_\ :

./
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APPENDIX A7

Test Procedure

1.0 Moment of Inertia

1. 3 Torsion Rod Investigation

i.3.5 Torsion Rod Tests

i. 3.5. 1 Purpose:

To determine the spring constants of the rods to be used in the air

bearing table.

I. 3.5.2 Equipment:

(1) 24 inch air bearing table.

(2) Photocell timing device.

(3) Hewlett-Packard 524 D frequency counter.

(4) Hewlett-Packard 560 A digital recorder.

(5) Radian scale, light and mirror arrangement.

(6) Torsion rods.

(7) Dumbbell Standards.

i. 3.5. 3 Set Up:

(i)
(z)
(3)
air

(4)
(5)
(6)
(7)
(S)
zero the wand,

radian scale.

Turn on electronic equipment for warm-up.

Level air bearing table on iso-pad.

Firmly mount the wand for triggering the photocell device to the

bearing table top.

Set air pressure at 30 psi.

Mount dumbbell to the table top.

Insert rod number into the table.

Place the radian scale 140 inches from the center of the table.

With the rod aligned, the table level and the dumbbell mounted,

and photocell device and zero the light source on the

I. 3.5.4 Test Procedure:

(1) After the test equipment has been arranged as outlined in the test set

up, testing is ready to begin.

(2) Gradually displace the table top, increasing its maximum amplitude

until it reaches . 003 radians. Then release the table top and let the

maximum amplitude decay to . 002 radians. At . 00Z radians start

recording the period and number of cycles from a maximum displacement

of . 002 to . 001 radians.
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I. 3. 5.5 Test Data:

(I) Test Number -

(2) Date-

(3) Personnel-

(4) Temperature-

(5) Humidity-

(6) Dumbbell-

(7) Every other period between the maximum displacement of . 002

and .001 radians -

(8) Total Number of cycles between the maximum displacement of

• 002 and . 001 radians -

I. 3.5.6 Number of Tests:

(i) Run each test I0 times•

(2) Record the periods to the nearest .000,001 second (microsecond).

i. 3.5. 7 Special Work:

(I) Determine the average period between the maximum displacement

of.002 and .001 radians by averaging each indiviual period.

(2) Record the following data:

Average Period Deviation from

Average

Average

(3) Determine the standard deviation from s _=I_- _---_x- xj 2_ and record
N- I

(4) Record any other information described below.

Written by: M. S. Phillips Approved By: C. W. Phillips
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APPENDIX A 8

Investigation of the Effect of Earth Rotation

On the Moment of Inertia Measurement System

All factors that affect the determination of moments of inertia when using the

air bearing table must be considered in order to obtain maximum accuracy, The

earth's rotation is one of these factors that must be analyzed. Three forces caused

by the earth's rotation must be considered in determining the moment of inertia

of an object by using the air bearing table. These forces are:

1. Centrifugal

2. Coriolis

3. Gyroscopic

Each force will be examined separately and its effect upon the air bearing table

will be analyzed.

The centrifugal force is produced by the earth's rotation and is mathematically

expressed by

F = m_ x(_x¥) (I)
c

where:

m = mass of object

= angular velocity of earth

= radius of earth.

The direction of this force is normal to _ and points outward from the earth.

Figure 1 shows the direction of the centrifugal force with respect to the gravitational

force and the air bearing table. The component of the centrifugal force which has

the same direction as the gravitational force, F c cos @, is the dominant force.

It can be considered the only force contributed by the centrifugal acceleration.

Since this force has the same direction as the force of gravity but an opposite

direction, it can be considered as part of the gravitational force. The maximum

centrifugal acceleration is 3.38 cm/sec 2 which is only 0.3% of the gravitational

acceleration. Since the air bearing table is aligned and adjusted for the weight

of the object, the centrifugal force is considered as part of the gravitational force

and has no effect on the system performance.

The Coriolis force is a force which is produced by a motion with respect

to a moving reference system. It is mathematically expressed as

Fco = Zm (_ x v) (Z)

where:

m = mass of object

= angular velocity of earth

= velocity of the object relative to earth.
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There is a Coriolis force in the air bearing torsional pendulum because the

object rotates within the moving reference frame of the earth. The direction

of the force is perpendicular to the velocity of the object. Since the object

rotates about its center of gravity there will be two Coriolis forces opposing

each other. Figure 2 is an example of the velocities and forces present. In

Figure 2 the Coriolis forces are directed outward for clockwise motion and

inward for counterclockwise motion. The magnitude of the force is always less

than I. 5 x 10 -4my, where my is the momentum of the object. For a 200 pound

dumbbell with an angular velocity of 0. 1 radian per second the force is approxi-

mately 7 x 10 -6 pounds. The force produced by the torque of the sam.e oscillating

dumbbell is approximately 700 pounds force. Therefore, the Coriolis force is

a factor of 10 -8 smaller than the oscillating force. This force is extremely small;

however, it will not enter into the system because the forces cancel each other as

shown in Figure 2.

The last force to consider is that caused by gyroscopic effects. The air

bearing torsional pendulum acts as gyroscope because the table top rotates on

a rotating earth. The object on the table top acts as the rotor of a gyroscope

and the earth produces the precession. The torques produced by this motion

can be computed from the law of gyroscopics. This law is

T = l_s_ p (3)

where:

T = torque

I = moment of inertia of object

_s = spin velocity of table top

Up = precession velocity of earth

Figure 3 shows the factors stated in Equation 3 and their direction. The torque

vector has a direction perpendicular to the axis of rotation. Using Equation 3,

the magnitude of this torque for a ZOO pound dumbbell is approximately 6.9 x 10 -4

inch-pounds. Several tests were performed to determine the effect of this

gyroscopic torque on the air bearing table. First a dynamic test was performed

to measure the vertical deflection of the ends of the dumbbells that was produced

by gyroscopic forces. A dial indicator with a sensitivity of .0001 of an inch

was mounted on the air bearing table as shown in Figure 4. The air bearing table

Dial Indicator

FIGURE 4

425



BY ............. D _. .......

CHKD. BY ...... D_,E ........

.............................

SUBJECT .................................. SHEET NO .......... OF ........

JOB NO ......................

.............................

V

/
Fc° _____.

r

,, !

Table Top

!
/

Center of

Gravity

i

Dumbbell

/
Fco

/
V

!

/

V } !1

%

11
i i

,r"

/f"

t. /

¢': %,.

",\

;\
\

'\

\

i
!

!
i

-x,x. ,.J

<*,/

• • "J_

\v'x
\

\
\

V OUt

F
CO

FIGURE 2

426



BY ............. D -'. ........

(:HKD. BY ...... D^,E ........

SUIJECT .................................. SHEET NO .......... OF. ......

............................................. JOB NO ......................

+

T

_S

l
i

il
! I

J
T

FIGURE 3

4Z7



was rotated to .05 radians and released. As the table oscillated the dial

indicator was observed. There was no deflection of the dial indicator needle;

therefore, the deflection had to be less than .0001 of an inch.

In order to determine the specific torque, a static test was performed.

The same set up as shown in Figure 4 was used except weights were added

to the end of the dumbbell. Table 1 shows the results of these tests. By

extrapolating the

TABLE I

Torque Weight Deflection

19 in-lb. 1 lb. .0004

38 2 .0008

95 5 .0018

190 i0 .0034

475 25 .0122

data in Table I, the deflection necessary to produce one inch-pound of torque

is 2 x 10 -5 inches. Therefore, the deflection produced by the gyroscopic forces

on the 200 pound dumbbell is approximately 14 x 10-9 inches. This deflection is

at least an order of 10 -10 inches smaller than any other length measurement

considered. Since this deflection is so small the gyroscopic forces upon the

air bearing table can be neglected.

In summary, none of the three forces caused by the earth's rotation affect

the system performance. Other forces which may affect the system will be

analyzed later.
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HEADQUARTERS

U. S. ARMY MISSILE SUPPORT COMMAND
U.S. ARMY MISSILE COMMAND

REDSTONE ARSENAL. ALABAMA 35809

IN REPLY

.E.E. To SM IDW-0LPP

Army Missile Command Cal ibration Center
Physical Standards Laboratory

Report of Calibration
For

Moment of Inertia Standards

A - 75 Lbs Nominal
B - II0 Lbs Nominal
C - 180 Lbs Nominal
D - 200 Lbs Nominal
E - 300 Lbs Nominal

Submitted By

SPACO
Huntsville, Alabama

Moment of Inertia Standards were intercompared with

standard masses to determine their mass. The wei9hin 9

system involved using a load cell as a transducer, feeding
a signal into a precision readout. The wei9hin 9 scheme was
evolved at the National Bureau of Standards, and in these

tests, involved intercomparin 9 the unknown mass with two

nearly identical standard masses. Thus each test run pro-
duced two estimates of the difference between the unknown

and a standard, to9ether with an estimate of the difference

between the two standards, whose true difference was known

to an accuracy well beyond that obtainable in the tests.

These data were analyzed statistically to determine the

errors involved in the wei9hings, and the final estimate of

the mass of the unknown was a mean of a number of repeated
tests, the quantity of which was sufficient to reduce the

uncertainty to a satisfactory level. The design of the test

was such that systematic errors are negligible, leaving only
random errors tO consider.

Test No 65-461

Pa9e I of 5

KEEP FREEDOM IN YOUR FUTURE WITH U,S. SAVINGS BONDS
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SMIDW-0LPP

The results of these tests are as follows:

No Nominal Size

A 75
B I10
c 18o
D 200
E 300

True Mass Uncertainty (3 _) No of
Lb Lb % of Mass Tests

74.981 6 .001 2 .002 15
112.874 5 .0OI 3 ,001 I0
182.821 .004 .002 34
198.750 .OO3 .002 17
290.966 .006 .002 12

_Purpose and Procedure

The inertia standards were intercompared with mass

standards to determine their mass with the highest degree of
accuracy attainable at the Calibration Center.

To gain this end, a weighing scheme, evolved by the
National Bureau of Standards and called the 3:1 cycle, was
invoked. For a completely rigorous treatment of this scheme
the reader is referred to the report by Lt. Perry Fisher_e,
but the essence of the scheme is described below.

The scheme involves use of the following items: two

mass standards, differing from one another by some small
amount, 0.I pound, for example; a transducer-readout system

capable of adequate resolution and sufficiently stable to
operate with a slow, linear drift over say, an hour's time;

a lifting system, free of vibration when holding the load;

a timer and a small "sensitivity weight", of about 0.02% of

the transducer capacity; and of course, the unknown mass.

Theory and Technique Employed in the Calibration of Large
Metric Masses at the George C. Marshall Space Flight
Center, 25 January - 16 March 1965

Test No 65-461
Page 2 of 5
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SMIDW-OLPP

If one were so fortunate as to have an ideal system,
completely stable and impervious to drift, repeated weighings
of the same mass would produce an identical readout. If,
now, the sensitivity weight were added to this mass, we would
get an increment in our readout which would be attributable
to the increment in mass, and the ratio of these increments
would be an indication of the sensitivity of our system for
small increments in this range of mass. If we selected our
two standard masses in such a manner that one was a trifle

less than our unknown, and the other a trifle more, but with
the total spread preferably less than the value of the sensi-
tivity weight, we could operate entirely in this very small
range of mass difference, with the result that even with a
thoroughly non-linear system (in terms of linear increase of
readout for a linear increase in mass from zero to capacity)

we could feel safe in assuming that this small operating range
is essentially linear,

Unfortunately, any real system has drift, due mainly to
thermal effects in this case. The best we can do is to set

up our procedure_ in such a manner that each successive
weighing occurs at the end of an identical history, and also
that each set of inter-relating data is obtained over a short
period of time, so that long-term non-linear effects are
minimized. In addition, if the resulting data can be analyzed
in such a fashion that the drift increments associated with

each reading tend to cancel one another out, the problem of
drift becomes at least a manageable one.

The 3:1 scheme involves three independent sets of readings
for each test. In the present case they involve the following
comparisons:

I. First standard with the specimen.

2. Second standard with the specimen,

3. First standard with the second standard.

_ See appendix for a step-by-step summary of procedure.

Test No 65-461

Page 3 of 5
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SM IDW-OLPP

Thus each test gives two estimates of the difference

between the unknown and a standard, plus an estimate of the
difference between the two standards. The value of the First

two estimates is obvious, while that of the mass inter-

comparisons yields a test result which can be compared with
a known value.

An additional virtue of this weighing scheme is its

freedom From systematic errors; those inherent in the system,

such as offset meter zero, are reflected in all readings and
are without moment due to our interest in differences of

reading only. Drift has already been dealt with above, and
the cumulative test results on the standard-versus-standard

evaluation confirm the assumption that systematic errors are
indeed trivial.

If systematic errors are slight, we are Faced with the
problem of reducing the random error in our Final mean value

of mass to a satisfactory value. N.B.S. has set up a series

of analytical relationships !whose justification can be
explored Fully in Lt. Fisher s report) which yield least

squares evaluations whose estimated variance is but 2/3 that

of the raw data. They also provide a means of estimating

the variance for the crude data in each test cycle. In

accordance with classical statistics, the estimate of the
mean value of the mass increases in precision with the

number of trials, and by this rather brute-force method an

increase in accuracy can be gained at the expense of time.

For a halving of the estimated error, for example, four times

the number of trials is required, a process which soon becomes
economically unfeasible. In the tests thus far performed, a
tolerable estimate of variance was achieved before the time

expenditure became excruciatin9.

Unfortunately, the random errors suffered are essentially
inherent in the weighing system with its attendant procedural

crudities. If the same system is used for the evaluation of

progressively smaller specimens, the absolute value of random

error should remain the same. These errors, in terms of a

percent-of-the-mass-involved, will then loom progressively

larger with each progressively smaller mass. Inasmuch as
the only solution (barring refinement of the system) is to

increase the number of trials, this limitation _ becomes

increasingly serious with the smaller masses.

Test No 65-461

Page 4 of 5

434



SMIDW-OLPP

The data gleaned suggest that the estimate of variance
computed is indeed real istic. As mentioned above, the
cumulative estimate of the difference between the two

standards is one which can be compared to a known value,
The estimates thus far come within about half the estimated

standard deviation (½ cr) computed for the estimated value

of mass. In addition, the cumulative estimated mean
derived From each of the two unknown-versus-standard

determinations comes within ½ _ of the Final estimate of
the unknown mass.

The three larger masses were weighed using a BLH 500
Ib capacity load cell, while the weighing of the two smaller
masses were successful ly weighed when a 200 Ib capacity load
cell was discovered which had the necessary stability, This
discovery, coupled with some very useful recommendations on
the part of Lt. Fisher, brought the program out of a serious

impasse.

_HER K

In Charge of Test

Test No 65-461

Pa9e 5 of 5

ROY L. CAMERON
Chief, Physical Measurements Branch

435



APPENDIX

Step-by-step procedure of mass evaluation, 3:1 method,

A. Pre! iminary

I. Weigh unknown mass, using system as a weighing

instrument to obtain first approximation of mass value,

2. Select standard masses such that one combination

is slightly less than this value, and another slightly
more. (Usually the second standard is the same basic masses
as the First, with a small mass added.)

3. "Exercise" the system: raise the standard fop the
prescribed length of time and then let it rest for the

prescribed length ; repeat until the readout shows a tolerably
smell drift. (The time up - time down cycle may have to be
altered to give satisfactorily small drift.)

B. Weighing

a. First Comparison

I. Raise the First standard and record the reading
(Item "A" on test data sheet) Following the prescribed time
cycle. Then lower, and change to the specimen mass.

2. Raise the specimen mass, and record its reading
(Item "B") then lower according to the time cycle.

3. Place the sensitivity weight on the platform
with the specimen, and raise again, taking its reading (Item "C'),

4. Lower, replace with the first standard and also
the sensitivity weight. Then raise and take its reading
(Item "D").

A-I
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b. Data

we set four readings Ii, 12, 13, 14 such that

Standard (SI) yields I I (Item "A")

Specimen (X) yields 12 (Item "B")

X + sensitivity weight yields 13 (Item "C")

S I + sensitivity weight yields 14. (Item "D")

with these data one can get an estimate of the difference

between the standard and specimen (S I - X) by:

S I - X = Sens Wt x
average difference between readings of S I and X

difference between readings due to sens wt

I
2 [w (II - 12) + W ( 14 " 13)]

13 - 12 13 - 12

wh ich reduces to

s I - x = w [(If - 12) + (I 4 -

z (i 3 i z)

13)]; (listed as "a "
I on data

sheet)

Note that, for any constant drift through this cycle (usually
comprising 20 minutes), the error due to drift becomes zero

if I I - I 2 = 13 - 12, or 14 - 13 = 13 - 12, since the first

and second terms of the first expression become equal, but the
drift component will be opposite in sign. Thus the ideal
weight selection is that thesensitivity weight be equal to
the difference between standard and specimen.

A-2
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Cw Second Comparison

Here weighing standard I (SI) yields I I

standard 2 ($2) yields 12

S 2 + Sens Wt yields 13

S I + Sens Wt yields 14, all of which

are treated in a simi lar manner to give (S I - $2). Listed as "a2"

d. Third Comparison

Finally, weighing specimen (X) yields I I

S2 yields I 2

give a result of (X - S2).

S2 + Sens Wt yields 13

.X + Sens W_ yields !,t. which
l, It

L i sted as a 3 ,

C. Data Reduction t Usin 9 Least Squares Technique

The derivation of the relationship for the least squares
result is involved, and is delineated in Lt. Fisher's report;
suffice that it involves all three of the comparisons yielded
above, and tends to add values in such a manner that the

redundant value (considering that SI, S 2 and X are evaluated

completely by any two values) is used ds a device for esti-
mating the error in the system. Similarly, the estimated
standard deviation for the test is the result of a derivation

in Lt. Fisher's report.

A-3
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The Data Reduction Work Sheet was laid out for a weighing
scheme which involves only one standard and two unknowns; here
it was used for one unknown and two standards, using standard
number two for "X2". The fifty pound masses usual ly do not

weigh exactly fifty pounds and cape must be taken to identify
them and take their departures from nominal into consideration
in the final mass calculation. The smallen masses are

accurate well beyond the resolution of the system. In these

tests S 2 was made by adding or remov ins a small we i ght from S I .

The result is that S I - S 2 should approximate the value of

this small weight, and the sum of a I and a3 should also approach

this value. Significant departures from this value in the
final least-squares estimate demonstrate the existence of large
errors in this particular run, and are a val id reason for
rejecting the results. A mean value for, say, a dozen runs
which departs considerably from the true value suggests some
systematic error in the procedure. This situation manifested
itself during the weighing of Mass C, resulting in a mean

estimate of S I - S 2 which was 0.003 Ib in error. This error

was well beyond that which would have arisen due to pure chance,
and as a result the entire set of runs was rejected and a
smaller sensitivity weight with closer-to-unknown standards

was set up. The resulting cumulative estimate of S I - S2was

found to be well inside the bounds of random error,

The formulas for deriving the least-squares estimates
were derived at NBS, which derivation is shown in Lt. Fisher's

report. In essence, S I X, S I - S2, and X - S 2 are adjusted

in such a manner that the errors in each estimate are at a
minimum and the three estimates are consistent with each other.
The relationships resulting in the estimate of standard
deviation are also NBS derived, and Lt. Fisher's report may be
consulted for this as well.

The final computations involve, first, finding a mean

va I ue for S I - X, S I - S2 and X - S 2, The mean va I ue of S I - $2

should compare very closely (within, say, 0.0005_0 of total

mass) with the known true value of S I - S2, In the example

shown, it is in error by about 70 mill ionths of a pound in 112

pounds. This encouraging resultt plus an estimate of uncertainty

A-4
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for the mean of but 0.0013 Ib, are two realistic results
which indicate that the test series was "under control", and
that the resulting estimate of mass may be proclaimed with
some confidence.

All the different masses comprising S I are added, giving

a total true mass of 112.8799 lb. The mean of S I - X was

computed to be .005402 Ib, which when subtracted From SI

gives an estimated value of this mass of 112.8745 lb. The

sum of S I - X and X - S 2 should agree very well with S I - S2

in each run; this is a means of checking computations. The
"True Mass Correction" was not entered on each run; instead
it was added at the final computation. Not only is there
less chance of error, but the physical picture of what is
being done is readily grasped.

Note that "3 a" is computed, which is the uncertainty oF
the final value for the mass. Statistically, "3 _" is an
estimate of error which has but one chance in about 250 oF
being less than the actual error in the estimate.

A-5
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T_e _ZRATUp_--

S #" "_51 Lt

-- _ PRF__SU_E -- n_n TEST NO._SET 2 [

I[22._ i (li

! { l,-B a_ = (1)+ o)c_" 2(2) " "

;k

!

C,

I

t -'.,._,_/ ! (2)
I I c-;

:_. s O)
D-C

0-%-

._9. c)

I 0"7 = -7÷,s- x.oz
aX&.&

S _,

X2 = Sz

= S_,,/,/_ /
ioa

D

59. _ (f)"

3o-._- (_.)
C-B

a¢.? O)X2 4-w C

= 3-7 -kZ._ x.07
_Y9. t

a 2 -.
. o/zgl, Zl

s+w

* In this case, the standard "S" conslzted of 50 lb. w%. #5, 50 lb. _._.

#8, and I0, 2, 0o_ and 0.2 lb. wts. out of a set, plus a 2, ½,

¼ and 1/8 oz. we.s. from a set:.

Since, in t;-is seri_, X2 is another standard rather than an unknown,

it has been designe, ted as "S2" for clarity, and S becomes "$I"" The
weighing scheme ,-:mains the esme and the chief advantage of another

standard is that it furnishes us with a very useful check, as will be
se_ in the f_ na] C:,,]._'u]ztlc.n_.

xeRO x£mO xE_o
co_Y :r_rn, _
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T_._[_RATUR.E
CBSF_RVER

HU:._I:.L:
BALAUUE L.C.

PRESSURE

DATE

TEST NO. _ SET 2_

SHEET 2 of 2 SERIES____

X!

X2 =-_

X2 +w

XI + w

I A
I

f

t

i
J

!
I

J

(:)

(2)
C-B

L_,__']

3_

_3= (1)+ (3},,

,_..s12. -_ x oz

a3 = z "K_--9

o/_/s- _

4.1, 31 .VXERO. (O_[.TI_I[)
COPY

XE_O
COPY ,,i r
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DATA REDUCTION WORK SHEET

Set

s = 59 < +s-o_.+/_ ,"z._.,;_..z/6-:+ z + i ++_+_."_=

X l = ,,P,_

Test No 3 Date _" 22 -6, _;-

Lb

X2 = 5-'_" ,/ _ °= --_"

T.M,, Corr. of S = K --

From Data: XI X2 =S_

a oop,_ _g "2el -_"q"_ "al- /#L kP
(s-xI) =(s,-x,) I - --

(S.X2) : CS,-_J a2 _o_}Z______Ig - a2 - /Z?'L, -2a 2- Z_?pL>_I_

(Xl-X2):(×,-S.)a3ol4/_Cl_g aura _/L-_p _ ,um-z77d-k _+a 3 -_/,z/,_- "a3 -/q/s'k/_

'l
Sum X I Sum X2

+ K ---- , g* + K. -- *

sum _ * sum • _ ,fig_

(5- ×,J
---_,- Ix_)

T.M. Corr. of X I (

T,M. Corr. of X2 (

Std. Deviation ( (_).:

a I _,_ l_"?-. I_,

+as / 4L_- "917"9
sum / _ 7 I(

-a 2 -- / Z.'_,

A= l+.ml ,--'o_/

* The original form was set up for this work

_o be done on each run, Ho'_,ever, since
the same correction is to be m__de each time,
in practice the correction _..qsmade to the final

average value, thus elimin<ati_ extra calculation
with its chance for arithmetic error.

FOCal Sv 3. I0 x¢RoM_cooy,(ONE-TIME) XERO
COPY

_ -- )11,._

-.o/3/_ L__

--(X,-_,'_)
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I

Rk._%

jV _ .,

i

2

D

]

g.

IJ

o..-
"_ c_.q.c:

. oo+ry

L_3 0

_-<2_

$4.. 3

j-2 3

/2z

l/SJ

_o8

/-

_ o_:i oZ

,X - 5z_

.oo4-yt,

Io93' !7:. :_i

I 3J d /37_,:

i _,_ 1640

io $4 _193

9[.,7 I_-,_

I
5-, --5 I :C'-" z

-! .....

•. -'_:>5'L-_ ! .. ,_/. x)-_ c

.?_-

3,0 2.

,_-_.

0

0

g-. 23

i-3o

. 0-2

19-3/
XiO -0

L.6:c_,-t <<,,,17

c o,.r./,/,._

2,_-Zi,,d;, / /__:.

_3_...,,/f o7_

_ ". ]O-+-Z _._ _..__

_- /Z-7o,._o

=, I Y97L_A

IZ- 7ooo

.1797
..,==__.

iI z. _7 9_ II.= 7,',.<

5,, - _ -._o_ M_

II z, _ 74-s" = T_,<., I/<.,_ o÷"
X

_/'_ /.3_.
10

o'_.'_ Vo/u_<- :_4-" X -5__ = " iozr_-
io

cti<<A: e<.i,,.,.t_ o_ s)-_y_ = s

<->:r,o,- -- . o',.',> 62 LI.

'" i-.> [%_0_ ,_>-.: _ /<.__ ll ,'._l _,
co_v ' - _x_i_o

COPY WEI_O
"'<))'V
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APPENDIX A10

Dumbbell Moment of Inertia Standard Calculation - An IBM 1620 com-

puter program has been prepared for calculating the moment of inertia of the

five dumbbell standards. The program is also capable of performing an analy-

sis on the misalignment of the center of gravity of the dumbbell. (Figure 1.)

Figure 2 shows the dumbbell configuration and the terminology used for

the dimensions. The computer program is shown below. No attempt will be

made to explain the mechanics since an understanding of Fortran II program-
ing would be essential.

The input data for each dumbbell, the center of gravity variations, the

moment of inertia and the percentage error for the center of gravity mis-

alignment is shown in Figures 3 through 7. The true moment of inertia for

each dumbbell corresponds to the zero center of gravity location. The per-

centage error should be multiplied by 100 to obtain the true percentage. It

is obvious upon examining the maximum errors for all the dumbbells that the

mislocation of the dumbbell's center of gravity is insignificant. The maxi-

mum variation of 0. 11 inches represents a gross error in aligning the dumb-

bell. Since the center of gravity can easily be located within 0.01 of an inch

on the air bearing table the error can be assumed to be zero. The computer

program is also capable of performing a diagnostic test on the program, that
is, it will print out every bit of data it calculates. This could be useful in

performing a detailed error analysis on the dumbbells.

The data on the dumbbells which includes the weights obtained from the
Army Calibration Center, minus the new holes and the moments of inertia

obtained from these calculations are listed below in Table 1.

TABLE I

Dumbbell A B C D E

Weight 74. 963 I IZ. 856 182. 802 198. 731 290. 947
Moment of Inertia 27. 504 60. 934 92. 516 124. 108 188. 059

A computer program written in Fortran IV is shown in Figure 8 for future

use in an IBM 360 system.
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MAIN

i

2
C

3

4

DUMBBELL MOI DETERMINATION FIGURE 1

DIMENSION WORD(18), COM(60)

COMMON GOM

BEGIN INPUT DATA STORAGE ASSIGNMENTS

EQUIVALENCE

I(COM ( i), DA),(COM ( 2), DB),ICOM

2(COM ( 4), HA),(COM ( 5), HB),(COM

3(COM ( 7), TM),(COM ( 8), XRA),(COM

4(COM ( I0), XRIA),(COM ( Ii), XRIB),(COM
EQUIVALENCE

Z(COM ( !3!; XR28);(COM ( !4}; H!);(COM

2(COM ( 16), DI),(COM ( 17), D2),(COM

3(COM ( 19), CH),(COM ( 20), XN),(COM

C

C BEGIN INTERNAL STORAGE ASSIGNMENTS

5 EQUIVALENCE

I(COM ( 25), VA):(CQM ( 26): VB):(COM

2(COM ( 28), VH2),(COM ( 29), VCT),(COM

,3(COM ( 31), VT),(COM ( 32), P),(COM

4(COM ( 34), BM),(COM ( 35), HIM), (COM

6 EQUIVALENCE

I(COM ( 37), CMT),(COM ( 38), AI),(COM

2(COM ( 40}: H!!A)_(COM ( 41); H!!_);(COM

3(COM ( 43), H2IB),(COM ( 44), HIS),(COM

4(COM ( 46), TI),(COM ( 47), RA),(COM

7 EQUIVALENCE

I(COM ( 49), RIA),(COM ( 50), RIB),(COM

2(COM ( 52), R28)

C

( 3), DC),

( 6), HC),

( 9), XRB),

( 12), XR2A)

( !5); H2);

( 18), VAR),

( 21), ZERO)

( 27): VH!L,----
( 30), VC),

( 33), AM),

( 36), H2M)

( 39), BI),

( 42); H2!A)_

( 45), CI),

( 48), RB)

( 51), R2A),

8 TYPE I00

9 i00 FORMAT(//38HTO CHANGE CG

i STORAGE

10 PAUSE

LOCATION TURN SWITCH I ON/6IHFOR

ASSIGNMENTS TURN SWITCH 3 ON PRESS START)

C

C CLFAR INPUT nATA AND INTERNAL

Ii CALL CLEARI(COM,O.O,I,24, I)

12 22 CALL CLEARl(COM,O.O,25,60,1)

13

14

15

READ INPUT DATA

READ I,(WORD(K),K=I,I8)

FnRMAT (IAA4)

INTERNAL

STO_AGE ASSZGNMENTS

CALL DECRD(COM)

C

C BEGIN DUMBBLL

]6 N : XN

MOI DETERMINATION COMPUTATION

17 J = ZERO

18 I - O

19 GO TO 40

20 .... 45 VAR : VAR+CH

21 J :J+l

_2 ZERO : J

23 40 IF(SENSE SWITCH 1)15,20

24 15 I - I+I

25 GO TO 30

-- 2.6 20 I = I

27 N = 0

--_ 30 RA = XRA-VAR

29 RIA = XRIA-VAR

30 R2A = XR2A-VAR

31 RB : XRB+VAR

_ __32 . E1B : XRIB÷VAR

.. (Continued)
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MAIN DUMBBELL MOI DETERMINATION

33

34

35

.... 36

37

38

39

40

41

.........42.

43

44

45

46

47

49

50

51

52

53

. 54

55

56

R2B = XR2B+VAR

PI =3.14159

VA :(PI*DA**2*HA)/4.

-V-B- ........ _(--P-I_DB_2_=H_)/4.

VH1 =(PI*DI_2_H1)/4.

VH2 =(PI*D2**2*H2114.

VCT =(PI*DC**2*HC}/4.

VC =VCT-2.*(VHt+VH2)
VT :VA+VB+VC

-P --- =_M-/-V-T

AM =P*VA

BM =P*VB

HIM =P*VHI
H2M =P_VH2

CMT :P*VCT

AI :AM_4J_A_2!!6=_HA_:*2/!2_)

BI =BM_(DB_*2/16.+HB**2/12.)

HIIA = (HIM_DI**2/8.+HIM*RIA**2)

HIIB = (HIM*DI**2/8.+HIM*RIB**2)
H21A = (H2MmD2_*2/8.+H2M*R2A**2)

H21B = (H2M*D2**2/B.+H2M*R2B*=;=2)

.................. _HII_*HIIR+H_!_+H2!B
CI =CMT*(DC**2/16.+HC**2/12, l-HIS

TI =AI+BI+CI+AM*RA_:2+BMmRB_:::2
C

C
57

--58 .......

59 PUNCH 1, (WORD(K),K=I, 18)
60 7 ERROR =(CAL-TI )/CAL

C

C PRINT OUT INTERNAL STORAGE

61 IF(J)23,23,24

PAGE HEADING

IF(J)6,6,7

--_--_._L---:-TI

PRINT OUT

63 23 CALL NOZERO(COM,25,60)

64 I15 IF(J)I50,150,225

65 150 IF(SENSE SWITCH 3)80,90
66 80 TYPE I,(WURD(K),K:I,18)

67 TYPE 200

.... _ ......... 90 PUNCH I_(WORO(K);K=I;!8)
C

C PRINT OUT INPUT DATA

69 PUNCH 5,[COM(L),L=I,20)

ASSIGNMENTS

7O 5 FORMAT(6X,2HDA,IOX,2HDB,IOX,2HDC,IOX,2HHA,IOX,2HHB/5FI2.5//6X,2HHC

I,IOX,2HTM,IOX,2HRA, IOX,2HRB,IOX,3HRIA/SFI2.5//6X,3HRIB,gX,3HRA2,

33X,gHCG CHANGE,4X,6HNUMBER/5FI2.5//)
C

C
71

72 200

PRINT OUT OUTPUT NAMES

PUNCH 200

FORMAT(///SX, 13HCG VARIATIONS,

!CENT ERROR/)

3X, 17HMOMENT

C

C PRINT OUT DATA

73 225 IF(SENSE SWITCH 3)250,275

74 250 TYPE 300, VAR, TI,ERROR

75 275 PUNCH 300,VAR,TI,ERROR

........... 7-6 .......... 300 FORMAT(3X,FI2.4_TX,FI2._4X,FI2._/)
77 IF (1-N)45,45,50

OF INERTIA,3X,13HPER
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78

79

8O

81

82

83
84

85

MAIN DUMBBELL H[]I I)ETERMINATION

50 CONTINUE
TYPE 400

400 FORMAT(////12HE[',jD OF CASE.//43H1F MORE I)ATA, TURN SNITCH 2 ON° PRE
1SS START/)

PAUSE

IF(SENSE SWITCH 2)22,500
500 CONTINUE

STOP

E ND
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FIGURE 3

IDLJMRRELL CONFTGLJRATICN (A)

f)A DR

hC I_ ......
19,50290 , lq4qN

I_ID ;,_2
• 50f_(}O 8,25N0(I

I J1 132
•21700 ,2760(}

CG VARIATIONS _O_Ek]

DC HA HB
%g_ I30- --_ ;SOUIO I _ ...............

HA _ _!A
12.00160 1_,N0150 .50000

fi.25000 ,56000 .56000

VARIATION ....C6 CHAEG_ NURREN .............
O.O000N ,NOlflO I0.00000

OF INFHTIA PERCFNT FRROR

O.ONO0 27.50350P

• OOlO 27.503508

-,/_02.n 27,511350q

.0030 27,50351n

O.O000NO

O. DOOOTFO-

-/l_gO(iOIiO ......

0,000000

.OO_O

. OU5t'F --

=U(]f_O ....

.0070

27.503512 0.000000

27.503513_ " _.TTOOOUU

27,5035_1_ _ n.nnnnnn ..............

27.503517 O.O000NN

.OI}AO 27.503521 O.NONOOO

.OUgD " " 27.503523 - O.O_

_ItlOO _=_5D/522_ ...... J].OOO000

.0200 27,5035_3 -.00000_

.0300 27.503676

iU_DU ......... 27.503rp{T5

=0SOU 27.50/97/

•0600 27.50_174

-°000006

- .n DT]u111 .....

_ono/6_

-,ooNo2_

.0700 27.50qq13

.TTKOU ....... 27._

=OqO(, ..... 27_505002

.I000 27.505351

m,000032

-,000042

-=00005_

-.000067

.II00 27.505738 -.O000R1
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FIGURE 4

RL_Iv_I_RELL CONFIGURAIION (R)

I_A
F_.37_[10

........ hi: .......
26. (i011 (i fi

P'-R
.50nii0

............ lnt
.217tilJ

CG VAI*I ATI

i.)14 I]C HA FiR
6.3-/5-30 l.q4l',b(i ----.--5..110117"/0.... -5_IlIlllTl-- -

TM __HA .... _ _ _ _.
.2q_70 15.50000 15._0000 .50000

HAP _2_ H! __
9. 875(10 9._75013 .56000 .56000

02 VARIATION CG lt[-IAIVGIT_ NUWRFR
.276(10 0.08000 •O01NO 10.0()0013

Cl_S IvOI_FI',.IOF INFRTIA PERCENT FHROR

fl. UnlJ(_ 60.934121 O. OOf]OOO

, ONIO 60.934120 O. OONOOFI

• [i02iJ 6ii. 93_I1g O• 0Off Ol3l]

.003, 6(i.q34118 0.000000

.U04(_ 61i.9_41pfl N.0NNNNN

.0DS0 60.g3412] O•001lOITl]

• UO6U ......... 6(1.9_123 O.OOOOO0

.0f)71= 60.q]q12_ 0.OOO0OO

.Oo_lJ 60.q3q12R 0.0000O0

,00q_ ........ 60.g,-91132 -- 0,001]000

.010U .... 611_93_135 O.OOflO00

,O200 60,93q197 -,OONON1

.030(i

.0"_O-IT

. , USilii

. U(,Oli

60.9]4305 -.OOOOR3

- 6U.O:_qt_O -- -,00000_ ..................

60.9_96_? . -,000008

6{i.9_4q12 -.000012

• 0700

_,Q_0U

• 1000

6{i.91520Q -,000017

60.035.'553 - -._

_ 60.9_5q_5 -_000029

6{|.93638P -.000037

,llOIJ

_ .

60.936867 -.000045
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FIGURE 5

nLMRRELL CONFIGURATION (C)

[)A
6,6268U -- -

HC
20.057s0

I] _ #%

w" a.U

.50NO0

I}1-
,21700

CG VARIATIONS

.001o

•0020

.0 O3O

.0 ,").'4,;

.0050

,0O6U

OH DC HA

IM ........ NA ....
.47400 14.24qq0 1_.24qq0

8,250O0 8,25000 ,56000

D2 VARIAl_--_----
._76(Jn O.O000n .nOlO0

_O_EK1 OF INFRTIA- PERCEK'T FRROR -

q2,516441 0,0000O0

S2.516441 O.O000OO

92,5164_0 b_ Odoond

g2.51644_ 0.000000

-- 92,5i_sq.--- " o.nonooo

MR

,50000

.56000

10.00000

,0090 ..... q2.516472 .... 0.000000

.010o 92.51_80 0.000000

.0i0o -92_4B0 .... O.OOOO00 "

.029(_ 92- ='_ ,009001

.030(} g2.516820 -.000004

.0400 g2.S1711g -.000007

'_ ...... 17_7 = .... 16

,070o 92.518531 -.O00O_P

.0_0(i q2.51917_ -.O0002g

.OqO0 92.519903 -.000037

....... g2.52072_" , .CCCC_C

• 1100 92,521619 -,000055
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FIGURE 6

nC_hRELL CONFIGURATION (D)

I=A I]_ tiC HA
10.00120 10.flnlpn I._]ITSDD 3.PF'T_

..............F_C I_ _H_ RB ...............
2_.26_u .5153(i 16,07220 16.07200

_P
3..B753--

.5l)000

_2
.56000

I_,l L_P VARI A'IIO_ C_ C]_ NUI_
•217(JU .27_(|h O.OOOUfl .NOINO |N.N{INf)N

C(,, VA}_IAIIC_.% _(5_FK1 OF INF_RTIA P_RCE_T FNROR

f_.l'Jnnl_ 124.1{1757O O.ONNOOO

.{lnl(_ 12_.107570 O.NONOOO

.U020 124.107570 O.O000OO

.uO3qJ 12_.1075_N O.ONNONN

.(Jn4{J 12_.i075R0 0.NNNONN

.ONSh 124.107590 0.00g0T)O

.O06O 12_,i0759/l 0.000000

.UN71i 12_.I07fl00 0.00NONN

.Oflg[)

.O1UI,

.020[J

12W.107610 O.OOOOOO

12W.]rT'/52N O.OOOOOU

12W.tN7&PO 0,000000

12W.I07770 -.000001

• l) _ {) li

• oh.rill

.USOU

• U60[i

12w.lOHNON

124.IOB3PO

-.NONO03

-.O01]Ol_

-.flOOOOq

-.00N013

.07()t_ 12q • IOWP2N

.OS0(] 12_.I105T0

.10l}l, 12_.. 112 I_0

-.OONO1R

- • OO_

-.0011029

-,00N036

.llOfl 12W.113100 -.O000_
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FIGURE 7

DUMRBELL CONFIGURATION (E)

DA DR DC _A BR

26,00510 ,75q40 15,99940 15,q_9_0 ,50000

  Snoo  . 75oo .  ooo .s ooo

,21700 ,27600 O,OOO00 ,00100 10,00000

CG VARIATIONS _O_E_T OF INERTIA PERCENT FRROR

._000 188,058990

,O1TI_ ISR.OSBggTF

,O0_(J 18._,N_SqQR

,0030 18R,05RggO

0,000000

---- 0_,O01TOU0 ........................

O,00nnn0

O.O0000O

,0040

,0050

,0060

,0070

188,058990 0,0000O0

IM_._5-c/ollrF .... _0UOU

_88-n590o0 0,000000 ...........

188.059010 O.O0000O

.0 NflO

•0090

.010(i

,O200

188,059010 0,00o000

i8_,059N_0 O_OOO00O- ................

tSA.OSqEq_ ...... _]_OO00OlL .......

188,05q790 -,000001

•O300 188,059540 -,O0O0O_

•04_] 16H,0eoO0O -,0g gOD5

_NSNll _8+N6N600 -,000008

,0600 18fl,061]_0 -,00N01_

• 0700 18fl,062220 -,000017

• 0600 ts8.oe3z_O -.OOoOzz

,1000 188,065?00 -,000035

.1100 18H,067130 -,000043
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FIGURE 8

:'iOI PROGR A?_

d :_Ai'i _tA-_:LL i,,,,.)t DATERTqi,'_ATI'"_ iN FO,qTSA',: ZV ,-jR. 4, lc66

c

(

( _(_" !H, v_i< i - :;- £; :;L_d=-;:'r,'_T C;C T:i _ SbM-t-/LL Z: _.:0:.7
d F_-- FA£L; R<)T .TT'% ' :X]3

( (.(),'1 ! _9 Crl i:_ ir]:" _/qLJL_',_I Id ,.';,. _,:_ .... .T:: :",C,: Rb: .'

( ( O."-I 209 XXI J S I-_F iiUi_.F{-R LJF [_dr'_S

C CO;4 2]_, ZERO biTA TO ZF,x_) :;-Iw,_LO :'c 0.O

C

C

Jl_J

OI'.'1_:!'.:<i_)r'! _'OP, h(i2), C').,(,b.%)
_6, ii'_ JNPLJ [ _ ."1 _] -,TORA:-\:: L%3[&:,;i.-=NTS

C n"_u()N CO:A

_-: F\/AL_-_i,,idz_
1 Cc)b', ]
? C *)M 4

B C()'4 ?

_- C Oi,i i ?

5 COk_ 13

6 COiq I0

7 (-(Uq I9

R <-o;,: 22

, D;,},

, T"i ) ,

, Xi_lA) ,

, X£23 ) ,

, Oil,

, CH),

, K;40D E )

C O:<

C.,%:q

t LJ _

£ O M

COM

2

5

a

14
17

52.

, XSA

, XRI_

, I!I

, D2

, X N

, (C05',

, (C<;I-;

, (CDI:

, (CO:,1

, (COY,

, (c2,':

, (CO;'

2 , L:C ) •

;],_) 9

? , XR?) ,

12 , XR2< ) ,

15 , H2),

I S , VAR ) ,

;'i , ZFR.9),

_G[N INFERNAL ST :A' -,_ £q-i6,"_..'7;_T5

PQ_]IVaL

1 COM

p CON
B (]OM

COivi

5 C O _<

6 C OIvi

7 COM

8 COM

9 COM

NC F

25 ,

28 ,

31 ,

34 ,

B 7

4B

46

4V

FQt# IVa LFNC E

1 ( COM ( 52

V A

VH2

VT

ghl

, Cbi T

, Hi I:_ ,

, H,2 i-:, ,

, TI ,

, R] A ,

, COi4

, COM

, (COM

, COM

, CGPl

COi4

(-O51

COM

COM

26
29

32

35

38

41

"44

47

5n

, R2r_

, VF

, VCT

, P

, Hi'I

, AI

, HII _,

HIS

, (CO;.!

, (COt!
, (CO',:

, (COM

, (COq

, (CO:4

, (COt.1

, ( CO)'

, ( COM

= VH1 ) ,

38 , VC) ,

/m }

%6 , P2!'',-, )'

39 , t'I ) ;

42 , H2IA) ,

45 , CI ) ,

aR , R_ ) ,

51 , R2A) ,

CLEAR iNPLIF DATA AND INTERNAL STORAGE _J,DI'-_"'rNTS

CALL CLdAR 1 (C,t_', _o3,1,24,1)

22 CALL CLEARl(COiq,O°0,25,6",l)

RFAD INPIIT DATA

RPAD(5, iI (WORDi<

] FORe, AT (]2A6)

r,_t.t m=CR_ (COM)

, K : I, 12)
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MOI PROGRAM LONTINUED

C

45

4O

2B

_FGIN F)UHqRLL P,IOI i:,_-TFR_'IiNATi(,,i

N = XN

J = Z_-RO
I = 0

M = XMODE

GO TO 40
VAR = VAR+CH

J =J+]
ZERO = d

I = I + 1

RA = XRA-VAR

R1A = XR1A-VAR
R2A = XR2A-VAR
RR = XRB+VAR

R1R = XR]R+V_R

R?_ = XR2R+\/AP

Pl ='_,1415o
VA = {PI*DA**2*HA) /4o

VB = ( P I *DB*_2-_HFi ) / 4,

VHI = ( PI*DI**2*H]_ ) /4,

VH2 = ( P I*D2"_-_2*H2 ) / 4 •

VET = (PI*DC**2*HC) /4,

VC =VCT-2o*(VHITVH2)
VT =VA+VB+VC

P =TN/VT

_,M =P*VA

RM =P*VR

HIM =P*VH1

H2M =P*VH2

CMT =P'_VCT
_I =AM_

RI "=RM*

HIIA =

HIIB =
H21A =

H21B =
HIS

C]

TI

DA**2115,+HA*_)I12.)
DB**2116,+HB**21i2,]

HIM*DI**2/6,+HIM_RLA**2}

HIM*DI**2/8,+HIM*RiB**2]

H2N*D2**2/8,+H2H_R2A**2}

H2N*D2**2/8o+H2_<*R28**2}

=HIIA+HIIB+H21A+H21_

=CMT*IDC**2/16.+HC**2/12.)-HIS

=AI+RI+CI+AM*RA**2+_I*RB_*2

IF(J) 2.3, 2Bt 24

CAL = TI

C'-);4P U T A T IOi_
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i<,Oi PROGRA:i

r)ECIMAL DUIdP ROI INE iN FO,kI,-_AN iV Fv2B. 7 1966 J'WJ

SURROUTINE NOZE,xu( JATA, iFiRST, LAS] )

DIMENSION [)Ai A(41

KOtINT = n

DO lO J.hOR = IFIRS], LA'_I-
IF( DATA(JboR) )2q, d_, PC'

20 KOtJr,,IT = KC)LJNT + l

GO 10 I "Bl'l,4(h_ 5F-:_,O0 ) _ KO,JNT

"_:) J] = JSUk

GO 10 80

4n J2 = JqU u'

GO T O _D";

50 J3 = JqtJ u,

GO TO br3

6r) J4 = .JSUh
KOtINT = 0

WRITE(6, 102) JI,DAFA(J1 , J2,r)ATA(J2

]02 FORMAT(4([4, F].6.k,) )

,R(} IPNL) = .J'-,tJ 'a, - LAST

IF( I.=.ND) I_;, }iF), IPr)

11n I1-( KOtJBii) i2,'), i0, i7C

17C, GO tO ( I'4G, 140, ]50) , K'Jt';',li"

IZCJ WRITE (6, 1%] )Ji_ DATA(J1)

IBI FORMAT (I4, E16.8)

GO TO ]0

140 WRI]F (6, I41 ) J], OATA(JI), J2, DATA

141 FORMAT(2( I_+, F]6.u) )

GO TO lr_

15G WRITE (6, Ib]) Ji, {)ATA(Ji), J2, DATA

151 FORMATIBII4, PI6.B))

]O CONTINUE

GO TO 2,O0

12n WRITE (6, 12] ) KOtJNT , IFND

121 FORMAT(SH Y-.OUt'IT:, i4, 5X, 6HIFhD =, 14)

200 CON]INtJF

RPTURN

FNr)

, J3,DATA(J3 , J%,IATA(J4)

J2)

J2), JS, DATA(J3)

+

CLEAR1 IN FORTRAN IV

ARRAY CLFARING ROIJTINF

_,URROtJTINF CLFARI(A,F4.,LOCI,LOC2,K)

DIMENSION A(] )

r)o 10 I : LOCI ,LOCP ,K

l_ A(I) = i_

RETURN

FND

FEB. 8 1966 JNJ 00001

2

3

4

5

6

7

8

9
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NOI PROGRAM

RELATIVE READ ROUTINE FOR DECIMAL DATA It4 FORTRAN IV FEB. ¢, 1966JHJ

_rlRROUTINE DFCqD(R)

DIMENSION A(6), R(5) 9 ND(5)

5 READ (5, 10) LOC, (ND(I), I=19 5), (AIJ), J=lP 5)
]q FORMAT(16,12,4II, 5F12.8)

IF(LOC)21,20t23

20 WRITEI6, 80) (A(1), I=1,5)

BO FORMAT(IH1 56H THE LOCATIONS FOR THE FOLLOWING DATA WAS NCT SPECIF

1YED.' / 10X_4F12.8/ 33H FIX THE CARD AND THEN REPRGGRAI'4.)

GO TO 55

21 IFILOC + 9999)22,55,22

22 LC = I

LQC = - LOC
GO TO 4n

23 LC = 2

_0 DO 5Q I = l,

IF(ND(II)50,45_50

45 J = LOC - 1 + I
R(J} = A([}

50 CONTINUE

GO TO (60, 5), LC

55 WRITEI69 56)

56 FORMAT(13H JOB COMPLETE)
CALL EXIT

60 CONTINUE

_FTURN

END



1.4

i.4.1

1.4.1.1

1.4.1.Z

1.4.1.3

1. i. 1.4

APPENDIX All

TEST PROCEDURE

System Analysis

Evaluation Tests

Purpose

To analyse the air bearing torsional pendulum system to deter-

mine the accuracy to which moments of inertia can be obtained.

Equipment

(I)

(z)

(3)

(4)

(5)

(6)

(7)

24-inch air bearing table

Photocell timing device

Displacement detector

Two Hewlett-Packard 524D frequency counters

One Hewlett-Packard 560A digital recorders

Torsion rod

Dumbbell standard

Set-Up

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

Turn on electronic equipment for warm-up.

Level air bearing table on iso-pad.

Set air pressure at 30 psi.

Mount dumbbell r2 _ _,_ table +--

Insert rod number 124 into the table.

Zero the wand and gratmg for triggering the photocells for

both the period and displacement devices.

Use one Hewlett-Packard frequency counter for recording

the displacements.

Use the other Hewlett-Packard counter and the digital

recorder for recording the periods.

Test Procedure

(1) After the test procedure has been arranged as outlined in

the test set-up, testing is ready to begin.

(2) Manually disptace the table top to a displacement slightly

greater than the starting displacement given in the Test

Data section.

(3) When the maximum displacement decays to the starting
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displacement, start the time counter. Obtain the data cal-

led for in the data sheet below.

1.4. 1. 5 Test Data

(1)
(2)

(3)
(4)

(6)
(7)

Date -

Personnel -

Dumbbel[- C

Torsion Rod - 124

Starting Displacement - 0. 001 radians

Number of Cycles - 500

Sampling Frequency - 10 period averages every Z0 cycles

Test No. Temp. Humidity Time

L,, _ i I

(9) Include Period Print-out Tape
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APPENDIX AIZ

STATISTICAL ANALYSIS

A statistical analysis computer program was written to define and pro-

vide basic statistical properties of sample data, so that a more sophisticated

analysis may be performed at the discretion of the user. The statistical com-

puter program, with its subroutines, is shown in Table 1. The actual opera-

tion and input data requirements are explained in the comment section of the

program. The main program consist of four subroutines DECRD, FREQ,

STAT, and POPUL. Figure 1 is the functional flow chart of the main pro-

gram.

Subroutine DECRD is used to read in the data points to be analyzed.

Figure 2 is the functional flow chart for DECRD.

Subroutine FREQ is used for computing the frequency distributions of

the population sample. This subroutine also uses subroutine SMOOTH to

apply the least squares polynomial approximation principal to a set of four

data points to obtain a polynomial equation of the second degree which best

fits these points. FREQ then compares the next data point to see if the rel-

ative error (A-B/A+B) between its computed value and actual data is greater

than the preset limit. The limit is part of the input data. This test and cor-

rection prevents an error of large magnitude from greatly biasing the output

conclusions. After all the data points have been smoothed, subroutine FREQ

arranges the data in ascending order. The choice of printing out the Y input

data, the Y ascending order, and the Y deviation (Y-Y) is a function of the

input data.
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The program automatically divides the data into a number of classes

basedonSturges rule m = 1 + 3.3 lOgl0N. (SeeTable 2.) Sturges rule

seems to suggest too many classes when the number of cases are small

and too few classes when the number of cases are large. The actual choice

of the number of classes will dependon the nature of the data studied, and

on the units in which they are stated. To facilitate the study of special data,

an alternate mode is included in the program. When the number of classes,

considering the magnitude of each class and its base number, is inserted

with input data, (see Table 3), the program automatically follows the above

input guide lines. The number of cases in each class is then countedand

control returns to the main program. Figure 3 is the functional flow chart

for FREQand Figure 4 is the functional flow chart for SMOOTH.

SubroutineSTAT produces a general knowledgeof the measures of

central tendencies in ungroupeddata. There is no limit to the number of

ways in which one could select a value as representative of a group of data.

STAT computesthe methods that are in most common use among statisticians:

Arithmetic mean Y =

Geometric mean Yg =

Harmonic mean Yh =

Quadratic mean Yq =

Sigma (o) S1 =

Sigma (orZ) $2 =

L(Y)/N (9)

e(E (Log(Y))/N) (I0)

N/E(I/Y) (II)

Z(YZ)/N (iZ)

E((Y -Y)2)/N --i (13)

NE(Y/) - (Z(Y))2')/N(N- I) (14)
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The program also provides the numerical values of the various sums

computed. The median and mode may be determined from the array of the

ascending values of Y and a frequency distribution table. The median is the

value of Y at (N + I)/Z and the mode is the value of Y occurring most fre-

quently.

The arithmetic mean [s the most widely used and most commonly

understood of all the averages. The arithmetic mean is usually stable in

sampling, running more uniform from sample to sample than any of the

other averages. When there is a marked skewness in a distribution so

that the arithmetic mean, the median, and the mode differ widely in value,

it should be considered a possiblility that the arithmetic mean is not truly

representative or a typical value, and that the median or mode should be

used in preference to it.

The geometric mean is used in cases involving average rate of in-

crease or decrease, or cases involving the computation of index number.

Its value is not greatly influenced by extreme items as are the values of

the quadratic, arithmetic, and harmonic means.

The harmonic mean is used [n certain cases of finding the average

of rates. Every rate [s stated as a variable number of units of something

per constant number of unit of something else. The harmonic mean is

rigidly defined and its value depends on the value of each item in the dis-

tribution. The results can be used for further mathematical computation.

The program is such that it will skip a zero number, not entering it into

the computations.
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In certain theoretical probability problems it is important to use the

squares of numbers, rather than the numbers themselves. In such cases

the quadratic mean is natural.

The population parameters corresponding to S and S 2 are the popula-

tion standard deviation and variance respectively. Figure 5 is the func-

tional flow chart for STAT.

Subroutine POPUL computes the population percentage of the whole

population within the interval of the first, second, and third sigma values

(IS, ZS, and 3S); Figure 6 is the functional flow chart for POPUL. The

statistical computer program typical output format is shown in Tables 2

through 4.
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STATIST. ICAL ANALYSIS PROGRM

STATISTICAL ANALYSIS PROGRAM MARCH 23, 1966 JHJ

WORD = ALPHAMERIC FIELD FOR PAGE HEADING COL1 TO 72 ON FIRST DATA CARD
XN = NUMBFR OF DATA POINTS INPUT DATA SHOULD IN COL1 TO 12 OF

SFCOND DATA CARD

YLIMIT = A-B/A+B THE MAXIMUM PTRMISSIBLE RELATIVE Y DATA DEVIATION

INPUT DATA SHOULD BE IN. COL 13 TO 24 OF SECOND DATA CARD
XKXM = NUMBER OF CLASS INTERVALS IF EXTERNAL MODE CONTROL IS USED

INPUT DATA SHOULD BE IN COL 25 TO 36 OF SECOND DATA CARD

CLASS= THE AMOUNT TO INCREMENT EACH INTERVAL

IMPUT DATA SHOULD BE IN COL 37 TO 48 OF SECOND DATA CARD

RA£F = THE LFAST Y VALUE TO BEGAIN INCREMENTING EACH INTFRVAL

IMPUT DATA SHOULD BE IN COL 49 TO 60 OF SECOND DATA CARD
XMODE = FOR PRINT OUT OF X,Y,Y ASCENDING AND T DEVIATION PUT

ANY NUMBER IN COL 61 TO 72 OF SECOND DATA CARD

Y = VALUES OF Y TO BE READ IN BY SUBROUTINE DECRD

DIMENSION WORD(18),AI225),X(225),Y(225),YSUMI20),ASTEPI20),D(225)

1 READ 10. (WORD(K).K=l,18)
10 FORMAT(Z8A4)

READ 5. XN,YLIMIT,XKXM,CLASS,BASE,XMODE
5 FORMAT (6F12.6)

CALL DECRDIY)

N = XN

KXM = XKXM

DO ]6 I=I,N
16 X(1) = I

CALL FREQ(Y,X,A,YSUM,N.YLIMIT,AST_P,KXMtCLASS,BASE)
CALL STAT (A,D,N,S1,S2.YS,YS2.YG.YH,YQ_YB.YD,YD2oYLtYR)

' CALL POPUL(A,N,YB,SI,SIP,S2P,S3P)

IF(XMODE)Ig,14,19
19 PUNCH 15, (WORD(K),K=I,18)

]5 FORMAT(//]8A4//)

PUNCH 20

2n FORMAT(1BX16H X-Y DATA POINTS10X,11HY-DEVIATION3Xo12H Y-ASCENDING

I/llX,?H XI4X,PH YI_X,BH YD12X,_H YA/)

ICOUNT=O

DO 30 I=],N
PUNCH 40, I ,Y(1),D(1),A(1)

40 FORMATI9X,14,6X,3FI6.8)

ICOUNT=ICOUNT+I

IFIICOUNT-50) 30,45,45

45 ICOUNT=O

PUNCH 46, (WORD(K),K=1,18)

46 FORMATI//1HII8A4/SX. IOH CONTINUED/)
PUNCH 20

_0 CONTINUE

14 PUNCH 15, (WORD(K),K:I,18)
PUNCH 50

50 FORMAT(///19X,16H CLASS INTERVALS,22XogH OBSERVED/
1 ]6X,5H FROM,12X,3H TO,21X,IOH FREQUENCY}

TABLE l-a.
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STATISTICAL ANALYSIS PROGRAM CONTINUED

PUNCH 55,(ASTEP(J),AST

55 FORMAT (12X,2FI6,8,10X

PUNCH 60, N,YBgYQ,YG,Y

6Q FORMAT(//6X,5H DATA6X,

16X,8NHARMONIC/SX97H PO

211X,4HMFAN//7×,I4,3X,4

PUNCH 7fit £1,£2,$1P,$2

?n FORMAT(6X,9H £TANDARD5

18H PERCENT/4X,13H DFVI
228H 2S POPULATION 3S P

PUNCH'. 80, YS_YS2_YR,YL

80 FORMAT(7X,gH SUM OF Y1

1ROCALS//2(E19.8,SX)_E1
24Xt25H SUM OF (Y - YBA

GO TO 1

END

EP(J+I),YSUMIJ),J=I_KXM)

,Fg.1)
H

llH ARITHNETIC4X,gHQUADRATIC5X,gHCFCHETRIC
INTS9X,4HMEAN9X,4HMEANIOX,4HN_AN

F!4.7//)

P,g_P

X,gH VARIANCF5X,8H PERCENT6X,8H PERCENT6X9

ATION S16X,3H S26X,14H 1S POPULATICN
OPULATION//2X,SF14°6//)

,YD,YD2

IX,17H SUM OF Y SQUARES5X,21H SUH OF Y RECIP

9,8//5XIBHSUM OF LOG(Y)8XI5HSUM OF Y - YBAR

R)SQUARES //2 Elgo8,5X),EIg,8//)
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STATISTIC'_L -;4A.L'f.¢I"_.PROGRtq

RELATIVE REAI-iROUTiNE i=OR DEC iI.I.-\L DATA
SU_ROUIINE bE_C,RD(B)

DI_;ENS'ION A(5), B(5), ND(5)

5 READ 10, LOC, (ND(]), I = 1, 5), (A(J), J = 1, 5)
lO FOR_IAT(I6,I2,411, 5F12°_)

,IF(LOC)21,20,23

2n P_INT _Q_(A(1)_ I = l_ 5}

I

]4!

000000. :[:
IC"

1"
gO, FOR:_IAT(1HC,,]OX,5OttYOU FOROOr ;':, :;;-_h"£I;{'¢ 'rrl:: LOCATIO?:::; ;'oP, TI-1Z ,eOLLOOCOOP,'"

,o,,nIF YOU ,,0.'. -r,-,,-,r,,-,1OWING DATA//11X, 5F12.G//llX_ ,.",HSTt_PID//'_X_.,, ''_ ...... :._.u..'_" J " ...,,,_,,,_'O _...,

2 FIX T,HE CARD, FIX IT' AND T;_;; ,DR=SS START/fIX, 47HIF .... DON--T :<t;O00OC02 _
30W HOW, THEN DON-T WASTE MY Tl:_;k-)

PAUSE
GO TO 5

21 iF(L.OC + 9999)22t55,22

22 LC = i

LOC : - LOC
GO TO 40

2"_ LC = 2
4n DO 50 I : I_ 5

IF(ND( I))50,45,50'

45"J = LOC - I + I
:q(J) .'. = A(i)

50 CC)NTiNUE

GO TO (60_ 51, LC

55 PRINT 56

56 FORt, IAT( 12H JOB COMPLETE)
STOP

60 CONTINUE
RETURN
END

22
23
24
2_
26

27
2_
25
3
31

32
3_3

35
36
37

38
39
4

41

'p

,s

TABLE 1 - b.
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STATISTICAL ANALYSIS PROGRi4

C

C
C

C

C
C

C

C

C
C

C

C

5O

65

80

70

75

90

85

105

102

101

120

SURROUTINF FR_O(Y,X,A,YSbM,N,YLIr,iII-,ASTEP,KXM,CLASStBA.qF)

FOR COMPUTING FREQUENCY DISTRIBUTION FORTRAN tI 9-10-66 JHJ

Y = ARRAY FOR Y DATA

X = ARRAY FOR X DATA

A = ARRAY FOR R_ARRANG_D Y ,h_TA

YSUM = ARRAY FREQUENCY DISTRIBUTION VALUES

N = NUMRER OF DATA POINTS

ASTEP = ARRAY FOR THE CLASS INTERVALS

KXM _ NUM_FR OF CLASS INTERVALS

CLAS = THE AMOUNT TO IiNCREivlENT EACH INTERVAL

DIMFNSIONY(]),A(1),SUR(4),C(5),TY(4),TX(4),YSUM(20)oX(1),

l A£TEP(1)

TESTING DATA POINTS FOR

CORRECTION IS WITH A LEAST

USING A QUADRATIC EQUATION

I =0

IX =0

KX = 0

DO 90 J=l t

I =I+l

TY(J) z Y(1)

TX(J} = X(I}

IF(IX) 65,65,90

IF(N-I-I)80,80,9@

IFlJ-q) 70,70975

I = I-_

IX = J

CONT'INUE

CALL SMOOTH(TX,TY,4,2,C)

K =1

K :K+l

YTEST : C(1)*C(2)_X(K)+C(3)_X K)_2

TEST = (YTEST-Y(K))/(YTEST+YiK))

IF (ARSF(TEST)-YLiMIT)102,102,105

YiK) = YTEST
IF(K-N)10],120,120

GO TO 5n

CONTINUE

RANDOM ERRORS OUT SIDE ANY PRESENT

SQUARES CURVE FITTING ROUTINE

Y= CI+C2_X+C3_X_2

LIMIT.

TABLE I - ¢,
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£TATISTICAL ANALYSIS PROGF£Mvl CONTTb!t)Fb

C

(-

(-

Af,_,2ANC_ING Y TFRM.£ IN ASCENDING ORDER IN ARRAY A

chr_ 275 [=1 ,,.N

P75 A ( I ) =A'4C, F ( Y( I ) )

r'_o 350 I=I,N

rbE_ B5_ J:[ ,N

IF (A ( [ )-A (J) } 3509350.J 5"J5

qr-.>_ TFMP : /4( I )

a( I _ = A(.J_

& ( J ) = TPMp

o,r_:q (-¢hN!T [ NIJF

Tpe, TING IF FXT,:RNIAL (_:L_qg IN]-FRVIAI_ ,iC,_)E D_SI,:,c,-_

IF NOT (L'_,SS [NTF_RV[AL (-ur.",PUTE:) :_'f CLASS : 3.3:'L06 (:4)+i

TF (KXM)4I 5941")_4),)

41 r-, yrhlf- = &(r,,)}-A(])

Xb, II !M : N

,_ X,vl : O.4.-_42g_B6_XLuGF (X,,iU:,;):,%.%+i.5

:', ',; : K X M

('LA._-_= f i ,"'/XM

4_?,:-.: ,\qTF-P( ] )= A( ] )

Gn TO _2_

4p.'_ AqTF-P( ] ) = _Aq,':

4._ wXMPl= KX'_4+I

, 427 I=2_<X,,4Pl

AqTFP( i )= ,.qiFP( ili)+CL_C,q

_P / F_NI INLJE

I:tJ

XN :0°0

}')0 43) J=l ,<XWq

a35 Yc, i :d(j)=O.

i'JO 450 J=?_:X"P1

.iv. =J-1

z4a.z+ l : I+]

IF AST,CP(J)-/_( I ) )44,q,44:,,z+45

a&'_ XN :'_P4+l •

YC,!.l_*( JM] )=XN

IF (I-N} 444_,-"_._0,45a

440 XN :OiO

XN = XN +1.

YSIIM ( J ) =XN

/-,,-5q CONT [ NUE

RETURN

Nrb
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r-

r

<-

r

P

r

P

r

C

('.

c

c

ZHIg _t;r_RC)LITT_, '_" ._DPLI_S Tiff L_'t_S1 5Qu_Rrb POLtNOMTAt APPPOAIWAf Tr''t')

Dr#T_'CTD_L TO ^ SrT OF N _atA POTNIo ,f) OF_iA_rN A PUL',NOMT_L OF

THR DOLYq_T^I _OlJaTIn_,t TS OF I_F rOLLOw_N_ rORVt ....

M

Y_V

T_- _-_q_-r ,-_m TUr D_LYNr)Mf_ L MAATMuM 0_" 1_U

A_Y c_o Tqr cUMC. _ W"ICM _c'_"OM_ I_-'" COc_T_CT. CNIb _ INF

Ar_RL_ Y _r_m rONSTA_!T T_RMb TN IN _ ._MuLIAN_Oub _OuA_I_No
aRRSy _ T_ r UNKNOWNS, WMIC_ _rOM_ _H_ COr_F_C]!_N_ IN

^RPAY 1:'_o TM= p_Wp'_ O_ TM _" xIT}_ I=_OM 1 I0 2M

_ FOo,_IT( 44FI1T_qCU_FTCTCNT _T_ OOINTq _'0_ TNF POLYNOMIAL

STOD

FnPMTHG THE om._mm.,q _p X

N = M +I

D_ I0 3-" I, vy?

10 PfJ,) = '1o0

DO 2e J" ], ,"

2 "_ BiJ1 = n._

1" = Y(T)

Bt!) = r_(1) J" T

DO 25 K : P_','

I" = _((I} *T

_'_, B{K] = _(K) + r

TF_P = 1.

r)C) 11 J = 1, M×?
TEMP = T_'MP * Y(T)

11 P(J} = p(j} + ,r_-,,,p

ApmANGING POWmPS OF X IN _,RRAY A

Atl, l) = N_r_m

_ 1__ J -- 1_ _

k' - I+d-2

TPiK)I"_]2_13

]'_ A(I,J)= P(K)

TABLE 1 - d.

L__,l,lz '................. L_ .



( ')

_ rrhNT TNU ¢

_'ml = K+l

L = K
mr, 4ran I = _P' , N

4 _ ] L = l

&'_ CONT IN!Jr
IF(L -K) 5Or), 5r_n, 405

&"= ._0 41'." J = i(, Ki

T_Mm = m(v_

°(t_ = T =MO

C =LI'._IMaTF COI__I_'_.!w n=tOW WOW K FOR FINAL TRIANGULAL SET OF EOUAT_ON5

FACTOR = A(I, K} I A(K, K)

a(f, w.) = e._

! '_ '_(T1 = m(Tt - r-'&rTOR * =(K1

C"
r CLTUINATION rm_,',Pt_T _ _EGIN qsCK 5U=_C.TTTUTION FOR ANSWERS

C(N) = _(N) I _(N, N)

7!" 1_1 = I + l
_'l_.' = _o(_

OC_ 700 J = IP'f_, N
7 _^ qtJM = ClJM ÷ #,([_I Jl * C(J1

C(I) = (F_IT) - _UM) / All, I)

I = I - I

IF(1) _0, 8_ _, 7_t_

_ " " C_,!T f NUF

#030 = I, "

r)o 9 1 - l,. N

q PROD = PROD _" All, I)

IF (PROr)) ?,4,7

4 TYPE _1

31 FORMAT( 16HISINGULAR MATRIX )

STOP

7 CONT I NUE

RRTURN

FND



['3 _'£ ,j ,.3 i \ ,, IqTATIqTIC_L ANALYSIS _'*

SURRObTINE

DIMENSION

DP = N

DPM1 = N-1

Yq = 0.0

• Y£2 = J.O

YR = O,O

YL = 0,0
yr3 = ,!,O

Y!)2 = _'.,P

]3
]]

]._

STAT (Y,D,N, $1,52 t YS, Y32 , YC* YH,Y,--h,YB, YD,YD2 ,',"L, YR )

Y(1),D(i)

DO 11, J:],N
Yq = YS +Y(J)
YS2 : YS2 + Y(J)x'"_2

YL = YL + LOGF(Y(J)

iF(Y J))13911,19

YR= YR + 1-/Y(J)
CONT I i,_dk

YH = YS/DP

q:> : (Op_yq2-yqx-*2)/
qO 12 I=I,N

O( [ ) = Y([ )-YR
YQ : Y_) + ANSF(_( i )

Y_2 : YO2 + D( I )_,"2

CONTINU_
'--1 : SGR TF (fD2/_Pifll

YG : ExPF(YL/DH)

YQ = $._,_ T r:-( '_S 2 / O P )

YH = 0P/YR

RETURN

PNO

D P-,'-DP',: ] )

TABLE I - e.

474



STATISTICAL ANALYSIS PROGRM

SURROUTINE POPUL(Y,N,YB,S1,SIP,S2D,S3P)
DIMENSION Y(1)

XN = N

£I C = 0.N

£2C = O, n

YBPS1 = ABSF(YB)+S1

YRP2S = YRPSI+S1

YRP3S = YRP2S+SI

_ 10' J = ],N

IF(YRPS1-ABSF(Y(J)))13,12,12
12 "SIC = S1C + 1.

GO TO 17

13 IF(YRP2S-ABSF(Y(J)))IS,17,17

17 S2C = $2C + 1o
GO TO 18

15 IF(YRPBS-ARSF(Y(J)))lO,18,18

18 £3C = $3C + ].
lr) CONTINUE

£_P = IO0o_S1C/XN

£2P = IO0,_S2C/XN
SBP = IO@,_S_C/XN

RETURN

_ND

TABLE 1 - f.



FRFOUFNCY OI£TRIRUTION Y=IIO,/XI*qINiX)+5, AUTO

X-Y DATA POINTS Y-DEVIATION

X Y YD

°

l.OOOOOOon

2.oonnqooo

3, O00nOqq."

4.000000_

5.qO0_OOO_
6.0900000n

7.OOO00OO, _

8.0000000:'

9.00000000

10.O00nOOOq

11.O000000O

12. O00000,.nn

1 "_,noooon nn

14.00f3hOOOO

15,nOOOoOon

16.qoqn_nnn

17.ononnnnh

18.000000o0

19.0000000A

" 20,0000000:)

21.0ooooono

22.00000000

23,0000000n

24.000000nn

25.ooocoono

26.00000000

27.0000000n

2_a.nooooono
29 .(_OOq(%onq

%0.000O0000

31.0000000h

32.00000000

33.00000000

34.00000000

35.0000000_

_6.0000000n

37,00000000

_.00OnOOqh

3g.OO_nOOOn

40.00000000

41 .qonoooOn

42.000o0000

43, O00qOOqh

4&, (%000000'%

45,0000000n

46. 00000000

47.000000"00

48. O00000O_

49.000t_OOOq

50.0009oon_

14,59334100

14. 7_4%;;9n

13.41L7_ )_

8.67A_RS_

6,198_G2 _

5.1_41t]1o

4,24AaI_A6 n

3,56nnl_Sn

q,107qe3R_

2.£_oSOP3n

2.9940947P

3,3n104_8_

3.7171095_

4,19R901£_

4,701373t0

5.1821681_

5.60A75150

• 5.9_8_5_2q

6,16098160

6,P7q57£4_

: 6,2644RP6n

6,1472_22P

5,900%96_n

5,66467860

. 5._6515n

5,026B5680
4.71983450

4,45597890

4,25467400

4,12945720

4,0R67558_

4,_P_734_ O

4,2_7%730

4,4122669_

4,6P809_60

4.86644830

5,1_490710

- -2.4!743870
-2.4_785930

• _460_2.2_2_ n

-2.16924720

--1.97610220

-1.70923050

-1.56004150

-1.Io04_520

-1.15150680

-I.I_778380

-I,07827920

-I,n3850370

-I._28S3240

-I.q2256700

-,86497410

-.R_6£_400

-.8_47_150

-,82701850

-,3212621G

-,76443320

-,74612770

-.7_]95670

-.6_555960

-.6_n_487o

-.6_62o9oo

-.6_365740

-.64885n40

-,6_355090

-,6216W430

-,61960430

-,61246970

-.59623460

-,57586800

-,55740650

-,55683600

-.554_3820
-,551_8430

-,5_087R40

-,5_188940

-.54165070

-,53030540

-,51341790

' -°51307440

5!3P_20540 _.. -,50639_05 50343590 "---.r.450513360

5 63173660 -,_0_33940

5,699285o0 -,_17943.L0
5,7028356•0 -.49102490

5,64475520 -,4S2576g0

6,52976000 -.479_8_60

TABLE 2.

Y-ASC 5-ND I I'G
YA

2.9_e83270

2.86o381v0

2 .0_A0047_

_. 301 n48_n

3.56_n]050

3.71vlg£FO

4.086755£0

4.12573420

_.12045720

4.i9H95130

4.2_70730

4.24RAP_60

&.25467400

4.41226690

4,44249950

4.45022250

4.455978q0

4.51280780

4.53] i13qO

4.57528430

4.591681.40

_,5968_230

4.62103200

4.62_58360

4,6PRBgO60

4,640600]0

4,65_54670

4,65763670"

4,66477]q0

4,68100640

4.70137300

4.71983450'

4.72040500

4,72_10280

4.72<85670

4,726_6260

4,73535160

4.73559030

4,7469%560

4,76982310

4,76416660

4,770847q0

4,77210740

4,77390160

4,77548670

4,78621610

_,79466_I0

9735740



w

...

FREOURNCY DISTRIgUTION

CONTINUED

X-Y DATA POINTS

X Y

51,O00000on

52oO00noqnn

53,qO_qOOn_

54.CO0000nn

55o0_00000n

56.00_0000n

57.000000nn

58.000n00_0
59.300nOOnq

60.0000000_

61,o00noon_

62.oO0OOOnn

64.0_00_0_n

65,_OOoocrn

66.qSO_qOnn

67,9GO_a6q_

68.']0000000

69,000q000 _
TO.OOOONOn_

71.O00000nO

72.000000n_

73.000nqOrn

74.000000nq

75.000qOnnm

76,_OOPNOq_-_

77.qO_Onnn

7_.O000000q

79.0000nooq

80,oo0oo0on

8].O00000Oh

82.00000000

83,oooooonn

84,00000000

85o000000n_

86.oooono0_

87.oooooonn

88.00nooqnn

89.oO0oNonq

90,00000000

9],00000000

92.000000nn

93.00000000

94,00000000

95.00000000

96.0000000 _

97.0000000N

9A,nOOnhOnn

99,0000000n

I00,00000h00

I

YO

5,870P76qn

4.Sprq_q5n

4.6576q47m

4,45022255

4,42_4r_7ot

4.4424_950

4,5128878q

4,62q5_36_

4.76_82510

4097m%P14_

5,_78_Sp7_

5.2255719q

. 5.8479_06q

5.4%60h2qq
5.4Rqn794q

5.48625840

5.4465361q

5,368622£0

5.26O42750

5.1322£23_

4,9949767 n

4.SAq6OZlO

A,7469q_6q

4.655fi467q

4.596802_0

4.57528430

4.5916814_

4.64q690]0

4.72585670

4.8_0218_

4.94705930

5.0658025q

5,17595330

5,26£0172n

5.3_4qe_70

5._6056R90

5.37]q9960

5.34_881]0

5.27996940

5,1961284_

5,096752n0

4.0909q170

4.SAS132qO

4.,79735740
4,726_6_6P

4.681Dq640

4,66477130

-.47404620

-.47q12_I0

-.aTl_84qO

-.47067690

-.45q01460

--.457] _050

-.45304380

-,45117020

-.449449q0

-.44877]40

-.44746350

-.44702270

-.444q4090

-.4512}65N

-.42484580

-.425_9920

-.42287q90

-.41 ==' _0

-,41079270

-.4q815890

-,40757570

-.4_172460

-,_95_1680

--.q_OlqSIO

--.qSSql_40

--,3q142q30

--.37246_80

--.q62SQ_50

--,q625£430

--,35691960

--,55456840

--.54886420

--.34841050

--,3_808210

-.33018170

-.31419530

-.qqq55730
-.20586630

-.29555520

-.2o458510

-,2q335040

-,29173010

-,29027590

-.2895]490

-,286q0930

-.28585130

-.28126430

-,277241_0

-,272169n0

-,26545710

AUTO

Y-A£CFND I NG

YA

4_.,£OP294nO

4,804]17r'0

a*80_35670

i,806564]0

4,'81822640

4.82006050

"4,82419720

4,82607080

4,82779120

4.82846960

_.82077750

4.8%0218%Q

4.83q20010

4.84602450

4.85259520

4._5_8418_

4.85457010

4.86369_i0

4.866448q0

4.86_08710

4,86966530

4.87551640

4,88192420

4,8£Riq2o0

4 • 8oi o2760

4,80=8].770

4,90377520

4.914497_0

4.91465670

4.920.32140

4.02267260

4,92837680

4,92A83050

4.9qo2n8oo

4,847059q0

4.96_04570

4,07q68370

4,9;_12747_

4,08168580

4,982655q0

4,98589060

4.98_5]0o0

4,986965]0

4,987726]0

4.99093]70

4.99138970

4.99597670

5_oonoo_no

5.005072n0

5,01178390

477



8

FRFQU=NCY D|<.TRfqUTIC)M
CONT I NIIFO

X-Y DATA POINTS

X y

101. ooo00nor_

102. oo0000c)n

163.000000n0

104. DOO,r,OOnn

105.OOOC, C)')n_

106. 000,'30q n,",
107. QnO')n,qno

,1 OR. OnOOqOnq

109.9OOq.q_ _)
I i O. O000OQnr"

I l I • O00oOOno

112. O00QO0O_

11 .%• Oc),O0OO_n

114. 00000,300

II 5. O00000n_

II 6. O00000qq

117. O00OOnnn

] 18 .,')nOOC_O_q

1.19. qnooqOnn

l_.O, nOOnOnnn

121. OOOOOOqn

• 122 • OOo,qOOnq

123. :)ooooonp

124. O00000nO
125.OOOO000n

126 • O000_C c.q

127_. O000000n
128. OQO0000_

] 29. O00000nO

130. OOOnOOnn

31. oqonooqn

32.0P000000

33.nooooqn_

34.000noOnn

35.00000o00

36. 00000000

37,00000000

138.00000000

] 39. O00nOOOn

140 • 0000,)0(%0

] 41 •OqOOflOqQ

142. O0000OOn

1 43 •OOOOOC)C)C_

144,0000@:_00

145.00000000

146.00000000

147. O00000qO

148. O000000n

149,00000000

150.00000000

'%

.; • ..

Y= (1 e'. /X):_-SIN( X )+5.

Y-DEVIATION

CD

4.62193_&_

4.78621610

4.86c6S53_

&.06_4%73

5.14_RZO:n

5.21e_7720

" Sq q5.,:719, ]

5.290q7}{60

5._5('_7850

5.27419440

5.2_4_'_S10

5.15_61250

5.0742514n

4.9_772610

4¢90qV752n

4.8207775_

4.7791_7_0

4.7%£_gn30

4,72_]02£q

4.7_5_516q

4.77_A73q.

4.82607080

4.89581770

4.9736g%7q

5.n52648e_

5.1257080C

5.186486B0

5.2P07o6_0

5.25P_7160

5.25166_4n

5.22£g499_

5.18627820

5.12772700

5.05871590

4.98551n90

4.91465670

_.85239520

4.80411790

4.773QG160

4.76416660

4.77548674

4.80656410

4.854_70]_
4.9144_750

4.9812747_

5.04886580

5°11121010

5,16285190

-.25088420

-.23859470

-.29_45680

".21122640

-.22900120

-.228_7520

-.29450210

-.219_1840

-.71852510

-.21143870
-.2_298960

-.198%5830

-.19779460

-.18550330

-.I_544100

-.19048900

-.17606040

-.1723_390

-.17"I09080

-.16603000

-.15660620

-.151533no

-.14951400

-.14620290

-.16495870

-.14310990

-.13992790

-.]3223660

-.13135120

-.121628_0

r.11895560

-.I1875420

-.114_8910

-.I0850220

-.I0622880

-.I0605610

-.I_|28770

-.10091220

-.09513290

-.09096280

-.00075420

".0£750500

-.08561080

-.0_120010

-,0_111260

-.00041100

-._7788470

-.06077960

-.05955290
-,05793380

AUTO

Y-A%C END I NG
YA

5.02635680

5.0tR646%0
5.04376420

5.04601460

5.04_865£0

5._5264_o0

5.05792260

5._5S71590

5.06_802_0
5.07425]40

5.07£86270

5.07959640

5.09173770

5.09180000

5.096752_0

5.]0029_40

5. 10490710

%.10715020

5.11121010

5.1206_430
5.12570800

5.12772700

5.19103810

5.1_228230

5.13_131]0

5.1373131.0

.5.14500440

5.14588980

_.15=61250

5.15_28540

5.15848680

5.162851q0

5.i6£79880

5.17101220

5._7118490

5.17595330

5.17632880

5.182108]0

5.18627820

5.18648680

5.18o7_600

5.19163020

5.19604000

5.19612840

5.199356%0

5.21646140

5.21768810

5.21930720



FRFQUE,NCY D|_TR|P, UTION Y=[tr),/X)_.q]N|X}+5,

CONT I NlJYf)

X-Y DATA POINTS .Y-DFVIATION

X Y YD

I It

• °

152.qqqOqOhn

153.q_Nnhqn_

154,nOOqOOqm
155.0q0000_

156.OhOOOOh_

].58.000300qh
]59.00000000

160.,)O0000q_

161.O00000qO

162.9000000q

164.00000o_

.165,00NnN_OO

166.0NOqOOnm

167._nOhOQo ^

)68,000nOOnn

169.0000nonm

170.00o00oo_

171.00000000

172,00000006

17B.OOOOOON6

174,00000000

!75,000000n0

_76,000000n_--

177,000o0n0_

178,00000Go_

]79,0000N0o_

180,O00000no

181,000000n0

182.000000nm
183,0000000q

184,00000000

185.00000000

]_6.000nOOOO

IR7,0000000h

188.00000000

]8q.OOOqO00_

190.N00000_

I91,O00mOOn_

192.000o0000

193,00000000

194,00000000

" 195,0000000_

196,0000000q

197.0000000_

198 O00000nn
" 199[000000N0

200.00000000

5,10_%5630

5,2176_0qI _

5,2166614n

5,15_4_6£q

*), 1 t%71 ,',,_ ;,,_

', 5,047%%c_3rI

4.9R_89C_f_q

4o 922675'6Q

4.8690_710

4,827791 _'_z,

4,802294q_

4.8_42 ql n

4,875516t,'_

4. 9869651 q

5. 0460] 46P.

• 5, I0_2_:36q

5,, 145qq440

5,17632.98G

5o lql 6:_020

5,1897_6G0

5,17]0]220

5, i"7_1_1 q

5, OQ IAO ;'__O

5.0_R646"_0

4,9£P65500

4.92 £F_'_OSO

4.8819)420

4,8460245f'

4.8241OTpn

4,8] 822640

4,82846960

4,8D'4_q4 ] 8 O

4,8919276_

4.9%02%_9_)

4, ¢;0l _970

5,0437842m

5°_17_770

5,1_i03810

5, 1582'_540

5,17118490

5, 1687_8B0

5,00000000

5. 1206_430

5,0795_640
5,0117,_o_

4,9R16RDNh

............................................................... 1.. 479

-,t52B4290

-,q_166_]0

-.h4aPo2]O

-,q4744470

-.025578_0
-.025_69_0

-.qi. 681%50
-,Oq922_RO

-.0052_090

-,0_304660

.0_272840

,022_3760

.n7313750

,n45o6440

.A_706470

.06_]4010

,m7069960

,07341650

o0OI_8180

,0o2_2700

.09415860

,]_876100

,169295|0

,2q583840

,20901740

,22619_90
.q2701250

016449560

,36751n20

o3874_760

,42_04400

,42559460

°6020B500

,66131120

,66215550

,86999]20

,8q774060

,91914520

,9q7_4160

,996_q740

1,24251900

2,11664750

_,_9774250

4,70328560

5,q7009400

7,13474400

8,1_746800

8,02586800

9,316_0000

9,45821700

i

bUTt

Y-ASC _/'_ r) I FIG
YA

5,224998!N

m._?m57790

5.?PPe4RqO

5.2207e6%O

5,2&16&PAO
5.25207160

_.26S01720

5.27106G]0

5.274]9440

5.27096P40

5.2qO578&O

_._O_7_q

=._2_2q5&O
5. q9430570

5.34038110

5.34794060

5._5065750

5._6_62280

5.%6056800

5.37159960

5.43600200

5.44653610

5.483079&0

5.4_625840

5.50%43500

_.6q&25350

5.6_]73660

5.64475520

5.66467860

5.60028590

5.70285560

5.879276_0

5.93855220

5.Q_Q39650

6.14723220

6.16498160

6.1_6%8620

6.26&48260

• 6.27q57840

6.520760_q

7,393888_0

8.67498350

9.08052660

1.1.24733500

12.41198500

13.41470900

14.20310900

14.59934100

14,73545800

°



OATA
POINTS

2O0

_TANDARD
_EVIATION SI

I
I
1
I
i
I

CLASS
Fpn_

2o17fl_?6_
2.a_ga02_O

3,50067200
4,1615_170
4,R2241140
5,48328110
6.14415080
6.Rq5_2050
7,465_9020
a,]26759qO
8,7R762960
9,44849930
0.1n9_690o
0,770_800

1,4%1]0700

2,09197600

2,75284500
3,41_71400

INTFRVAI.S

-Z.839@o230
3.=@O&7ZO0

4.16L5_!70

5._a_?.8110
6.14_15n8o

6.8o502050

7.n_589020

R.126759_

B,lB762960
_.a4849930

I0.IO9_69n0

_ O, 7710Z_80_

ll,a}lln7no

12,0_lq76oD

12,752.84500
13,alB714oo

14.07458300

ARITHMETIC
N_AN

5.2772410

VARIANCE
S2

QIJA_RATIC
MEAN

5,516_21_

P_RCRNT
IS POPULATION

1,612149

&UH OF Y

•]0554482E+04

.¢,UM OF LOG(YI

2,599040

i

9S.500000

SUM OF Y SOU4RES

,60_706_6F÷0_

SUM OF y -Iy_AR

,32698975E+03 .14177528E+0_

FRFOUF_ICY

l,nhO0h0_O

_,_nnOn0Oe

_,_O00tO_b

4_oO0OO0O_Q

II_,O00GO0OO

b,00_000
-l.O00_O0_O

],O00000q_

1,0000_0_0

%,000000_
],_O00OOOn

l,_O_nOOn

_,0000h_O_

_,00000000

_,00000000

_FOMEITRIC

MEAN

5,1291948

HARMONIC
MEAN

5*0285545

PERCENT
2& POPULATION

9_,000000

,_ OF

PERCENT
3& POPULATION

97,00000_

SUM OF V RECIPROCALS

,]I_?I&61"|+_.

IV - ¥1ARISOUAIF$

• ,S1720609E+0_

-°

TABLE 3.



FRFQLIr:NCY DISTRI;_,bTIq;; Y--(In. IX}*SIN(XI+5.

CLA_S | NTERV,_L _ -'-_

2 • 000NOqO0 "_. C 3()30,5",rn -_C -
3._Oqq_100Cl z,._eqq _ "

/4.UO_qCO00 _. qqq_qq()3

5 • q_O,qOUOU 6 • _,,",n,3 nr_n c) '
6 • OOnO_Oc).O 7.5r)n,_ nfio.%

7. nOq0_G00 _,. nnnq,mql%,')

fl.UP000000 o. qf, nq,qqr C)
0.00000{)00 I (> • nqqqr)onn

10.Or, qO0000 11. n n r:, ,nn ,3,') ,3
I 1.00000OO0 i 2 • n'Tnqn'30O

12.00,900000 i 3.00,_,'>000 :

I 3. 00000000 14. oGOOOOO0

14.00000000 ]_.nonnnO00

OBS_RVFD

FRFOIJEYCY

3 .qoDnnono

4..O000nOan
91 .OCOqnO_ q
87.noonnonq

_6. n OriOn Cl¢, q

] , n nne_nq _'

I • r_00(;q 0,_n

1 .OOoononn

1 .nOOooonn

1 .00Cnr:00 _..,

I .O000nOOO

1 .oooonooo

2.oooonooo

hATA ARITHMETIC QUAnRATIC GEOMETRIC HARMONIC

POINTS MEAN MEAN MEAN MEAN

200 5.2772410 5.5168213 5.1291948 5.0285545

_TANDARD

DFVIATION SI

1.612149

)

SUM OFY

.I0554482E+04

Slim OF LOG(Y}

.32698975E+03

VARIANCE PFRCFNT

$2 lq POPULATION

2.599040 9.5.500000

SUM

SUM OF Y 50UARFS

.6n870636F+04

OF Y _ YBAR

.14177528E+03

PERCENT

25 POPULATION

96.000000

SUM

SUM OF

PERCENT

3S POPULATION

"97.000000

OF Y RECIPROCALS

.39772861E+02

(Y - YBAR}SOUARES

.51720609E+03

TABLE 4.
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A%NALYS LS OF

APPENDIX A 13

TEST I_73 DUMB_3ELL C RO D IZ_ Tff_EtR,_TURE

X

!

9

&

.c,

-q

9
10.

15

1 r.

to

9&

7Z F M_CH 31, l)_&

X-Y DAtA FOI-t_TS Y-DEVIATZON Y-ASCEHDXNG
r _'P YA

,, _._1 _, -

"9_'_m_ :_m 1._em_:,-_

mO_C ?/_K_, ....

• 99_9_mm
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ANALYS_5 OF TEST 1173 9UMBBELL C ROD 12q _E_PERATURE 7Z F MARCH 31o J.g66

CLASS INTERVALS OBSERVED
FROM T 0 FREQU Et_Cy

1._29894_50 _ .22990_00 1.
1.PP990300 l.ZZ991150 I .o
1._991150 !.22992000 ] .n

1.9_QC_=_C !•2Z995_00 a,m_

I._Qo6?so I..Z2997300 4.0
1._290710r_ I .2299795_ 2.0

I, _2 9o7_0 ] .22gg8_00 ? .0

1.P2098800 ]. 2-299969"0 2.0

DATA ARITHMETI( QUAppATIC GEOMETRIC HARMONIC
POINTS MEAN MEAN MEAN MEAN

25 1.2299516 1.2Z99519 1.2299515 1 • 2299920

STANDARD
DEVIATION $I

VARIANCE PERCENT
S2 IS POPULATION

• 000025 0.000000 8_.00000_

PERCENT PERCENT
25 POPULATION 3S POPULATION

_.000000 lO0.O00000

SUM OF Y

.30748791E+02

_UM OF LOG(Y)

.517agTOZE+Ol

SUM O_ y SQUARE5

.37BI-9_IBE+OZ

SUM 0_ Y - YBhR

._g180o00E-03

sum O_ y RECIPBOCALS

.ZO_Z5995E+O2

sUM oP (Y - Y_R)SQr._RES

.15095_00E-07
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Appendix B

Product of Inertia
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APPENDIX BI

TEST PROCEDURE

2.1.3.2

2.1.3.3

2.1.3.4

Final Technical Report

Purpose

To determine the repeatability, linearity, and alignment of the

load system.

Equipment

(I) Modified Model 712 rate table.

(2) Load cell amplifying circuitry.

(3) Hewiett-Packard 3460A Digital Volt Meter.

(4) Standard weights (0.48 lb., 5.0 lbs., 9. 69 lbs.)

Set-Up

(I) Turn on electronic equipment for warm up (I. 5 hours).

(2) Monitor amplified load cell output signal with DVM.

(3) Zero surface plate--using zeroing potentiometer on the am-

plifier adjust until DVM reads 0. 000.

(4) Calibrate surface plate mPlace a known weight a known dis-

tance from the center of the table top (on a line that is per-

pendicular to axis formed by the two 3,000 lb. flexures which

are located on the center line) and adjust the amplifier gain

potentiometer to give a previously calculated output on the

DVM.

Example: 0. 1 x Distance x Weight = DVM reading.

0. 1 x 9 ins. x 9. 69 lbs. = 8. 721 in-lb (read on DVM)

Test Procedure

(1) After the test procedure has been arranged as outlined in the

test set-up, testing is ready to begin.
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(z)

(3)

(4)

(s)

Two random charts are utilized, one to determine the order

of the various grid positions and the other to determine the

weights to be used.

Using the random charts select the first weight and place it

on the first specified grid position.

Record all the different grid positions for a single weight on

one grid sheet before proceeding to the next prescribed weight.

(Record sign of + reading)

Each weight will be cycled thraugh each of the 45 grid positions,

two different times in the order called out in the random chart.

Written By:

Approved By:

Date:
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D

RANDOM CHART

Random Sample (6 points)

Weights: 0.5 ibs.. 5.0 ibs.,

Repeat each weight g times.

I0.0 ibs.

1 I0 Ibs. 4 0.5 ibs.

Z 0.5 5 5

3 5 6 i0

Random Sample (45 _ * _ M,_Lh_LLaLLu,_ Statisticsp_,LnLsl P. 340 _...........

1 15(-3, +3) z4 z4(+3, o)

2 1(-6, +9) z5 7(-6, +6)
3 40(+9, -6) 26 13(-9, +3)

4 16(0, +3} 27 8(-3, +6)
5 20(-9, 0) Z8 9(0, +6)

6 ZZ(-3, 0) 29 19(+9, +3)

7 Z8(-6, -3) 30 Z3(0, 0}
8 Z6(+9, 0) 31 41(-6, -9)
9 36{-3, -6) 3Z 3(0, +9)

10 17(+3, +3} 33 38{+3, -6)

II 34(-9, -6) 34 6(-9, +6)

IZ I0(+3, +6} 35 18{+6, +3)

13 33(+9, =3) 36 42(-3, -9)

14 II(+6, +6) 37 Z5(+6, 0)

15 4(+3, +9) 38 31(+3. -3)

16 5(+6, +9) 39 ZI(-6, 0)

17 1Z(+9, +6) 40 44(+3, -9)

18 14(-6, +3) 41 39(+6, -6)

19 35(-6, -6) 4Z 43(0, -9)
gO 45(+6, -9) 43 Z7(-9, -3)
Zl Z9(-3, -3) 44 30{0, -3)
22 Z(-3, +9) 45 37(0, -6)

Z3 32(+6, -3)

497



APPENDIX B2

C
C

C
C
C

PROGRAM FOR DETERMINING MASS PROPERTIES OF TRIANGLE STANDARDS

DIMENSION WORD(18)

READ INPUT DATA

13 READ I,(WORD(K},K=I,18)
i FORMAT (18A4)

READ IGO,A,B,C,D,E,W

100 FORMAT(6FIO.4)
G = 385.684

XMT = W /G

XMAS = XMT*I2.

XN : (A**3*(2.*B+C)) - (3.*A**2*C*D } + (D**2*(C-6I*(3.*A-D))
XD = (3.*A**2*(B+C)) + 3,*D**2*(C-B} - 6.*A*C*D

YN = B**3*(2.*A+D) - 3.*b**2*C*D + C**2*(D-A)*(3.*B-C)
YD : 3.*B**2*(A+D) + 3.*C**2*(D-A) - 6.*B*C*D
X = A-XN/XD
Y = B-YN/YD
Z = E/2.
R = C*(D-A)/(C-B)
O : D*(C-BI/(D-A)
DiV : A*B+A*C+B*D-C*D
XMS = XMT*O*D/DIV
XMV = XMT*C*R/DIV
XMO = XMT+XMS+XMV

AIXX : XMO/36.*(2.*(B+Q)**2+3.*E**2) + XMO*((B+Q|/3.-Y)**2-XMS/36.
*(2.*Q**2+3.*E**2)-XNIS*(B+GI3.-Y)*_2-XMV/36°*(2.*C**2+3.
*E**2)-XMV*(Y-C/3.)**2

AIYY = XMO/36._(2.*(A+R)**2+3.*E**2)+XMO*((A+R)/3.-X)_,2-XMS/36.
*(2.*D**2+3°*E**2)-XMS*(X-D/3.)**2-XMV/36.*(2.*R**2
+3.*E**2)-XMV*(A+R/3.-X)**2

AlZZ = XMO/18.*((A+R)**2+(B+O)**2)+XMO*((B+Q)/3.-Y)**2
+((A+R)/3.-X)**2 -XMS*I(D**2+Q*_2)II8.*(X-D/3.}_*2

+(B+Q/3.-Y)**2}-XMV*((R**2-C**2)/18.+(A+R/3.-X)**2
+(Y-C/3.)*'2)

XA = A-D

YA : B-C

XBA = -(2.*XA)/3.-X+A

YBA = -(2°*YA)/3.-Y+B
XBB : X-O.5*D
YBB = O°5*(B+C}-Y
XBC : 0.5*A-X
YBC = Y-O.5*C
AA = O.5*YA*XA
AB = D*YA
AC : A*C

AT = AA+AB+AC
P = XMT/AT

XMA : AA*P

XMB = AB*P
XMC : AC*P

AIXZ : XA*YA*XMA/36.-XBA*YBA*XMA+XBS*YBB_XMB+XBC*YBC*XMC
AIYZ : AIXZ

AIXY = 0.
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PRINT OUT DATA

PUNCH 105

105 FORMAT(IH1/I16X_38H MASS PROPERTIES OF TRIANGLE 5TANDARD5/)

PUNCH I_(WORD(K)_K=It18)

PUNCH 101,A_B,CtDtE
101 FORMAT(///26X20H TRIANGLE DIMENSIONS// 8Xt2H A_12X_2H B_12X_2H C,

1 12X,2H D_I2X_2H E/6X,TH INCHESt?X,TH INCHES_?X_?H INCHES_?Xp?H IN

2CHES97XtTH INCHES//2X_SF14,6//)
PUNCH 102_W_XMAS_X_Y_Z

102 FORMAT(9X16H WEIGHT AND MASS23X15H CENTER OF MASS//5X?H WEIGHT
111XSH MASSI?X2H XBX2H YBX2H Z/5XTH POUNDS9XIOH SLUGS .12X

27H INCHES3XTH INCHES3X?H INCHES//FI3.4_4X_FI3.4_IIX_3FIO.4)
CALL PAIXS(AIXX._AIYY_AIZZ_AIXYtAIXZ_AIYZ)

GO TO 13

END
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APPENDIX B3

qtJ_P_t!TTN_ DAT×_ (ATXX,ATVY,ATTZeATXVeATYT,ATYT)
P_TNrTP_L AYTg 8ND _T_=rTT_ rn_TN= PPf_GPA_, Fr)QTOANTT A-It,-&& JHJc-

r"

(-

?
r

C

¢"

?

C

C

C

p_ItTTNt=" t:"_to C&LrlILATTNC- _n_NTg _F TN_TTA AI=C)IJT I_QTM?TDAL A_(T¢

T141£ P_OGRAM RFOtJIRF5 TWO Ft_NCTION KtlBROIITINE_ ACO._(X) + ACOrn(X}

TXX, IYY, IZ?, ARE MOM_NT._ r)F INERTIA ANt) IXY, IXZ, TY/_, ARF

PRC)[',IICT¢ OF INerTIA ABOUT A RF_FR_NC _" AXT_ THRO'J(_H TN': C.G,

_I_C_InN PT(_}, X(_), Y(_}, 7(_},WORD(I_},6Y(_)_Av(_),67( _ )

CALrIILAT= ?_[TrT_NT (Pl MAKR NR_6TTV_

= -(ATX_ . ATYY + ATTZ)

CALCULATE COF_FTCIFNT (O)

O = AIXXVAIYV + AIXXWAIZ/ + AIYY_AIZZ - ATXY_2-AIX?_2-AIYZ_?

CALCIgLATE CONSTANT TFWu (R)

R = -ATWX*AIYY_AIZZ+ _,*ATXY*AIXZ*AIYI+ AIYY*AIXT*_+

]ATXXWATVZw_?+AIIZ_AIXY*_2

A = (_o_O - D_)/_,

_FTA = -Rw,_/_OPT_(CONq|

_=TA = ACOS(P_TA)

ANGL]= _FTA/3, -

ANGL2= ANGLI + 9,Oq_a

ANGL_= ANGLI + _,l_Bq

C_N5 = -AI_,

XhN_ = T_OC_C_¢(ANGLIt

XT%fh = _KOC_Chq_IAN_L2)

_ AO0 T = 1, 3
CONS = AIYZ_(AIXX-RT(1))+ATXY#AIXZ

DONF = CONS/(AIXZ_IAIYY-R?(I))+AIXY_AIYZ)

CON< = CONS/(AIXY_(AIZ/-RTiT))÷AIXZ_ATVZ)

X(T) =]oI_O_T_(Io+hONS_?+CON_2)

Y(I1 = _ONq_Y(1)

7(f) = rONC_X(1)

AX( T)= 6Chq_(X(f))

AY(T)= ACheD(Y(1))

AT(T)= aCncn(_(f)}

n nna

5

nnnn6
7

nnnO8

nnnn9

In

nnn]_

hnh)n

nnn?_

2_

n 25

nnn26

27

n 28

._

_6

_7

qq

_2

&q

_7

_9

nnnSl

nnn52

_q

4&

_7
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"hIITOtIT D_T_,'T "ll_T

,'?h mI!_ICN _"P • ,STYY_ ATvv._ aT77, aTYV, STY7. ATV7

_'_._ R_?_T(I

"aq.X_?_ XSX,PU YSX2H _SY,P_ '¢r",X_,gH Y4X,PH 71)

_,I;' DI%_,'C'l-__lo T, PTII), C_Hc., AY{T). AY(T),_ _A'_(T).,Y(T), v(T), 7(T'l

p c"T {H._h!

_Nr_

A_

Al

A_

n_67

onrA_

7n

7_

nnn7p

nooTa

00074

77
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APPENDIX B4

MASS PROPERTIES OF TRIANGLE STANDARDS

STANDARD NO, 534338

A

INCHES

5,716300

TRIANGLE DIMENSIONS

B C

INCHES INCHES

3,254600 ,128600

D
INCHES

,142300

WEIGHT AND MASS

WEIGHT MASS
POUNDS SLUGS

8,6250 .2683

CENTER OF MASS

X Y
INCHES INCHES

1,9772 1.1118

E
INCHES

3°363000

1,6815

INERTIA COEFFICIENTS WITH RESPECT TO 0

--MOMENTS OF INERTIA ....

IXX IYY IZZ

,03_819 ,064553 ,057240

.... PRODUCTS OF INERTIA ....

IXY IXZ IYZ

0,000000 ,0121fi0 ,012150

RTI

RT2

RT3

MOMENT OF INERTIA

LB-IN2

,075019

,028758

.052835

PRINCIPAL AXIS

DIRECTION ANGLE

KG-M-SEC2 X

,000002 78,84

O,O00OO0 27,78

,000001

DIRECTION COSINE

Y Z X

41,98 129,81 ,1935

81,38 63,80 ,8847

64.91 130,68 128,95

Y Z

• 7433 -,6402

• 1498 o4413

.4240 -,6519 -.6286
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MASS PROPERTIES OF TRIANGLE STANDARDS

STANDARD NO. 738578

A

INCHES

7.389600

TRIANGLE DIMENSIONS

B C
INCHES INCHES

5.913600 .140000

WEIGHT AND MASS

WEIGHT MASS
POUNDS SLUGS

44.3250 1.3791

D

INCHES

.125000

E
INCHES

7.558000

CENTER OF MASS

X Y

INCHES INCHES

2,5199 2.0043

Z

INCHES

3.7790

INERTIA COEFFICIENTS WITH RESPECT TO 0

--MOMENTS OF INERTIA ....

IXX IYY IZZ
.777383 ,911137 ,594368

.... PRODUCTS OF INERTIA ....

IXY IXZ IYZ

0.000000 .144439 .144439

RTI

RT2

RT3

MOMENT OF INERTIA

LB-IN2

.983572

.476894

.822424

PRINCIPAL AXIS

DIRECTION ANGLE

KG-M-SEC2 X

•000029 72.56

•000014 65.48

.000024

DIRECTION COSINE

Y Z X

31,47 115.32 .2996

73.31 30.30 .4149

30,78 115.85 i05,53

Y Z

•8528 -,4276

o2871 .8633

.8590 -.4361 -.2678
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MASSPROPERTIESOF TRIANGLESTANDARDS

STANDARDNO. 1112514

A
INCHES

11.642000

TRIANGLEDIMENSIONS

B C
INCHES INCHES

5.261600 .154600

D
INCHES

WEIGHTANDMASS

WEIGHT MASS
POUNDS SLUGS

43.6700 1,3587

CENTEROF MASS

X Y
INCHES INCHES

3,9907 1,7767

E
INCHES

5.301000

Z

INCHES

2,6505

INERTIA COEFFICIENTS WITH RESPECT TO 0

--MOMENTS OF INERTIA ....

IXX IYY IZZ

,443362 1,164323 1,077424

.... PRODUCTS OF INERTIA ....

IXY IXZ IYZ

0.000000 ,199586 ,199586

RT1

RT2

RT3

MOMENT OF INERTIA

LB-IN2

1.343717

.381596

,959801

PRINCIPAL AXIS

DIRECTION ANGLE

KG-M-SEC2 X

.000040 81,57

,000C11 17,71

.000028

DIRECTION COSINE

Y Z X

42.63 131.39 .1465

85.68 72.85 .9525

74,53 132.31 133.61

Y Z

•7356 -,6612

.0751 .2948

•2665 -.6751 -,6897
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MASS PROPERTIES OF TRIANGLE STANDARDS

STANDARD NO. 4581414

A

INCHES

14.259500

TRIANGLE DIMENSIONS

B C

INCHES INCHES

4.635000 .125300

WEIGHT AND MASS

WEIGHT MASS
POUNDS SLUGS

42,0970 1.3097

D

INCHES

.101000

E

INCHES

4.751500

CENTER OF MASS

X Y

INCHES INCHES

4.8776 1.5566

Z

INCHES

2.3757

INERTIA COEFFICIENTS WITH RESPECT TO 0

--MOMENTS OF INERTIA ....

IXX IYY IZZ

.337308 1.591057 1,427701

.... PRODUCTS OF INERTIA

IXY IXZ

0,000000 ,206292

IYZ

.206292

RTI

RT2

RT3

MOMENT OF INERTIA

LB-IN2

1.687490

.298404

1.280180

PRINCIPAL AXIS

DIRECTION ANGLE

KG-M-SEC2 X

•000050 84.15

• 000008 10.83

.000038

DIRECTION COSINE

Y Z X

42.43 131.83 .i019

88.17 79.32 .9821

80.91 132,37 136,19

Y Z

• 7380 -.6669

• 0317 .1852

.1578 -.6740 -.7216
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MASS PROPERTIES OF TRIANGLE STANDARDS

STANDARD NO, 600834

A
INCHES

8.710600

TRIANGLE DIMENSIONS

B C

INCHES INCHES

6.012300 .117300

D
INCHES

.i15000

E
INCHES

6.157000

WEIGHT AND MASS

WEIGHT MASS

POUNDS SLUGS

43.1280 1,3418

CENTER OF MASS

X. Y

INCHES INCHES

2,9588 2.0304

Z

INCHES

3.0785

INERTIA COEFFICIENTS WITH RESPECT TO 0

--MOMENTS OF INERTIA ....

IXX IYY IZZ

,583402 ,842007 ,718908

.... PRODUCTS OF INERTIA ....

IXY IXZ IYZ

0,000000 ,167433 ,167433

RT1

RT2

RT3

MOMENT OF INERTIA

LB-IN2

.984907

,445279

,714132

PRINCIPAL AXIS

DIRECTION ANGLE

KG-M-SEC2 X

,000029 74,85

•000013 41,84

,000021

DIRECTION COSINE

Y Z X

42,75 128,80 o2613

74,96 52,07 ,7449

52,13 128,86 i18,83

Y Z

,7342 -.6266

,2593 .8145

,6137 -.6274 -.4792
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MASS PROPERTIES OF TRIANGLE STANDARDS

STANDARD NO. 4141738

A

INCHES

17.351800

TRIANGLE DIMENSIONS

B C

INCHES INCHES

4,298900 .127300

WEIGHT AND MASS

WEIGHT MASS

POUNDS SLUGS

42.4250 1,3199

D

INCHES

.140700

E

INCHES

4,301700

CENTER OF MASS

X Y

INCHES INCHES

5,9493 1,4453

Z

INCHES

2.1508

INERTIA COEFFICIENTS WITH RESPECT TO 0

--MOMENTS OF INERTIA ....

IXX IYY IZZ

,284222 2.111489 2.056546

.... PRODUCTS OF INERTIA ....

IXY IXZ IYZ

0,000000 ,235246 ,235246

RTI

RT2

RT3

MOMENT OF INERTIA

LB-IN2

2.333182

.253021

1.866064

PRINCIPAL AXIS

DIRECTION ANGLE

KG-M-SEC2 X

,000069 85.49

.000007 7.61

,000055

DIRECTION COSINE

Y Z X

43.48 133.13 .0784

89,04 82,44 .9911

83.87 133.47 135.87

Y Z

.7255 -.6837

.0166 .1314

• i067 -.6880 -.7177
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MASS PROPERTIES OF TRIANGLE STANDARDS

STANDARD NO, 578514

A

INCHES

5.848000

TRIANGLE DIMENSIONS

C

INCHES INCHES

5.221800 .125500

WEIGHT AND MASS

WEIGHT MASS

POUNDS SLUGS

22.2120 .6910

D
INCHES

.135000

E

INCHES

5.321800

CENTER OF MASS

X Y

INCHES INCHES

1.9950 1.7799

Z

INCHES

2.6609

INERTIA rn_IrTENTS WITH RLor_C, TO 0

--MOMENTS OF INERTIA

IXX IYY
.226880 .250197

IZZ

.205233

.... PRODUCTS OF INERTIA ....

IXY IXZ IYZ
0.000000 .050820 .050820

RTI

RT2

RT3

MOMENT OF INERTIA

LB-IN2 KG-M-SEC2

.297093 .000008

.147529 .000004

.237689 .000007

PRINCIPAL AXIS

DIRECTION ANGLE

X Y Z

63.85 48.72 127.50

60.14 67.37 38.98

41.66 130.20 99.14

DIRECTION COSINE

X Y Z

•4406 .6597 -.6087

•4978 .3847 .7772

.7_70 -.6_55 -.1588
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APPENDIX B5

TEST PROCEDURE

2.2.1.2

2.2.1.3

Dynamic Tests

Purpose

The purpose of this test procedure is to establish a method of

performing dynamic tests on the product of inertia machine.

Equipment

(1) Modified Model 712 rate table with its speed controls and

speed calibrator.

(2) Load cell amplifying circuitry (narrow band, D. C.) and

powcr supply.

(3) Hewlett-Packard mode.[ 3460 A digital volt meter.

(4) C.M.C. model 226 A electronic counter.

(5) Representative triangular standard test blocks.

Set-Up

(1)
(z)

(3)

(4)

Turn on electronic equipment for warm up (1.5 hours).

With the table unloaded, zero the D.V.M. with the amplifier

zeroing control.

Check to see that the rotational axis is vertical by operating

the rate table at a slow speed and observing that the D.V.M.

reading is steady.

Stop the machine. Re-zero the D.V.M., as in step Z, and

place a test weight, e.g. 5 lbs., on the tilt table a known

distance from the flexured axis. (The 9 inch grid line may

be'used for this purpose.) Adjust the amplifier gain to get

the desired scale factor. (A scale factor of 10 in-lbs per

volt is a desirable value when using the operational amplifiers

of the E.A.I. model TR-48 analog computer for the load cell

amplifier).

Example: Scale Factor = Torque+ D.V.M. reading.

= 9 inch x 5 Ib + 4. 5 volts.

= I0 [n-lb per volt.

(5) Remove the calibrating weight and place a test block on

the tilt table in the desired position, being careful to keep
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2.2.1.4

(6)

(7)

shock loads to a minimum. Slide the test block perpendi-

cular to the tilt axis in the direction that reduces the D.V.M.

reading. A plastic hammer may be used to tap the block

gently as the reading approaches zero. It will be necessary

to tap the tilt table gently over the tilt axis with the plastic

hammer to reduce static friction as zero is approached.

When zero output has been achieved, tighten the holding

clamp screws to secure the test block. Only enough pres-

sure should be used to secure the blocks as the tightening

operation will stress the tilt table and upset the zero.

Return the D.V.M. output to zero as in step 2. The machine

is now ready to operate.

Test Procedure

(I) After the set-up procedure has been completed, the test

can be run. Adjust the rate table to the speed value re-

quired to give the desired revolution period as read on the

electronic counter (the counter is set to the period mode).

(2) Record the period and the corresponding load cell output

voltage on a data sheet.

(3) Repeat steps 1 and g up to the desired speed, but not above

the maximum safe speed.

NOTE: It has been found that the machine can be operated

up to a tilt table torque of 35 in-lbs provided the clamping

screws are moderately tight.

(4) The following approximate formula may be used to compute

the product of inertia:

Product of Inertia =
Scale factor x Volts x Period in Seconds

4_ 2

P

: _ -_-_ -_ r_Date
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DATA SHEET

,PRODUCT OF INERTIA TEST NUMBER:

Test Block Number: Torque Scale Factor: tn-lbs per Volt.

Give the test block dimensions in relation to the tilt table as shown in Figure I.

! Inches.

Z Inches.

3 Inches.

4 Inches.

Load cell is in TENSION COMPRESSION

when table is turning (Scratch out one), FIGURE i

SPEED PERIOD OF TORQUE PRODUCT OF

Degrees per REVOLUTION INDICATION INERTIA

Second Seconds Volts in-lbs-sec Z
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APPENDIX B6

PRINCIPAL AXIS P_,©GRA;;

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

c
I

C

I c
C

C

C
r

• C

I C
C

PRINCIPAL AXIS AND DIr_CCTION COSINr _-'SOGiRA'.I FORTRAN IV 2-15-66 JHJ

ROUI IN _- FOR CALCULATING ;OD.,'.E;,,iTq OF IN__RTI_ AT-_OUT PRINCIPAL AXIS

AND TO SOLVF FOR C;,I;_ECT[O,'_ COSINES.

THIS PROGRA;,,',, R_QLJI,R?TS TWO FU"ICTION SUR°,,CUTIXES ACOS('.:) + ,ACOC?(X)

IXX,_ IYY._ IZZ._ AR-- _!O',_ENT _. OF I'!ERTIA r_,",_D IXY_ IXZ_ i"Zt AqE

PRODUCTS OF INFRTIA AROiJT A REFFR_NCE AXIS THROUSH T-t- C.G.

THF FIRST DATA CAR,) iS '_ S.LP:iA_t--RIC FI-LD FOR PAGE qEAP. I_".S I_ COL i TO 72

THE SECOND DATA CARD HAq
IXX IN COL ] TO 12

I YY I N COL 13 TO 24-

IZZ IN COL 25 TO 36

IXY tN COL 37 TO 48
I XZ IN COL 49 TO 60

IYZ lil COL 61 TO /2

ANY NU'4i-3_._ IN COL 73 TO 80 IS U3ED TO T,_;£HIN,_TE PROGR/'-,5

OlMFNSION RT B)_, X(3)._ Y(B)_, Z(B),WORn(I?),,_vI?),Av(_) ,AT(?)

5, RFAD(59 ICO) WOiRD(K), K = I_ I_)

l_q FORMAT (]2A6

R_AD(5. 110) AIXX. AIYY. AIZZ. AIXY, AIXZ. AIYZ, XIXD

llO FORMAT(6FI2.5,F8._)

SOLVE CUBIC EQUATIO',., FO,£.: X':;:-3+P;"X:_-:'2+3'.;X+R=O

CALCULATE COETFICiENT (P} :<,:<z N:S_TIVK
P = -(AIXX + &IY'{ + AiZZ)

CALCULAT: COFFFI(-[_-NT (Q)

Q = AIXX<-AIYY + AIXX_-AIZZ + AIYY-_AiZZ - AIX'T';':_2-AIXZ_;-2-AIYZ-'..'B'-2

CALCULATE CON£TANT TER_J (R)

R = (-AIXX_.."AIYY-'..'-AIZZ+2.'AIXY-'.'AIXZ:'._.IYZ+AIYY_'AIXZ "" 2

I+A I XX-_A IYZ_':2+A IZZ'_A iX Y'.-:_2 )

I+AIZZ_A IXY_*2 I

A = (3.B_Q - P',:_"2)/3.

R = (2o_P'_<-3 - Q"-PB'9. + 27.<R)/2T.

CONS = -A_3/27.

RFTA = -__',5/SQRT(CONS)

R#-TA = ACOS(RFTA)

ANGLI= RETA/3o

ANGL2= ANGL1 + 2,09q-q.
ANGL3 = ANGL] +' 4,1888

COilS = -A/3.

TSQC = 2o'_SQRT'(CONS)

XONE = TSQC',_COS(ANGL1)

XTWO = TSQC-x'COS(ANGL2)

XTHRE= TSQC¢_COS ( A;tGL3 )
PDB = P/8 •
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f).,,[<,<lPr.'.i _,Xlq PROGRAF.I CONTINUED

_T(I I=

RT(2)=

:? ](q I --
r) O, 4. } ;

C ()i'4 " ---

f-{_igq --

,< _} =

¥ It =

7 i) =
.',xi I )=

aY( ] )=

a?(i)=

CNN.Q =

×..'!F - PI)%

x i,_, - PD"B

., T + : _ PD'B
i :: : , 3

'11 v2 +,:( A I XX-RT ( i ) ) +AXY'_A I XZ
C '...; _/(L_IXZ'" AIY',-2T(I))+AIXY','AIYZ)

Cr'_h/ (AiXY';- 41ZZ-RT(I) )+AIXZY-AIYZ)
Z.,'<,.,_RT(].+ DONSX-x2 + CONS'_*2)

i)_; !'-+S ( I )
C_, _S-x-X ( I )

_r_'c, hIX(i ))

,'_(-Oql) ( Y ( J ) )
_( N<;) ( 7 ( I ) )

RTI I ),_.20841 =-n4

50 O

50]

5n2

510 WRITE{6, 5il)I .RT(1),CONS,AX(1),AY(1),AZ(1),Xil),Y

511 FORMAT(_ PAil, 2Fi3.6 ,3F7.2,BF7.4/)
400 CON]INUE

IF(XIND)55, 50,55

55 CALL EXIT

FND

OIJTPUT PRINT GUT
GO TO (5C _, 51N, 51,3) I

PAGE t_,-,_ iNG

WRIiE(6,, 50i} (WORD(K,},< = 1, 12)

FQ_.",_A T ( ] _ ] ]2A6)

mqlNT .T;.lPd-; O_,TA
WRITE(6. 5q2) AIXX, BIYY, AIZZ, AIXY, AiXZ, AIYZ

FO._,_!AT(///15X,40H INFRTIA CP_[FFICIENTS 'qITH RESPECT TO 0///

] ZX.2.BH ..... "-]Oiv]EPjT 5, Oi ]'][[:-TIA .... 8X,98}-! .... PRODUCTL OF INERTIA--

P--//BX+4H _Y, XSX,4H IYYSX,4H [Z78X,4H IXYSX,4H IXZ8X+4_ IYZ/6FI2.6/

B///2-)X.,!_H PRINCIPAL AXIS,///TX,18H :IO'.!ENT OF IilE":,'T!ASY,16H DIRECTI

40",! ALIGL_4_,I 7H Di:RECTI,:)N COSI"IF//6X,7i-t L"B-TN?=X,19H,.__ <G-v.-SEC2
5%)<.,2H XS:',.,2H Y5X,2H Z5X,,2Pt X5X_,2H YSX_,2H Z/)

i),Z(1)
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Pi<iN"iPAL ,AXISP,:_,,,,3,R&I,,

SURPROGRA,vi FOR P.,f_rF_,':I: i 4U lit:- ,:,;_( COS
FUNCTION ACOq(X)

IF (A.bSFIX)-]°)I%, i5_ PC,
20 TYPE 12, X

].2 FOR','d_T( 4%mARC CC-: 'v't\L_j: G-<fi:_:,i';--q Tr J',,_,_...... _,::,,_ ,,r , ,__.
GO i-0 6",

15 lh(X-i.) _5, _0, 2z

22 TYPF I A

l&..... F ctr:_k,;A T / "&2 HF-I if ;("T [ "'......... '-" -.: .i_ ....;: ........ 7-,,. "} '_ T,_._ --)

GO TO 6'"

4;) ACOS = r,.,';
GO 10 51,

15 ACOS : %.i_!593
GO TO 5'%

]'% IF(X) P%, _-_,": ,2_

10 ACOS : _.i4i5V3/2.

GO TO 59

25 Y :,c,t_:':T--(]_.-(X_(<-2) )
ACOS =ATANF(Y/X)

I F ( ACO'% ) 26 , b "_, fi ('.'

_6 ^,'-,qc = _'.14tl_'_26b + A" -Sk_.,

5_, CONTINUE

RE T U R N
6<, CONfl I NUE

STOP

g N D

" .... '" _ b-6, ,,_,,T,- ..... I V _ -1 6 JFIJ

;<:, ;-12.8)

SU_PROGRAI,,! FOR Cr]A:,i;_:;3 A'kC (PS Fq3'.I _,_'3I:,_I.S T{" OF_GR -r-c
FIINCT I_,N_" £C{')qn( X)

ACOSD : _C:DS(X] "- 57.29-']77<,
R_"T / JR N

_'NIh
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APPENDIX B7

Product of Inertia Literature Survey

A literature survey was conductedin order to obtain all available
information on methods determining products of inertia and locating the principal
axes. This survey included a thorough search of the RedstoneScientific Information
Center and the DefenseDocumentation Center for articles pertaining to the product
of inertia. Also the publications of theAmerican Institute of Astronautics and
Aeronautics and the Society of Aeronautical Weight Engineers were surveyed for
pertinent 'information. The metrology division of the National Bureau of Standards
was contacted to obtain any information they had available on mass characteristics
and methods of measuring these quantities.

The results of the literature survey has not produced very much new infor-

mation on methods of determining products of inertia and locating principal axes.

The theoretical approach to the problem is covered in much detail in texts on

classical mechanics and dynamics. References 1 through 4 explain the basic

definitions and principles associated with the product of inertia and principal

axes. References 5 and 6 cover the detailed theory and derivations of important

formula which relate the products of inertia, the principal moments of inertia and

the principal axes to each other. Chapter 4 of Reference 5 describes the principle

behind the rate table product of inertia machine which is presently being used in

the laboratory.

Reference 7 is a paper which explains an experimental method of determining

products of inertia. The basic instrument for this determination is a bifilar

pendulum which is used to find the product of inertia of a missile control fin.

The product of inertia is determined by adding counterweights to the control fin

to induce turning torques. These turning torques counteract the inbalance of the

control fin; thereby, dynamically balancing the fin. The product of inertia of

the test body can readily be obtained from the mass and geometry of the counter-

weights. This system does not have ahigh degree of accuracy but it is a fairly

simple test procedure.

References 8 through 10 are papers and reports that give a theoretical

approach for determining the principal axes and principal moments of inertia for

a specific problem. The product of inertia must already be known for these

determinations.

The National Bureau of Standards does not do any work pertaining to

product of inertia, moment of inertia or principal axes on a continual basis.

If the need arises they may do some special work on the subject, otherwise their

information is limited.
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From the literature survey conducted, it is apparent that the literature

available on product of inertia determination is limited. This limited supply

of information probably results from the fact that accuracies in determining

principal axes and principal moments of inertia do not require the knowledge of

the products of inertia at this time. As space missions become more involved

and accurate rendezvous become very critical, the determination of products of

inertia will be very important.
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APPENDIX C 1

Test Procedure

3.0

3.1

3.1.1

3.1.1.1

3.1.1.2

3.1.1.3

3.1.i.4

Mass Properties of Liquids

Test Program

Roll Axis Inertia Tests Using the Air Bearing Table

Purpose:

To determine the moment of inertia of a cylindrical liquid
container about its roll axis.

Equipment:

(I) 24 inch Air Bearing Table

(2) Photocell Timing Device

(3) Hewlett-Pa_kard 524D Frequency Counter

(4) Hewlett-Packard 560A Digital Recorder

(5) Radian Scale, Light and Mirror Arrangement
(6) Torsion Rods

(7) Cylindrical Tanks

Set-Up :

(i) Turn on electronic equipment for warm up.

(2) Level air bearing table on iso-pad.

(3) Firmly mount the wand for triggering the photocell

device to the air bearing table top.

(4) Set air pressure at.psi.

(5) Do / do not fill cylinder with water.

(6) Place cylinder on the air bearing table such that

the center of the tank is over the center of the table.

Use two faced tape if greater adhesion is necessary to

keep the tank from slipping.
(7) Insert rod number 120 in the table.

(8) Place the radian scale 140 inches from the center of

the table.

(9) With the rod aligned, the table level and the tank

mounted, zero the wand and photocell device and zero

the light source on the radian scale.

Test Procedure:

(i) After the test equipment has been arranged as outlined

in the test set up, testing is ready to begin.

(2) Gradually displace the table top, increasing its maxi-

mum amplitude until it reaches .006 radians. Then
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3.1.1.5

3.1.1.6

release the table top and let the maximumamplitude decay
to .004 radians. At .004 radians start recording the time
and numberof cycles from a maximumdisplacementof .004
to .003 radians. Runeachtest 5 times to determine the
repeatability.

Test Data:

(I) Date -

(2) Personnel -

(3) Cylindrical Tank Number -

(4) Test Numbers -

(5) Temperature -

(6) Humidity -

(7)

(8)

Total time between the

maximum displacement of

.004 and .003 radians to

the nearest i0 microsec-

ond (.0001010) -

Total number of cycles

between the maximum dis-

placement of .004 and
.003 radians -

Special Work:

(i) Determine the average period between the maximum dis-

placement of .004 and .003 radians for each test by

dividing the total time by the total number of cycles

between .004 and .003 radians.

(2) Record the average periods and compute their average.

Average

(3) Determine the moment of inertia of the tank system by

squaring the average period then multiply by the rod
constant and divide by 4_2. Record the moment of

inertia

526



(4) Performanyother workdescribed below.

Written by:.

Approvedby:

Date:
p
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APPENDIX C2

TEST PROCEDURE

3.0

3. i

3.1.2

Mass Properties of Liquids

Test Program

Displaced Roll Axis Inertia Tests Using the Air Bearing Table

3.1.2.1 Purpose

To determine the effect of translating the axis of rotation of
a cylindrical tank on its roll moment of inertia.

3. 1. Z. Z Equipment

(1) Z4-inch air bearing and 45-inch extension ring

(Z) Photocell timing device

(3) Disp!acement detector

(4) Two Hewlett-Packard 524D frequency counters

(5) Two Hewlett-Packard 560A digital recorders

(6) One Accurate Instrument Co. Model 51553 counter

(7) Torsion rods

(8) Cylindrical tanks

3. I. Z. 3 Set - Up

(1) Turn on electronic equipment for warm-up.

(Z) Do, do not, place extension ring on air bearing table and

secure with pin.

(3) Level air bearing table on iso-pad.

(4) Set air pressure at psi.

(5) Do, do not, fill cylinder with water.

(6) Place cylinder on the air bearing table such that

the edge of the tank is inches from the center of

the table. Use two faced tape if greater adhesion is

necessary to keep the tank from slipping.
(7) Insert rod number in the table.

(8) With the rod aligned, the table level and the tank mounted,

zero the wand and grating for triggering the photocells

for both the period and displacement devices.

(9) Connect the Accurate Instrument counter for recording the
total number of cycles.
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3.1.2.4

3.1.2.5

3.1.2.6

3.1.2.7

(I0) Use the Hewlett-Packard frequency counter and digital

recorder for recording the displacements.

(ll) Use the Hewlett-Packard counter and digital recorder

for recording I0 period averages every 20th cycle.

Test Procedure

(1)

(z)

After the test equipment has been arranged as outlined

in the test set-up, testing is ready to begin.

Displace the table top until its maximum amplitude

reaches .020 radians. Then release the table top and

let the maximum amplitude decay to . 015 radians. At

•015 radians start recordirg the period, displacement,

and number of cycles from a maximum displacement

of .015 until the oscillation ceases.

Test Data

(I) Date -

(2) Personnel -

(3) Cylindrical Tank -

(4) Test Number -

(5) Temperature -

(6) Humidity -

(7) Number of Cycles -

(8) Include tape of displacement measurements.

(9) Include tape of i0 period average measurements.

Number of Tests

(1) Repeat each test times.

Special Work

(1) Record the average periods for a displacement of

radians and compute their average,

(2) Determine the moment of inertia of the tank system by

using

I = KTZ/4_T z (1)

Record the moment of inertia

(3) Perform any other work described below.

Written By:

Approved By:

Date:
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APPENDIX C 3

TEST PROCEDURE

3.1.3.2

3.1.3.3

3.1.3.4

Yaw-Pitch Axis Inertia Tests Using a Torsional Pendulum

Purpose

To determine the moment of inertia of a filled cylindrical tank

about its yaw-pitch axis.

Equipment

(i)

(z)

(3)

(4)

(5)

(6)

(7)

Overhead "I" beam with leveling plates.

Photocell timing device.

Hewlett-Packard 524D frequency counter.

Hewlett-Packard 560A digital recorder.

Radian scale, light, and mirror arrangement.

Torsion rods.

Cylindrical Tanks.

Set Up

(i)

(2)

13)

(4)

(5)

(6)

(7)

(8)

(9)

Turn on electronic equipment for warm-up.

Level leveling plates on "I" beam.

Mount rod number to the leveling plates.

Do, do not, fill tank with water.

Attach tank to rod so that the center of the tank is

on the vertical axis of the rod.

Place the teflon bearing against the rod with minimum of

pressure.

Place the wand on the tank and align the photocell and light.

Place radian scale at 140 inches.

With the rod aligned and tank mounted, zero the wand,

photocell device, and the light source.

Test Procedure

(i)

(z)

With the test set up as described above, the testing is

ready to begin.

Gradually displace the tank, increasing its amplitude until

it reaches .05 radians, then release the tank and let it decay

to .03 radians. At .03 radians, release the bearing and

start recording data. Record data for the first 50 cycles.

Run each test 3 times to determine the repeatability.
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3.1.3.5

3.1.3.6

Data

(1)
(z)
(3)
(4)

(5)
(6)
(7)
(8)

Test Numbers - , ,

Date -

Personnel -

Temperature -

Humidity -

Torsion Rod Number and Rod Constant - , K --

Tank Number -

Average the period for the first 50 cycles to the nearest

10 microsecond (.000010) - , , .

Special Work

(1) Record the average periods and compute their average.

(z)

(3)

Average

Determine the moment of inertia of the tank system by

multiplying the average period squared by the rod constant

and dividing by 4112. Record the moment of inertia

Perform any other work described below.

Written By:

Approved By:

Date:
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APPENDIX C4

TEST PROCEDURE

3.1.3.2

3.1.3.3

3.1.3.4

Yaw-Pitch Axis Test Rotating about a Horizontal Axis

Purpose

To determine the moment of inertia of a filled cylindrical tank

as it oscillates about its yaw-pitch axis.

Equipment

(i)

(z)

(3)

(4)

(5)

(6)

(7)

Government furnished aluminum tanks and stand.

Photocell timing device.

Radian Scale.

Hewlett-Packard 524D counter.

Hew!ett-Packard 560A automatic readout.

Tank Number

Torsion Rod Number

Set Up

(I)

(z)

(3)

(4)

(5)

Turn on electronic equipment for warm-up.

Align tank on its center of gravity.

Install rod, align rod vertically and horizontally before

clamping outside bracket.

With the rod aligned, position the tank such that the three

zero marks on the side of the tank and frame are in line,

then fasten the outside bracket.

Zero the photocell, light source, and radian scale.

Test Procedure

(i)

(z)

(3)

(4)

(5)

With the tank set up as described above, the testing is

ready to begin.

Gradually displace the tank, increasing the displacement

until it reaches .05 radians, then release the tank and let

it decay to .03 radians. At .03 radians start recording

data. Record data for 50 cycles.

Repeat each test 3 times.

Before each test tighten all bolts to prevent any slipage.

Perform this procedure for tank empty and full.
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3.1.3.5

3.1.3.6

Test Data

(1)
(z)
(3)
(4)

(6)
(v)
(s)

(9)

Date -

Personnel -

Temperature -

Humidity -

Rod Number -

Tank Number -

Test Number -

Number of Cycles -

Period Readout Sheet -

Empty Full

Special Work

(i)

(2)

Obtain the period for each test by averaging the period for

50 cycles. Average this period for all similar tests and

record.

Tempty = _ sec.

Tfull = _ sec.

Calculate the moment of inertia of the system empty and full

by using:

I = KT2/4_ 2

where I( = in-lb.

and T is given above.

2
Iempty = _ in-lb-sec

Ifull = _ in -Ib-sec2

2

Iwate r = Ifull - Iempty = in-lb-sec

Written By:

Approved By:

Date :
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APPENDIX C5

TEST PROCEDURE

3.1.4.2

3.1.4.3

3.1.4.4

Yaw-Pitch Axis Inertia Tests Rotating about a Displaced Axis

Purpose

To determine the moment of inertia of a filled cylindrical tank as

it oscillates about different displaced yaw-pitch axes.

Equipment

(1)

(2)

(3)

(4)

(5)

(6)

(7)

Government furnished aluminum tanks and stand.

Photocell timing device.

Radian Scale.

Hewlett-Packard 524D counter.

Hewlett-Packard 560A automatic readout.

Tank Number

Torsion Rod Number

Set Up

(i)
(z)

(3)

(4)

(s)

Turn on electronic equipment for warm-up.

Align tank on specified displacement in the stand.

Install rod, align rod vertically and horizontally before

clamping outside bracket.

With rod aligned, position the tank such that the three zero

marks on the side of the tank and frame are in line, then

fasten the outside bracket.

Zero the photocell, light source, and radian scale.

Test Procedure

(I)

(Z)

(3)
(4)
(5)

With the tank set up as described above, the testing is

ready to begin.

Gradually displace the tank, increasing the displacement

until it reaches .05 radians, then release the tank and let

it decay to .03 radians. At .03 radians start recording

data. Record data for 50 cycles.

Repeat each test 3 times.

Before each test tighten all bolts to prevent any slipage.

Perform this procedure for tank empty and full.
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3.1.4.5

3.1.4.6

Test Data

(i)

(z)

(3)

(4)

(5)

(6)

(v)

(8)

Date -

Personnel -

Temperature -

Humidity

Rod Number -

Tank Number -

Empty Test Number -

Number of Cycles -

LI=

Displacement

L 2 = L 3 = L 4 =

(9)

(io)

(11)

(lZ)

Include period readout sheets.

Full Test Number -

Number of Cycles -

Include period readout sheets.

Special Work

(I) Obtain the period for each test by averaging the period for

50 cycles. Average this period tot :_l[ similar tests and

records.

L 1 L 2 L3 L4

T (full) =

T (empty) =

(2) Calculate the moment of inertia of the system by using

I = (WL + K) TZ/4_ z

where:

W = lbs.

K = in-lb s.

and L and T are given above.

and determine Iwate r by using

Calculate I empty and full

Iwate r = Ifull - Iempty

and fill in the chart below.

L I LZ

Iwater

L3 L4 IJ5

L5=

L5

Written By:

Approved By:

Date:
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APPENDIX C6

TEST PROCEDURE

3.1.5 Ring Baffle Tests Using the Government Furnished Plexiglass Tank

3.1.5.1

3.1.5.2

3.1.5.3

3.1.5.4

3.1.5.5

Purpose

To determine the moment of inertia of a filled cylindrical tank

with ring baffles as it oscillates about its yaw-pitch axis.

Equipment

(1)
(z)
(3)
(4)
(5)
(6)

Government furnished plexiglass tank, baffles and stand.

Photo-cell timing device.

Hewlett-Packard 524D counter.

Hewlett-Packard 560A automatic readout

Torsion rod No.

Baffles --

Set-Up

(1)
(z)

(3)

(4)

(5)

Turn on electronic equipment for warm-up.

Align tank with baffles on its center of gravity.

Install rod, align rod vertically and horizontally before

clamping outside bracket.

With rod aligned, position the tank such that the three zero

marks on the side of the tank and frame are in line, then

fasten the outside bracket.

Zero the photo-cell and light source.

Test Procedure

(i)

(z)

(3)

(4)
(5)

With the tank set up as described above, the testing is ready

to begin.

Gradually displace the tank, increasing the displacement

until it reaches .03 radians, then release the tank and let it

decay to .02- radians. At .02 radians start recording data.

Record data until the displacement ceases.

Record the period every other cycle and obtain an average

for the first 50 cycles.

Repeat each test three times.

Before each test tighten all bolts to prevent any slipage.

Te st Data

(i)

(z)

Date -

Personnel -
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3.1.5.6

(3)

(4)

(5)

(6)

(v)

(8)

(9)

(10)

(11)

(iz)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(Z0)

(2i)

(zz)

Speciat

Temperature -

Humidity

Baff[es -

Period Printout

Rod Number and K

Test Nurnber -

Period -

Average Period -

Rod Number and K

Test Number

Period

Average Period -

Rod Number and K

Test Number

Period

Average Period -

Rod Number and K

Test Number

Period

Average Period -

Work

.......... E_.mpty

. [ I
b ---

[

F,,I[

....... 1

!-i !i iLi-  2-1i-f i̧ 71..... _i_
L........................ [...................... __1

(1) Calculate the moment of inertia of the systems by using
I = KT2/4z 2.

(z)

Rod

V
Ien_pty Ifu[l T• - &_

+

................... i

Calculate Iwate r _Isoli d :

Iso[i d =

Written By: .f_ Z/__j/

Approved By:

Date:

_38



APPENDIX C7

TEST PROCEDURE

3.1.5.2

3.1.5.3

3.1.5.4

Baffle Tests Using the Air Bearing Table

Purpose

To determine the moment of inertia of a liquid filled cylindrical

container with various baffle arrangements as it oscillates about

yaw-pitch axis.

Equipment

(1)
(z)
(3)
(4)
(5)
(6)

24 inch air bearing table

Photocell timing and displacement devices

Two Hewlett-Packard 524D counters

Two Hewlett-Packard 560A digital recorders

Torsion rods

Cylindrical tank with baffles and spacers

Set-Up

(1)
(2)
13)
(4)
15)

(61
(7)

(8)

Turn on electronic equipment for warm-up.

Level air bearing table on iso-pad.

Set air pressure at 30 psi.

Place baffles, with spacers into tank.

Place the tank on the air bearing table such that the center

of mass of the liquid is over the center of the table, using

the special brackets.

Insert rod number in the table.

With the rod aligned, the table level and the tank mounted,

zero the wand and photocell device and zero the light source

on the radian scale.

Test Procedure

(i)

(z)

After the test equipment has been arranged as outlined

in the test set-up, testing is ready to begin.

Gradually displace the table top, increasing its maxi-

mum amplitude until it reaches radians. Then release

the table top and let the maximum amplitude decay to

radians. At radians start recording the time and

number of cycles from a maximum displacement of

to radians. Run each test times to determine the

repeatability.
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3.1.1.5

3.1.1.6

Test Data

(1)

(2)

(3)

(4)

(5)

(6)

(7)

Test Numbers -

Date -

Personnel -

Temperature -

Humidity -

Baffles and Spacers -

I0 period average print out every 20 cycles.

Special Work

(1)

(2)

Determine the average period for cycles starting

at a maximum displacement of radians.

Record the average periods and compute their average.

Tempty T full

Average Average

(3)

(4)

Calculate

2 2
Ie = KT e / 4rT =

If -- KTf2/4_ 2 =

Iw = If- Ie =

Perform any other work describe below.

Written By: _,, _2_, F_
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APPENDIX C8

In order to understand the basic foundation of the theoretical approach a

brief review of basic hydrodynamics is undertaken. The equations of motion of

a liquid canbe obtained by using the equations of Euler. From these the velo-

city, the pressure, and the density at all points of space occupied by the liquid

for all instants are obtained. Thevelocity componentsu, v, w, at the locations

x, y, z parallel to the co-ordinate axis at time t, are shownbelow.

Z

Their derivatives

I

I
I

X
U

r

b__!u' _v b w b__!u' b___vb__w ____ub_f_v_w

bx bx bx dy by by bz bz bz
(1)

are assumed everywhere to be finite. Let p be the pressure, p the density

and X, Y, Z, the components of the external forces per unit mass at point x,

y, z, and at time t. The equations of motion are derived by examining a vol-

ume element of liquid as shown below.
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5y y, z)

center

X

/
Z

The rate at which the x-component of the momentum is increasing in the x

direction is given by

p 6x 6y 6z du
dt

(2)

The external force in the x direction is given by pX6xSy6z. The pressure

on the 6y 6z faces are

and

(p - 1/2 b__pp 6x ) 6y 6z

6x 2

(p + I/2 8p 6x) 6y 6z

bx 2

(3)

{4)

respectively from the origin outward. Therefore, the resultant pressure is

their difference.

b_
-_ 6x 6y 6z

_x (5)

The equation of motion for the x direction is obtained by summing all the

forces,
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pS× 8y 8z d_...uu= pS× 8ySz X - 8.__P8× 8y 8z .
dt 8×

Substitute

_ 8u 8udu 8u + u 8u + v + w

dt 8t 8x by _z

(6)

(7)

the total differential of u(x, y, z, t) in the above equation now becomes

Ou v bu 8u I 8pbu + u + + = X----- (8)

Likewise tor the y and z directions:

Ov 8v by 8v 1 8p
-- + u-- + v-- + w-- = Y
dt dx c)y Oz p 8y

dw 8w 8w 1 bpdw + u-- +v-- + w - Z -----

0 t bx by 8z p bz

(9)

(I0)

The equations along with the conservation of mass must be satisfied for any

liquid system. The conditions that must be satisfied for the conservation of

mass can be described by considering an element of liquid as shown.

pu - 8(pu) 6x b pu + 8(pu) 5x

8x 2 6 y _x 2

6x

' X

/
Z
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If the change in velocity with distance is considered, the rate of mass flux

across the face 6y 6z is

and

(pu _(pu) 6x) 6y 6z
_x Z

(fzu) 6x
(pu+ bx Z ) 6y 6z

(11)

(lZ)

as shown. The net rate of influx of mass into the element is their difference

8(pu) 6x 6y 6z .
_x

(13)

Likewise, for the other two faces

_(pv)

by

_(pw)

by

6x by 6z

6x 6y 6z .

(14)

(15)

The sum of these three must equal the total change of mass

or

L ox _y @z ] _t

(pu) + b(pv) + _(pw) _ bp
bx by bz ot

(16)

(17)
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This is the equation of continuity. For a homogenous incompressible fluid the

density is independent of time and space; therefore, the above equation reduces

t '.D

6u + Ov + 0w _ 0 • (18)
_x Oy _z

For an incompressible, non-viscous, irrotational, homogenous liquid,

i.e. a perfect liquid, a function called the velocity potential can be used. This

velocity potentiaI _ is anaIogous to potentials such as that of gravitational at-

traction and electrostatic, forces, and satisfies the relations

U _ m

_x (19)

0@

ey (zo)

W

Oz (2,1)

The continuity equation now becomes

62_ + _2_ + 024 0 •

_x 2 8y 2 dz 2
(zz)

This equation is also called the Laplacian and is represented by

vZ# = 0 . (23)

These equations describing the velocity potential also yield
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(24)

bw Ou

_x bz
(25)

bu ¢5v

by _x
(25)

which can be substituted in the three previous equations of motion to give

_2_ bu Ov 3w i bp

bxbt + U_x + v_--_x + w bx - X p px
(27)

62_9 _Su bv bw 1 _Sp

brbt + uu + v_ + _ b-7= Y--- p by
(28)

b2_ __ ov ¢)w I bp+ u_U + v_ + w-- = Z ____

bzbt 3z bz 3z p 3z
(29)

In most qases the external forces X, Y, Z have a potential

X = 0,_,
bx (30)

bO
Y _- _

by (31)

oD
Z _ - _ •

bz (32)

Using this assumption and integrating the previous equations with respect to

x, y, z respectively gives

p
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8 q} u 2 v 2 w 2
8-T + T + T- + 2- : -r_ - -p + F (t) (33)

P 1

8q- u 2 v 2 w 2

_-T + T +T +T : -_-P + F2(t) (34)
P

2 28_ u 2 v w
8-T +-2- + -2- + T - 0 ---P + F3(t) " (35)

P

Since F1, FZ, and F 3 are arbitrary constants of integration, let F 1 = lr 2 =

F 3 = F; therefore, the three equations above reduce to

8_ . u2 2 w2__ , _ + v _ p ,_/,
8t 2 -2- + 2 f) - - + F(t) t_oj

P

which is Bernoulli's Equation. Bernoulli's Equation along with the continuity

Equation, the kinematic free surface condition and the boundary condition, are

the basic equations necessary for solving the hydrodynamic problem at hand.

@t2e Laplacian can now be applied to a cylindrical tank performing the

rotational motion. Since the tank is a cylinder, the best coordinate system to

use is the cylindrical coordinate system. The Laplacian in cylindrical coordi-

nates is

where

and

82{I}
8Z_ + 1 81_- + 1 82_ + - 0

8r 2 r 8r r2 8@2 8z 2 (37)

x = r cos @ (38)

y = r sin @ (39)
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have been used.

To find the velocity potential _ for the specific system, the Laplacian

must satisfy the specific boundary condition dictated by the system. Since

the liquid cannot penetrate the wall or the bottom, the liquid velocity com-

ponent normal to the tank surface must equal the velocity of the tank surface

normal to itself. As the tank rotates about the center of gravity of the liquid

the following conditions must be satisfied

- i w@ e}Wtz cos 0_ for r = a
8r o

(40)

and

b_ iwt

_z - i w 0o e r cos q_ , for z = _+h/2 (41)
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APPENDIX C9

For the solution of the Laplace equation

2
V ¢ = 0 (I)

with bgundary conditions

and

_@/_r = -iWeoeiWtz cos _e at r = a (2)

iwt
_/Oz = iwe e r cos _p at z = +h/Z (3)

0

the velocity potential _ = _(r, _, z, t) can be transformed into a time independent

potential _ (r, M, z) by using

iwt
= lp e (4)

which fulfills the Laplace Equation

and has the boundary conditions

and

O_/_r = -iW_oZ cos q_

_/6z = iW@o r cos _p.

at r = a (5)

at z = +h/2 (6)

In order to make the first boundary condition homogenous, we introduce the

transformation
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$ = _ + iW@oZr cos _0

and we obtain a new set of equations

vZ_ = 0

a_/Sr = 0 at r = a

8_ 8z = 2iweor cos _0. at z = +h/2

Equation 8 is derived from

vZ_ = vZ_ + vZ(iWeoZr cos _0)

and since

vz¢ = 0

with

V z = 8218rg + (llr)(818r) + (llr2)(SZlSM 2) + 8218z2

it is- then

V2(iW@oZr cos 0_) =

therefore

: o.

Likewise l_,quation 9 comes from

8_/8r = 8¢/8r + iWeoZ cos _0

and since

8_/8r = -iWeoZ cos qO

the radial boundary condition becomes
I.

i_ Co(Z/r)cos _-iw Co(Z/r)cos

(7)

(8)

(9)

(i0)

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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6 _/ar = 0. (18)

Also, Equation 10 becomes

0_/Sz = iw@ r cos _ + i_O r cos
O O

(19)

therefore,

O_/bz = ZioJO r cos eft.
O

(20)

Now Equation B with boundary conditions Equations 9 and 10 must be solved.

Using the method of the separation of variables

_j(r,_,z} = F(r,q.}Z(z) (Zl)

and introducing this into the Laplace Equation yields

_2[F(r,%)Z(zJ]/_r2 + (I/r)b[F(r,_oJZ(z)I/_r +

(I/r2)_2[F(r,_)Z(z)]/_2 + _2[F(r ,%o)z(z)]/_z2 = 0

z_ZF/Sr 2 + (Z/r)_F/_r + (z/rZ)SZF/_q_ 2 + FsZZl_z 2 = 0

(22)

(23)

or

(I/F)(_ZF/Sr 2) + (I/Fr)(_F/_r) + (I/FrZ)(_aF/&v 2) =

-(1/Z)(_ZZ/_z z) . (Z4)

The left hand side is a function of r and cp while the right hand side is a
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function of z, this can only happen if both are a constant +_)2. The minus sign

is chosen, because the following Bessel functions are real and the relation in

z is a hyperbolic one. Finally, we have to solve two differential equations

_2Z/Sz _.2Z = 0 (25)

and

r2(bZF/br2) + r(bFlbr) + @2Flbq_ 2 + k2rZF = 0 (26)

The general solution for Equation (25)

Z(z) = Acosh(_.z) + Bsinh()_z}

1S

(27}

where A and B are arbitrary. Equation 26 is solved by using the separation of

variables technique used previously. Now

F_(r, _) = R(r) G(q_) (28)

and Equation 26 becomes

rZ_ZER(r ) G(qo)]/_rZ + rS_R(r)G(cp)]

r2G(_2R/_r 2) + rG(_R/br) + £2r2RG =

2
/ar + az_R(r)G%)Jl_o< +

>.2rZ (r)

-R.(_2G/@¢p 2} .

= 0 (29)

(30)

The left of Equation 30 is a function of r and the right is a function of q_; there-

fore, we set each side equal to +v 2 as stated before.
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(r2/R)(_2R/_r 2) + (r/R)(6R/_r) + )t2r 2 = +v 2 (31)

and

9 9

(d"G/0_2)(1/G) = +v". (32)

The plus sign is used since the solution in the y-direction must be periodic.

Using

)tr = _ (33)

Equation 31 can be transformed into

(XZr2)(_2R/_ 2) + ()tr/R)(OR/_) + XZr 2 = +_2 (34)

and

2
_, _2R/_ + _0R./0( + (_2 "o2)R = 0 , (35)

Equation 35 has the same form as the Bessel differential equation

x2_Zy/ox 2 + xOyl_x + (x 2 - n2)y = 0 (36)

which has a solution

y = CiJn(X ) + CZYn(X) (37)

C 1 and C 2 are aribtrary constants and Jn(x) is the Bessel function of order

n of the first kind and Yn(x) is the Bessel function of order n of the second

kind. Therefore, the solution of Equation 35 is
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R(_) = C1Jv(_) + CzYv(_)
(38)

or

R(Xr) = CIJ v(Xr) +C2Yv {Xr) .
(39)

Since ,Yv (becomes infinity at r = 0), F must be identically zero and Equation

39 becomes

R(Xr) = CIJ v{Xr).
(40)

The solution of Equation 32 yields

G = Csin(vC_) + Dcos(vq0) (41)

Finally, the solution of Equation 8 becomes

L

(4Z)

or

_n(r, q0, z) = [Ancosh(X nZ) + Bnsinh(A, nZ)][Cnsin(v_)

Jv(knr).

+ Dncos(x)c_) ] •

(43)

Equation 43 must now be satisfied by boundary conditions

and

b_n/ar = 0 at r = a

bSn]aZ = Zi_eor cos qu . at z = _+h/Z

(44)

(45)
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Equation 43 with boundary condition, Equation 44 yields

(bJ v/br)(a_,n) = 0 (46)

which will be fulfilled for

(v)
a)_ = Cn

n

(V) are the zeroes of Jr'where ¢ n

Equations 43 and 45 yield

(47)

a ¢/<_z = Z

n=l

(^ i_ ^ Silt.#. , ,
_n I_;_n 1.ilt _nn/ Za) + (¢n/a)BnCOSh(enh/Za)j[Cnsin(VM) +

Dn.cos(v_) • J

co

v(rCn/a) = 4iW@o a Y_

n=l

Jv(enrla)/(enZ-l)J v (¢n) cos q_ (48)

and

oo

Z

n= I
_(On/a) AnS inh(¢nh/Za) + (¢n/a)BnCOSh(enh/Za) j nSin(vcP) +

DnCOS(VM)]J _(ren/a) = 4iw@oa

co

L (Jx)(enr/a)/(enZ-l)Jv(en))COS

n=l (49)

from which we can immediately conclude that G n = 0, v = 1, and en (1) = Cn.

Taking D n = 1, we obtain two linear equations for A n and Bn, and by solving

these equations we obtain for the integration constants A n and B n

A = 0
n
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W

4iweo aZ

B n =

en{en Z- 1)J l(¢n)c°sh(Cnh/2a)

(51)

Introducing this into _, we finally obtain

_o jl(¢nr/a )
i_ta2cos q0 E(r, %0,z) = _ _o e

n=l en(en g-1)Jl(en)

sinh(enZ/a)

cosh(enh/2a)

(5Z)

by applying Equations 7 and 4, Equation 52 becomes

d_(r,%0, z,t,) = -i_@oeiWtaZcos %0 [

oo

zr/a z - 4 Z

n=l

Jl(Snr/a)

¢n(en z- I)51 (en)

sinh(enZ/a) ] *

cosh(enh / 2a)

(53)
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APPENDIX D i

TEST PROCEDURE

4.0

4.1

4.1.6

4.1.6.1

4.1.6.2

4.1.6.3

Center of Gravity Program

Spherical Segment Air Bearing System Modification

System Evaluation Tests

Purpose

To determine the sensitivity of the spherical segment air bearing

center of gravity locator with different loads.

Equipment

(!)

(2)

(3)

(4)

Spherical segment air bearing system

Laboratory weights, 6. 8 lb. and 24.2 lb.

Laboratory sensitivity weights, 5 mg to 500 rag.

Reference inclinometer

Procedure

(1)

(2)

(3)

(4)

(5)

(6)

(7)

Allow empty air bearing table to stabilize and check reading

of leveIs against inclinometer. Adjust if necessary.

Place 5 mg weight near the center of the table and note if

levelm indicate movement. Continue moving weight outward

until an indication is obtained. Record the distance from the

center.

Repeat operation no. Z with the 10, 50, and 500 mg weights,

and record the minimum detectable distance for each.

Place the 6.8 lb. weight on the table and position it until

a level indication is obtained.

Repeat steps 2 and 3 with the 6.8 lb. weight in place.

Repeat step 4with the 24.2 lb. weight.

Repeat steps 2 and 3 with the 24.2 lb. weight in place.
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APPENDIX DZ

TEST PROCEDURE

4.0

4.2

4.2.4

4.2.4.1

4. Z.4. Z

4.2.4.3

Center of Gravity Program

Moment Detection System (Bytrex) Modifications

System Evaluation Tests

Purpose

To determine the sensitivity of the modified Bytrex center of

gravity locator with different loads.

Equipment

(i)
(2)
(3)

(4)
(5)

Bytrex C.G. iocator with 25 inch-pound detector head

Hewlett-Packard Model 3460A digital voltmeter

Trygon Model 40-700 regulated power supply

Laboratory weights, 6.8 lb. and 24.2 lb.

Laboratory sensitivity weights, 5my to 500my

Procedure

(1)

(2)
(3)

(4)
(5)

(6)

(7)

(8)
(9)

(lo)

Connect power supply across Bytrex power supply batteries

and set for 6.0 volts.

Connect digital voltmeter across Bytrex meter terminals.

Turn on equipment for 2 hour warm-up.

Zero voltmeter reading with table empty.

Place 5 mg weight near the center of the table and note if

the meter indication changes. Continue moving weight outward

until an indication is obtained. Record the distance from the

center.

Repeat no. 5 with the 10, 50, and 500 mg weights and record

the minimum detectable distance for each.

Place the 6.8 lb. weight on the table and position it until

the DVM indicates zero moment.

Repeat steps 5 and 6 with the 6.8 lb. weight in place.

Repeat step 7 with the 24.2 lb. weight.

Repeat steps 5 and 6 with the 24.2 lb. weight in place.
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APPENDIX E1

Mass Metrology Laboratory

PROJECT PLAN

Program: Moment of Inertia

Project: Math Model Date: July 2, 1965

Scheduled Completion Date: 10-I-65 Approved: iJj_X///D_

As signed Personnel:

Responsible: M. S. Phillips

Support: F.A. Pauli

Number - 1.1

BACKGROUND: In order to obtain the moment of inertia of an object

by using the torsional air bearing table, the equation of motion of the system

must be known• This equation for a damped oscillating system, with viscous

damping proportional to velocity, has been known for quite some time. The

solution of this equation has been derived and is also understood very well.

The equation approximates the torsional air bearing table for a certain degree

of accuracy but it is not adequate for the accuracy desired. Therefore, a

theoretical and experimental study will be performed to determine the exact

equation and its solution• With this exact solution greater accuracies can be
obtained.

OBJECTIVE: The objective of this project is to obtain an exact mathematical

expression for the torsional air bearing table system. With this exact expression,

only the system experimental errors will have to be considered in order to improve

the system accuracy.

WORK PLANS:

1. 1.1 Literature Search - A thorough search of the Redstone Scientific

Information Center, the Defense Documentation Center and any other available

library sources, will be performed to obtain any information on moment of inertia

determination methods. Also private companies, government agencies and any

one else that might have any knowledge about moment of inertia determination,
will be contacted.

1. 1. Z Damping Theory Study - A theoretical study to determine the exact

damping term to use in the equation of motion of the air bearing table system

will be performed• The equation

Ie + f{@) + K@ = 0

will be used where f (0) is the damping term which must be determined•
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l.l.3 Aerodynamic Drag Tests - Necessary testing will be performed to

verify the theoretical solutions derived in Section 1. 1.2. These tests will

consist mainly of drag plate tests on the air bearing table.

1.1.4 Vacuum Chamber Test - Similar drag test to those in Section 1. 1.3

will be performed in a vacuum chamber. A special torsional system will have to

be designed and fabricated for use in the vacuum chamber. These tests will also

be used to verify the theoretical results of section 1. 1.2.

REPORTS: 1. 1. 1 - Literature Search - Due October 8, 1965

1. 1. Z - Damping Theory Study - Due October 2Z, 1965

1. 1.3 - Aerodynamic Dra$ Tests - Due November 5, 1965

1. 1.4 - Vacuum Chamber Tests - Due January 28, 1966
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APPENDIX E2

Mass Metrology Laboratory

PROJECT PLAN

Program:

Project:

Scheduled Completion Date:

Assigned Personnel:

Responsible:

Support:

Moment of Inertia

Automatic System Development

M. K. Lewis

M. S. Phillips
T. B. Shelton

F. A. Pauli

Number: I.2

Date: 7/12/65

BACKGROUND: In the past, the period of oscillation of a gas bearing

supported torsional pendulum has been measured by an electronic counter and

printed out automatically by a numerical printer. The moment of inertia was

then manually calculated from the period. To permit rapid measurement of a

number of objects with high precision, it is desirable to eliminate the manual

data recording and calculation.

OBJECTIVE: Fully automate the Moment of Inertia measurement system,

and provide automatic printout of the moment of inertia.

WORK PLAN:

1.2. 1 Basic System Design - A study will be made to determine the optimum

system. The system design will then be made and will include a position detector,

one or more electronic counters, an electronic computer, interface equipment,

and printout equipment (which may be included with the computer). Necessary

power supplies, interconnecting cables, and equipment housing will be included in

the design. In so far as feasible, the design will incorporate equipment already

on hand. If any modifications to the existing torsion pendulum are necessary, they
will be covered in the design.

1.2.2 Computer Selection - An electronic computer will be selected to fulfill

the design requirements. Since other systems in the lab will share this computer,

their design requirements must be part of the selection criteria. Complexity of the

interface equipment and cost must also be considered.

1.2.3 Delivery Span - All equipment must be on hand by 2/4/66.
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i. 2.4 Design Interface - The interface equipment design will be based on the

choice of computer and electronic counters. Basically the equipment will consist

of code translators. The design willinclude a clock pulse generator if needed.

A power supply also will be included. This equipment will be purchased if commeri-

cally available. Otherwise, it will have to be designed.

1.2.5 Fabricate and Assemble - Experiments with the improved period

measuring device should indicate whether modifications to the torsion pendulum

structure are necessary. Any interface equipment not purchased must be fabricated.

Assembly will primarily consist of mounting the equipment in the housings

and installing interconnecting cables.

1.2.6 Test - The system will be tested by actual operation using various

torsion rods and weights, The tests willbe performed in random order to
minimize setup variables.

REPORTS: 1,2. I Basic System Design - Due 9/24/65

1.2.4 Design Interface - Due 12/31/65

1,2.5 Fabricate and Assemble - Due 3/25/66

1.2.6 Test- Due 4/29/66
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APPENDIX E3

Mass Metrology Laboratory

PROJECT PLAN

Program: Moment of Inertia

Project: Torsion Rod Investigation

Scheduled Completion Date:

Assfgned Personnel:

Re s ponsible :

Support:

1115166

M. S. Phillips

T. A. Williams

M. K. Lewis

T. B. Shelton

Number: 1.3

Date: July 2, 1965

Approved:/-'k_ //_. ),,_ j_,_ '¢-,

BACKGROUND: In the past torsion rods generally have been made of

some type of steel. Also, some types of ceramic materials have been used for

small precision torsional applications. Since the use of torsion rods is limited,

there is very little information on which materials make the best torsion rods.

Therefore, a torsion rod investigation project will be conducted to find the

best material to be used.

OBJECTIVE: The objective of this project is to obtain sufficient infor-

mation from the material investigation that will allow the best material for

use as torsion rods to be selected. The foremost characteristic of the rod

is that it must have a very linear stress-strain relationship and have very little

mechanical hysteresis.

WORK PLAN:

1.3. 1 Investigate Rod Material- A thorough search of available literature

will be conducted. Also, a search of material information furnished by vendors

on torsional properties of materials will be accomplished.

1.3.2 Design Torsion Rod Tester - A system will be designed to test

torsion rods statically. The 24" air bearing table can be used as the basic

instrument in this s/stem. The 24" air bearing table will also be used as the

dynamic rod tester without any modifications.

1. 3. 3 Fabricate Torsion Rod Tester - The torsion rod testing system

will be fabricated to meet the design outlined by Section i. 3.2.

1.3.4 Fabricate Torsion Rods - Torsion rods made out of the various

materials decided upon in Section 1.3.1 will be fabricated to fit the torsion rod

tester.
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1.3.5 Torsion Rod Tests - A test program will be designed that will

determine the torsional characteristics of all the rods fabricated in Section 1.3.4,

From these tests the best torsion rod material will be selected,

REPORTS:
1. 3. 1 Investigate Rod Material - Due - Septermber 17, 1965

1.3.2 Torsion Rod Tests - Due - January 14, 1966
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APPENDIX E4

Mass Metrology Laboratory

PROJECT PLAN

Program: Moment of Inertia

Project: System Improvements

Scheduled Completion Date:

Assigned Personneh

Re spons ible :

Support:

!-28-66

M. K. Lewis

M. S. Phillips
T. A. Williams

T. B. Shelton

Number: 1.4

Date: / ¢7 _,/3C

,9/ '_e',,_ ,,I;,:2" '

BACKGROUND: The accuracy of the decaying oscillation method used in deter-

mining moment of inertia has thus far been the inability to make accurate measure-

ments at low amplitudes of oscillation. Measurements of both period and amplitude

have been made although period measurement has received the most development.

OBJECTIVE: Improve the accuracy of period and amplitude measurements

as required to fulfill the accuracy requirements of the automatic system.

WORK PLAN:

1.4.1 Improve Period Measuring Device - It appears, at the present, that

the photoelectric transducer holds the most promise for accurate period measure-

ments. This device will be examined closely to determine the best way to utilize

it. A system will then be built based on this investigation.

1.4.2 Improve Displacement Measuring Device - The present method of

projecting a reflected light beam onto a radian sector scale for measuring dis-

placement is both subjective and cumbersome. Other ways of making this mea-

surement will be studied. A system will then be built based on the most promising
method.

REPORTS: 1.4. 1 Improve Period Measuring Device - Due 10/15/65

1.4.2 Improve Displacement Measuring Device - Due 1/28/66
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APPENDIX E5

Mass Metrology Laboratory

PROJECT PLAN

Program:

Project:

Scheduled Completion Date:

Assigned Personneh

Responsible: M. S.

Support: F.A.

Moment of Inertia

Equipment Calibration

May 15, 1966

Phillips

Pauli

Number: 1.5

Date: July 6, 1965

Approved:
l"

BACKGROUND: The moment of inertia equipment will presently yield

accuracies in the order of one tenth of one percent. With minor modifications

and calibrations, for temperature and load, the accuracy should increase to

one-hundredth of one per cent.

OBJECTIVE: The objective of this project is to compensate for all

variables that might effect the accuracy of the moment of inertia determination.

If possible an empirical equation will be derived that will correct the moment of

inertia for any set of known conditions.

WORK PLAN:

1.5. I Standard Calibration- The dumbbell standards will be recalibrated

to obtain their exact moments of inertia and the accuracy of this value will be

determined.

1.5.2 Temperature Tests - Test will be performed at various temperatures

to obtain a correction factor which will compensate for the effect of temperature

changes on the airbearing table.

1.5.3 Load Tests - The effect of different loads on the air bearing table will

be investigated in this test program. The optimum air pressure to use for a

certain weight will be determined and a compensation factor for correcting any errors

caused by loading will be determined.

1.5.4 Other Tests - Any other tests will be performed that might be needed

for calibrating the equipment.

REPORTS: 1.5.2 - Temperature Test - Due - February 15, 1966

1.5.3 - Load Test - Due - April I, 1966

1.5.4 - Other Tests - Due - May I0, 1966
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APPENDIX E6

Mass Metrology Laboratory

PROJECT PLAN

Program: Product of Inertia

Project: Prototype System Improvement

Scheduled Completion Date: 10/29/65

Assigned Personnel:

Responsible:

Support:

M. K. Lewis

T. A. Williams

T. B. She lion

Number: 2. i

Date: 6/30/65

Approved: i"1(_)_ _i_:

BACKGROUND: Tests run on the prototype machine show that the accuracy

attained was +_ 3.5%. It is desirable to improve this accuracy before attempting

to automate the system.

OBJECTIVE: Improve the accuracy of the prototype as much as possible,

and make modifications as required to improve the overall performance of the

system.

W_ORK PLAN:

Z. 1. 1 Improve Tilt Table - The tilt table willbe redesigned to provide

flexure mounts for the load cell(s). A more rigid work surface will be provided

if necessary. A work holdown and positioning device will be included in the

design.

2. 1.2 Calibrate Standards - The product of inertia standards (triangular

blocks} will be returned to the vendor for regrinding and chrome plating. After

they are received, they will be measured and weighed. Their products of inertia

will then be computed.

2. 1.3 Evaluation Tests - The product of inertia standards will be used

to evaluate the revised performance of the machine. The product of inertia of

each standard will be measured using the machine. (The force and speed will be

read with a DVM and counter respectively.) The measured values will be com-

pared with the computed values to determine the machine performance.

REPORTS: 2]1.3 EvaIuation Test - Due 10-29-65
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APPENDIX E7

Mass Metrology Laboratory

PROJECT PLAN

Program: Product of Inertia

Project: Theoretical Analysis

Scheduled Completion Date:

Assigned Personnel:

Responsible:

Support:

!/!4/66

M. S. Phillips

M. K. Lewis

Number: 2.2

Date: 6/30/65

• j>'/'
Approved : ., c".' _/_ J4&'_. _'_, -_.

BACKGROUND: The need for the precise determination of the products of

inertia of a mass is basicallv to heln obtain *h_ p_!ncipz! axes. If thc principal

axes are known then the object can be oriented so that it is dynamically balanced.

The method of determining products of inertia is a classical problem and has been

investigated vigorously.

OBJECTIVE: The object of this project is to perform a thorough study of

the theoretical approach to determining products of inertia.

WORK PLAN:
\

2.2. I Literature Survey - A survey of all available literature will be

conducted to find the latest work done on determining products of inertia.

2.2.2 Develop Mathematical Model - A theoretical study will be conducted

to determine the best mathematical model to use for obtaining the product of inertia,

by using the rate table.

2.2.3 Vacuum Chamber Tests - Test using the rate table in a vacuum chamber

will be performed to determine the effect of aerodynamic lift on the product of

inertia determination.

2.2.4 Error Analysis - An error analysis of the product of inertia machine

will be conducted to determine the accuracy of the machine.

REPORTS: 2.2. I Due 8/20/65

2.2.2 Due 11/19/65

2.2. 3 Due 1/14/66

Z.Z.4 Due 9/24/65
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Program:

Project:

Scheduled Completion Date:

Assigned Personnel:

Responsible: M. K. Lewis

Support: M.

T. B. Shelton

Number: 2. 3

APPENDIX E8

Mass Metrology Laboratory

PROJECT PLAN

Product of Inertia

Automatic System Development

S. Phillips

Date: 6/30/65

/ . // ..

5/6/66 Approved: ,, _!. ,_ /J_7"--_

BACKGROUND: The ultimate accuracy of the prototype machine is limited

A,, *_= analog ..... _. ............. _ , °._ .... _ ..... + ..... ]_=_ accuracy _ + ]% Further i_prove_,ent will

computation and printout feature to increase operating speed and minimize human

errors.

OBJECTIVE: Develop a complete digitized product of inertia measurement

system which will provide a real-time printed result without further calculation.

WORK PLAN: 2. 3. 1 Establish Basic System Design - The desired system

end results are accuracy and operating ease. These factors will govern the design

of the system.

Strain gage load cells are used in the prototype for measuring the unbalanced

force. Since strain gages require expensive measuring equipment, a literature

survey will be made to determine whether some other device is more appropriate.

If strain gauges are used, a power supply will be included for them. Tests will

be run to determine whether a DVM or counter is more accurate for measuring

the angular velocity of the rate table.

A digital computer will be used to compute the product of inertia using the

angular velocity and unbalanced force signals as inputs. These input signals -

previously digitized by the measuring equipment - will go to the computer through

interface equipment. The interface design will depend on the choice of computer

and measuring instruments. When the design is finalized, a system block diagram

will be made.

2. 3.2 Select and Procure Equipment - The available equipment will be

surveyed to determine which most nearly satisfies the basic system design

requirements. Equipment on hand will be included in the survey.
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Various usable equipment combinations will be investigated from the

standpoints of accuracy, cost, and versatility to determine that combination which

is most desirable. The interface equipment complexity and procurement lead

time will also be governing factors.

After the equipment is selected, housing and mating connectors will be

bought.

2. 3.3 Design Interface Equipment- The design of the interface equipment

will depend on the choice of computer and digitizing instruments. The equipment

will primarily consist of code translators. A clock pulse generator will be

incorporated into the design if needed. A power supply will also be included.

The literature will be surveyed to see if this equipment is available. If not,

it will have to be designed.

2. 3.4 Fabricate and Assemble System - Fabrication will consist primarily

of mounting the equipment in the housings and making and installing interconnecting

cables. Some modifications to the rate table may be required, e.g. the height

may need to be reduced. Tests with the prototype should indicate whether the

load cell mounting system needs further modification.

2.3.5 Performance Test System - Performance testing will consist of

operating each of the test standards at various angular velocities. The measured

products of inertia will be tabulated and compared with the computed values to

obtain the system accuracy. Several tests will be made and the results averaged

to reduce random errors.

REPORTS: 2.3.1

2.3.3

2.3.4

2.3.5

Establish Basic System Design - Due 9-3-65

Design Interface Equipment - Due 12-31-65

Fabricate and Assemble System - Due 4-I-66

Performance Test System - Due 5-6-66
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APPENDIX E9

Mass Metrology Laboratory

PROJECT PLAN

Program: Product of Inertia

Project: Principal Axis

Scheduled Completion Date: 4/22/66

Assigned Personnel:

Responsible: M. S. Phillips

Number: 2.4

Date: 6/30/65

"_ i /' / ,

BACKGROUND: The principal axes of an object must be known before it

can be dynamically balanced. In order to obtain the principal axes of an object,

its moments and products of inertia must be known about a given point. The

process of obtaining the principal axes from moments and products of inertia

has been programed for the IBM 1620 computer and is operational.

OBJECTIVE: The object of this project is to have a computer program

that will take the moments and products of inertia about a given point from the

present laboratory equipment and calculate the principal axes about that point.

WORK PLAN: 2.4. I Data Input from Product and Moment of Inertia

Test - The data obtained from the product of inertia machine along with the

data obtained from the moment of inertia machine will be used in the computer

program to determine the principal axes.
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APPENDIX El0

Mass Metrology Laboratory

PROJECT PLAN

Program:

Project:

Scheduled Completion Date:

Assigned Personnel:

Responsible: M. S.

Support: F.A.

Mass Properties of Liquids

Test Program

May 15, 1966

Phillips

Pau]i

Number: 3. I

Date: July 2, 1965

Approved: , _6'_}': W._£'1_._I_j

BACKGROUND: In the past there has been much experimental work done

in the field of liquid characteristics in dynamic fuel tanks. This work has been

accomplished in order to better predict the aerodynamic behavior of a launch

vehicle which has liquid contained in fuel tanks. The knowledge of the moment

of inertia of such a launch vehicle is very critical if the trajectory and planned

missions are to be met. In operational launch vehicles to date these problems

have effectively been eliminated or compensated for, but for future launch

vehicles and missions the present knowledge may not be sufficient. Therefore,

a further study of the moment of inertia of a filled liquid tank will be pursued.

OBJECTIVE: The objective of this project is to perform tests to determine

the moment of inertia of a liquid filled cylindrical tank about its roll and yaw-

pitch axis. Also, some testing to determine the effects of baffles on determining

the moment of inertia of a filled tank will be performed.

WORK PLAN:

3. i. I Roll Axis Inertia Tests Using the Air Bearing Table - The govern-

ment furnished aluminum cylindrical tanks will be used on the 24 inch air bearing

table to determine the moment of inertia of the liquid container about its roll axis.

3. I. 2 Displaced Roll Axis Inertia Tests Using the Air Bearing Table - The

same tanks and air bearing table as described in Section 3. 1. 1 will be used to

determine the effect of translating the axis of rotation of the cylinder on its roll

moment of inertia.

3. I. 3 Yaw-Pitch Axis Inertia Tests Using a Torsional Pendulum - The

same tanks will be used on the torsional pendulum to determine the moment of

inertia of a filled cylindrical tank about its yaw-pitch axis.

3. 1.4 Yaw-Pitch Axis Inertia Tests Rotating About a Horizontal Axis-

The same tanks will be rotated about their yaw-pitch axis oriented in a horizontal
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plane instead of a vertical plane as stated in Section 3. 1. 3. The testing will be

performed using the government furnished stand and special adapters for mounting
the cylindrical tanks vertically.

3. 1.5 Yaw-Pitch Axis Inertia Tests Rotating About a Displaced Horizontal

Axis - The same tests performed in Section 3. 1.4 will be carried out again with

the exception that the center of gravity will be translated. These test will be

accomplished by using the special adapter described in Section 3. 1.4 which will

allow the center of gravity to be displaced.

3. 1.6 Ring Baffle Tests Using Government Furnished Plexiglass Tank and
Baffles - The effect of ring baffles on determing the liquid moment of inertia of

the government furnished plexiglass tank will be investigated.

REPORTS: 3. I. 1 - Due- September I0, 1965

3. 1.2 - Due- October 8, 1965

3.1.3 - Due- December I0, 1965

3. 1.4 - Due- February II, 1966

3. 1.5 - Due- March II, 1966

3.1.6 - Due- May 13, 1966

586



APPENDIX E11

Mass Metrology Laboratory

PROJECT PLAN

Program:

Project:

Scheduled Completion Date:

Mass Properties of Liquids

Math Model

May 15, 1966

Assigned Personnel:

Responsible: M. S. Phillips

Number: 3. Z

Date: July 2, 1965

• v'_ /

Approved" ," _ ,')_ "t,_ ....
- -- __ , _/_:'_ _._

BACKGROUND: Math models for the moment of inertia of liquid filled tanks

have been derived. These models are obtained by using potential theory and

specific boundary conditions. This method of derivation is very complicated but

presently it yields the most accurate theoretical results.

OBJECTIVE: The objective of this program is to derive a mathematical

expression either theoretical or empirical that will accurately give the moment

of inertia of a liquid filled tank. The model will be relatively simple, so that

it can be used in general applications, and as accurate as possible.

WORK PLAN:

3.2. I - Literature Search - A thorough search of the Redstone Scientifice

Information Center, the Defense Documentation Center and any other available

library source, will be performed to obtain information on the moment of

inertia of liquid systems.

3.2.2 Develop an Equation for the Moment of Inertia of a Liquid Filled

Cylindrical Tank About Its Center of Gravity - Theoretical studies will be

conducted to obtain a mathematical model for the moment of inertia of a filled

tank about its center of gravity. Also emperical relations will be investigated.

3.2.3 Develop a Mathematical Expression for Transferring the Moment of

Inertia of a Liquid Filled Cylindrical Tank to Another Parallel Axis - Studies

similar to those in Section 3.2.2 will be conducted.

REPORTS: 3.2. I- Due - August 27, 1965

3.2.2- Due - February I, 1966

3.2.3_ Due - May 13, 1966
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APPENDIX E1Z

Mass Metrology Laboratory

PROJECT PLAN

Program: Center of Gravity

Project: Spherical Segment Air Bearing

Scheduled Completion Date: 5-1-66

Assigned Personneh

Responsible: T.A. Williams

Support: K. Comer

Number: .4.1

Date: June 30, 1965

BACKGROUND: A center of gravity locator employing a spherical segment

.i _ 1,._-+^_ bearing was developed ' ' the _" " year effort of this contract.uurlng llrs_

The accuracy obtained with this system thus far.has not been up to the

original expectation. Testing of the unit has been limited, and the sources of

error have not yet been detected. Other modifications to the system are necessary

to improve the ease of operation and the consistency of resuits.

OBJECTIVE: To achieve the maximum possible accuracy and ease of

operation of the spherical air bearing C.G. locator, consistent with available

time and funds.

WORK PLAN:

4. 1. 1 Test Studies: Additional testing of the existing system is to be

conducted in order to determine the performance characteristics and to investigate

areas that improvements might be made.

4. 1.2 Object Support Surface Stabilizer: A new system for stabilizing the

object support surface is to be designed and built,

4.1.3 Counter Balance System: The present system of varying the stability

of the inverted pendulum is not satisfactory for the desired precision. A new

system will be designed which will be easier to operate and will suffice for a

larger range of object sizes.

4. 1.4 Object Positioner Modification: The object positioner will likely be

modified to supply clearance for the addition of the object support surface

stabilizer. A longer horizontal shaft, with a teflon tip, is needed also.

4. 1.5 Telescope and Air Bearing Support Stand: The air hearing table and

optical measuring equipment will be combined into one system, mounted on a
common base.
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4. 1.6 System Evaluation Tests: Testing of the system will be done in

order to evaluate the modifications and determine the system's accuracy.

4. 1.7 Report: A report will be prepared by May I, 1966.
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APPENDIX El3

Mass Metrology Laboratory

PROJECT PLAN

Program:

Project:

_ ul-_lpx_t tun _-

Assigned Personnel:

Responsible:

Support:

Center of Gravity

Moment Detection Modification

January i, i966

T. A. Williams

T. B. Shelton

Number: 4.2

Date: July I, 1965

I'Z,.•

Approved: L_ L#,.,h._fi_"Tz_./_tz__.
%,

BACKGROUND: The Moment Detection System is made up of purchased

Laboratory.

The purchased equipment consists of a 25 in-lb and a 250 in-lb Moment

Detection Unit and an Instrumentation and Power Supply Unit.

These items were manufactured by the Bytrex Corporation, Newton,

Massachusetts. The moment detector produces an electrical signal directly

proportional to any unbalance moment about its center. It has two perpendicular

axes of sensitivity and resolves unbalance moments into two components. The

portable instrumentation and power supply unit amplify the electrical signals

to a level high enough to drive a meter movement.

The related equipment furnished by the Mass Metrology Lab includes two

test object support surfaces and a support and leveling stand that incorporates

four overload protection arms.

Modification to this equipment is necessary to facilitate its use with the

optical measuring system and to improve the accuracy with which the unbalance

moment can be read.

OBJECTIVE: To improve the accuracy and ease of operation of this test

equipment for the location of the centers of gravity of system components for

space vehicles, and other objects related to the space program.

WORK PLAN:

4.2. 1 Test Studies: Testing is to be performed in order to determine the

areas where the accuracy of the equipment can be improved.
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4. Z.Z Digital Readout: A digital voltmeter is to be installed to replace

the graduated scale readout of the instrumentation unit.

4. Z. 3 Bytrex Head 90 ° Rotation Modification: The support stand is to be

modified to allow rotation of the moment detector head thru 360 ° at 90 ° intervals.

This modification allows the use of the optical measuring equipment for locating

the C.G. of objects in two planes without having to reposition the test object.

4. Z.4 System Evaluation Tests: Tests will be made to determine the

performance characteristics of the system and to checkout the function of the

above modifications.

4.2.5 Report: Due December 31, 1965.
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APPENDIX El4

Mass Metrology Laboratory

PROJECT PLAN

Center of GravityProgram:

Project: Optical System

Scheduled Completion Date:

Assigned Personnel:

Responsible :

Support: K. Comer

4/15/66

T. A. Williams

Number: 4.3

Date: 7/i/65

, _/.A •

BACKGROUND: Due to the need for a precision measuring system that

_u_id _u_a_ure _rom any reierence point on a particular test object, the following

equipment was purchased, modified, and installed by the Mass Metrology Labora-

tory.

(I) #200-10-AM tooling bar assembly with vertical adjusting stands.

(2) #76 telescopic transit square with an optical micrometer.

(3) #185 stellite mirror

It has been proved that this equipment is capable of measurements to

within +_.001 inch. However, in actual practice, this accuracy is difficult to

achieve because of other error contributing factors. A major source of error

is the lack of a well defined point, on the test objects, from which to measure.

Other errors may be introduced by improper alignment and collimination of the

equipment.

OBJECTIVE: To improve the ease of operation and accuracy of the equip-

ment. This improvement is desired in order to permit consistant achievement

of the full capabilities of the optical system.

WORK PLAN:

4. 3. I (a) Run tests to determine the amount and type of errors in the

system.

(b) Analyze test data

(c) Make necessary adjustments or equipment modifications.
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4.3.2 (a)

(b)

(c)

REPORT:

Conduct a study of various marking methods.

Design and build or purchase the most promising method.

Install and test the selected system.

Due 4/15/66
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APPENDIX El5

Mass Metrology Laboratory

PROJECT PLAN

Program: Center of Gravity

Project: Advanced C.G. System

Scheduled Completion Date:

Assigned Personnel:

Responsible: T.A. Williams

Support: M.K. Lewis

T. B. Shelton

M. S. Phillips

5/i/66

Number: 4.4

Date: 7/1/65

Approved: _ ,_ /,,_,_ -/

BACKGROUND: To this point, in the Center of Gravity Program, work

has been confined to the development of the existing spherical air bearing and
moment detection (Bytrex) systems.

The air bearing table has proved difficult to operate, the accuracy obtained

to date is not entirely satisfactory, and capacity of the system is limited.

The moment detection system is also limited in capacity and accuracy.

The accuracy of this system is limited by the creep and hysteresis of the

bending element in the moment detector heads and by inherent errors in the
associated electronics.

Work should continue on these systems because they can be used for testing

objects within their capacity and their accuracy potential has not yet been fully
realized.

OBJECTIVE: To develop a center of gravity system that has a large range
of capacity and will yield an accuracy of _+ . 001 inch or better.

WORK PLAN:

4.4. 1 Feasibility Study: Mathematical and theoretical system analysis
due by August 15, 1965.

4.4.2 Design & Equipment Study: An investigation into the use of flexures

and load cells or any Other electro-mechanical components, for measuring the

weight and unbalance moment of test objects, is to be made. If these components

prove capable of yielding the desired accuracy, then a system will be designed and

built using a combination of the most suitable components .
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A typical system being considered utilizes three load cells, one mounted in

the center of two supporting plates and two mounted at the edges of the plates.

Each load cell has universal flexures attached to each end to provide for load

alignment through the load axis of the cells. {See Fig. I) Construction of the system

is such that it has a negative spring constant, thereby eliminating energy losses

in the flexures.

4.4.3 Delivery Span: Purchased equipment due January 15, 1966.

4.4.4 Fabrication and Assembly: Due to be completed by March 15, 1966.

4.4.5 Evaluation Tests: Thorough testing of the system is to be performed

to establish the performance characteristics and accuracies obtainable throughout

the capacity range of the equipment.

4.4.6 Report: Due April I, 1965
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APPENDIX El6

Mass Metrology Laboratory

PROJECT PLAN

Program: General Laboratory Improvements

Project: Improvement of Temperature Control

Scheduled Completion Date:

Assigned Personnel:

Responsible:

Support:

9/29/65

T. B. Shelton

C. W. Phillips

Number: 5. 1

Date: 6/30/65

Approved: •

/_.TT"_TT'%. ,-I_1- _

BA_KGR_u±_L,. .n_ accuracy u--_ n-_easuret_ents of tnotnent of inertia is

known to be influenced by _he _emperature m _ne iaooratory area. A temperature

constant to within + l°F is necessary for successful laboratory experiments.

The present equipment is incapable of maintaining this requirement during the

summer months.

OBJECTIVE: To improve the temperature control in the laboratory to

permit maintenance of a + i°F tolerance at all times

WORK PLAN:

5. I. I Modify Air Conditioning Equipment:

i. The laboratory will be surveyed by an air conditioning contractor

to determine two or three possible methods of modifying the system. Price

estimates will be obtained for each method.

2. The desired method will be selected based on anticipated

performance and cost.

9/29/65.

3. The necessary modifications will be made and completed by

5. 1.2 Relocate Test Equipment: The test equipment now located in the

experiment room will be moved and installed in the control room. All subsequent

tests will be run with all personnel in the control room. New instrumentation

cables will be fabricated as required.
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APPENDIX El7

Mass Metrology Laboratory

PROJECT PLAN

Program: General Laboratory Improvements

Project: Precision Weighing System

Scheduled Completion Date:

Assigned Personnel:

Responsible:

Support:

i/z8/66

M. K. Lewis

M. S. Phillips

T. A. Williams

T. B. Shelton

Number: 5. Z

Date: 6/30/65

./-_ / t.]Approved: K__e@ j_/_._'_-f'_,

_r

BACKGROUND: In the past, objects requiring precision weighing have been

sent to the Army Calibration Lab. This procedure usually results in a time lag

of many weeks. In order to alleviate this problem, it is desirable to provide an

in-house precision weighing system. The need for a 1,000 Ib capacity is antici-

pated.

OBJECTIVE: Provide a precision weighing system with a 1,000 Ib capability.

The precision should be as high as practical.

WORK PLAN:

5. 2. 1 Literature Survey and Equipment Selection - A literature survey

will be made to determine the system most suited to our needs and budget. If

such a system cannot be purchased directly, a design will be made and equip-

ment selected. Provisions for alignment and calibration will be included in

the design, as will handling equipment. If a balancing system is chosen, additional

weights, to supplement those on hand, will be selected. An F power supplies and

metering equipment needed will also be chosen. The metering equipment will

include range changing and readout functions. Interconnecting cables will also

be specified.

5.2.2 Fabricate and Assemble - The system will be fabricated and

assembled in accordance with the design. Then it will be aligned and calibrated.

5. Z. 3 Tests - Selected weights throughout the systems range will be used

in testing. The tests will be conducted in random order and the results averaged,

if necessary, to improve accuracy. Any recalibration needed will be done at this

time. A correction curve or table will be made if needed.

REPORTS: Tests - Due 1/28/66

598 599


